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Abstract. During the last three decades, the application of state-space estimation methods to the target tracking 
and trajectory estimation problems created a lot of new tracking filters or modified old filters. Unfortunately all 
these filters were tested separately in many different environments. This renders difficult and often impossible 
the direct comparison of the filters, due to the incompatibility of the available results. A solution can be found by 
creating a unified environment, for the testing and the comparing of the various tracking filters. From this point 
of view, the paper presents: first, a collection of the more often used state-space models and test cases for the 
target tracking problem, second, a selection of the most representative of them, in order to create a general 
target tracking test-bed (TTTB), as a common base for the test and the comparison of different tracking filters, 
and finally, a sample set of tracking filters applied and tested using the proposed unified framework. 

 
 

1.    INTRODUCTION 
 
In order to use advanced methods for trajectory estimation and target identification, a mathematical model for 

the description of the target-radar system, and a filtering algorithm for the state estimation, are needed. During 
the last decades, various state-space models and filtering methods have been proposed by the researchers. These 
models and filters vary in design, being simple and linear to more sophisticated and non-linear. Some of these 
tracking fillers have been designed for special applications, and others for more general use. Each candidate 
filter is tested either in real or simulated situations for performance evaluation. 

The choice of a tracking filter for a particular application depends mainly on: the target dynamics, the 
radar/sensor dynamics, the accuracy requirements and the available computational resources. The main aim in 
each situation is to use the simplest suitable model and filter which will achieve the best results. This means that 
all filters must be tested under the same conditions (environment), and compared with each other. This is a very 
important point. The selection of the testing environment affects the compatibility of present and previous 
results. Arbitrary selection of testing environments would lead to the repetition of work by another researcher, 
under other, perhaps arbitrary, testing conditions. In fact, it is almost impossible to make a direct comparison 
between already available results. 

A solution which leads toward the compatibility of tests for tracking filters is presented in this paper. First, a 
collection of the different models, parameter values, trajectory schemes, test cases, used during the last decades 
is made. Then, a comparison and a selection follows, in order to create a satisfactory test-bed for the target 
tracking filters (TTTB). 

 
 

2    FORMULATION OF THE PROBLEM 
 
The problem can be divided in two main parts. One is the system's model, or in other words, the 

mathematical representation of the target-radar system. The other is the filtering algorithm, which contains the 
mathematical formulae for the processing of the data. 
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2.1   The Target-Radar System Model 
 
As the target tracking problem is a state estimation problem, its model can be represented by the following 

equations: 
 )()),(()),(()1( kWkkXgkkXfkX +=+  (2.1)  
 )()),(()( kVkkXhkZ +=  (2.2) 
 
where, W(k) and V(k) are the input and the measurement noise processes respectively. 
One is interested in estimating the target's state X(k) based on all measurements Z(l), l = 1,2, …, k. Equation 

(2.1) represents the target dynamics. The state vector X(k) contains the target position (x, y, z, r, b, ...), velocity, 
and acceleration. Equation (2.2) is the radar's measurement equation and the measurement vector Z(k) contains 
distance and/or angle measurements. 

The noise processes W(k) and V(k) arc assumed to be zero-mean white Gaussian noise processes. The 
statistics Q(X(k),k) of W(k) are selected to compensate modelling errors the statistics R(X(k),k) of V(k) should be 
selected to represent all possible deviations such as measurement biases, false measurements, noise, etc. The 
system dynamics can be described in a Cartesian and/or spherical coordinate system (fig. 1). As we will see, the 
linearity of the model depends also on this choice. 

 
2.2   The Tracking Algorithms 

 
The tracking filter computes a smoothened estimation of the target's present position and velocity, as well as 

a prediction of the next scan. A simple method of computing these quantities is the so-called a-β tracker [ref. ], 
which calculates the present smoothened target position and velocity by: 

 
 )]()([)()( kxkxkxkx pmp −+= α  (2.3) 

 )]()([)1()( kxkx
T

kxkx pm −+−=
β

 (2.4) 

and the predicted position at the k+1st scan by: 
 Tkxkxkxp )()()1( +=+  (2.5) 
 
where, xp(k) is the predicted position of the target at the kth scan, xm(k) is the measured position, α is the 

position smoothing parameter, β is the velocity smoothing parameter, and T is the radar's sampling interval. If 
acceleration is needed, a third equation can be added to calculate this.  The filter is then called the α-β-γ tracker. 

The above tracking filter needs only the values of α and β. If α=β=0, the tracker uses no current information. 
If α=β=1, no smoothing is included. In the first case one may have large bias errors, and in the second large 
random errors. This means that the values for α and β must be somewhere between 1 and 0. 

As the means for choosing α and β become more sophisticated, the optimal α-β tracker becomes equivalent to 
the Kalman filter. This filter can handle a dynamic or manoeuvring target due to its inherent ability to take into 
consideration of manoeuvre statistics. Knowledge of the statistics of measurement noise and target dynamics, is 
provided by the model of the target-radar system (eq. (2.1),  (2.2)). 

When the model is non-linear then more sophisticated filters are needed as the extended Kalman filter (EKF) 
or adaptive and multi-model filters. These filters are able to deal with non-linearity and parameter uncertainty. 

 

 
(a)    (b) 

Figure 1. Cartesian (a) and Spherical (b) coordinate system 
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3.    TARGET DYNAMICS 

 
Equation (2.1) represents the target dynamics. For some targets, a constant velocity model is sufficient, but 

for others, an acceleration term is needed. The target dynamics can be described in a two-dimensional or three-
dimensional Cartesian or spherical coordinate system. The state vector X(k) can take different forms such as: 
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where, r, b, e stand for Range, Bearing (Azimuth), and Elevation. 
 

3.1   Linear Equations for Target Dynamics 
 
When the target's behaviour is described by a linear model, the equation (2.1) has he following form : 
 
 )()()()()1( kWkGkXkFkX +=+  (3.2) 
 
where, W(k) : N{0, Q(k)} is the input 'noise'. Input can be in terms of velocity Wv(k), or acceleration Wa(k). 
 
The following list of equations presents the most frequently used linear models. Each coordinate is presented 

by a similar form (either a Cartesian or spherical coordinate [21, 4, 63, 64]), therefore, only the x dimension is 
presented here. 
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3.2   Non-Linear Equations for Target Dynamics 

 
A non-linear model of the target dynamics is required when the state vector is in spherical coordinates [30]. 

Another case where a non-linear model is also used is when the state vector contains some special variables (e.g., 
for re-entry vehicles) [5, 8, 39, 42, 44]. 

The non-linear model of the target dynamics has the following general form: 
 
 )()),(()),(()1( kWkkXgkkXfkX +=+   (3.3) 
 
The non-linear target model proposed by [30] is in spherical coordinates and it has the following general 

form: 
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1c.  Elevation channel: 

)(
/)1(
)(/
)(/

)(
0

)(/
)(/

)('
)(
)(

00
)(/0
)(/1

)1('
)1(
)1(

kw
ae

krG
krD

kukrA
krC

kw
ke
ke

e
krFE
krBA

kw
ke
ke

e
aT

e

e
aT

e ⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
+

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
+

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

+
+
+

−−

 

 
where: 

α)1( EA −=  ,  )/()]/()(1[ aaeaEB aT ααα −−+= −  ,  2/)1( αα ETC +−=  , 

))](/()([ aaJaATD ααα −−+=  ,  TeE α−= ,  )/()( aEeF aT −−= − α  , 

)/(][ aAJG −−= α  ,  aeJ aT /)1( −−= , 
and, a = the … , and α = the …  
 

3.3   Parameters of Target Dynamics and Parametric Models 
 
All linear models presented above can be also considered as parametric models. For example, in model 5, 

parameter  A  is the inverse of the manoeuvre’s time constant and it depends on the type of manoeuvre, 
parameter  σα  depends on the target’s manoeuvring capabilities and parameter  T  represents the radar sampling 
rate. Model input  Wa  can also be considered as parametric input [15, 11, 30, 26, 17]. 

 
Common parameter values for the above target models are the following:  
• For velocity model inputs, the variance σv

2  may take a value of  0.02 (m/s)2  [50].  
• For acceleration model inputs, the variance  σα2  may take values from  9 to 900 (ft/s2)2 

[23,9,23,16,30,33]. 
• The manoeuvre time constant  A  may take values from  1 to  1/60 (1/sec) [11]. 
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4.    RADAR EQUATIONS 

 
Equation (2.2) represents the general form of the radar equation. 
 

4.1   Linear Equations for the Tracking Radar  
 
When the state and the measurements are expressed at the same coordinate system, the radar measurement 

equation is linear with the following form : 
 
 )()()()( kVkXkHkZ +=   (4.1) 
 
where:  X is the target state vector, Z is the radar measurements and V is the measurement noise. The most 

frequently used radar equations are expressed in the following form, one for each space coordinate. 
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When the measurements are in Cartesian coordinates and the measurement noise in spherical coordinates, the 
two equations for X-Y (or three for X-Y-Z) coordinates are not decoupled. Therefore, a type 2 equation is used 
instead of two (or three) decoupled equations of type 1, i.e.: 
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222222 sincos σσσ += ,  brb bry
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bbrbb brxy cossincossin 222 σσσ −= ,  [16, 31, 25]. 
 

4.2   Non-Linear Equations for the Tracking Radar 
 
The radar measurement model becomes non-linear when a Cartesian-to-spherical transformation is made by 

function  h(.). The general form of the non-linear radar measurement equation is: 
 
 )()),(()( kVkkXhkZ +=   (4.2) 
 
When the state vector variables are  x, y & z  and, the measurement vector variables are  r, b, e, dr (range 

rate), and,  f  (Doppler frequency), the non-linear equations used by the function  h(.) will be [66, 62, 59, 57, 56, 
51, 49, 45, 44, 28, 26, 13, 7, 6, 3, 27, 9, 2]: 
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4.3   Parameters of Radar Models and Parametric Models 

 
The major parameters of a radar model is the sampling period T. It may take values from  0.01 to 100 sec. 

The other equally important parameters for the tracking radar model, are the measurement error variances i.e., 
σx

2, σy
2, σxy

2, σv
2, σrv

2 , σr
2, σb

2, σe
2, and, σf

2.  Their values depend on the radar accuracy and the expected noise 
levels [62, 23, 28, 63, 50, 11, 17, 26, 24, 34, 14, 29, 66, 6]. 

 
 

5.    FILTERING ALGORITHMS AND INITIALIZATION 
 
A tracking filter processes the  radar measurements for a target in order to achieve, at least, the following 

tasks: 
- Reduce the measurement errors by means of time averaging 
- Estimate the real velocity and acceleration of the target 
- Predict the future target position or action 
 

5.1   Linear and Non-Linear Filters 
 
α-β and α-β-γ trackers are the simplest tracking filters for estimating the position-velocity-acceleration of a 

target. As the means for choosing the gains α and β become more sophisticated, the optimal α-β tracker becomes 
equivalent to the optimal Kalman filter. The Kalman Filter (KF) and the Lainiotis Partitioning Algorithm (LPA) 
are optimal linear filters and work excellent with the linear tracking models. When the tracking models are non-
linear, the non-linear and sub-optimal Extended Kalman Filter (EKF) may be applied. Parametric or Multi-model 
cases can be resolved using the Adaptive Lainiotis Filter (ALF) or Multi-model Partitioning Filter (MMPF) [71-
75]. 

 
5.2   Filter Initialization   

 
All tracking filter require some initial values to start the iteration procedure. Filter initialization is an essential 

part of the tracking procedure. Most initial values are given a Gaussian mean and variance.  
In practice, the first two or three measurements are spend to create the initial state vector X(0). The initial 

variance P(0/0) usually depends on the radar accuracy i.e. the measurement error variance R. e.g.: 
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Some times initial variance is not calculated but it is given by the designer, e.g.: 
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   [59] 

 
 

6.  THE TTTB SIMULATOR 
 
The above presented sets of target models (linear and non-linear), radar models (linear and non-linear) 

filtering algorithms (linear, non-linear and adaptive) and parameter or initial values, is collected in one common 
environment in order to create a general Target Tracking Test-Bed (TTTB). This test-bed can act as a common 
base for testing and comparing different tracking filters under the same conditions in a unified framework. 

 
The TTTB tool is currently under development using the MATLAB application and its GUIDE tool. A user 

interface snapshot and a schematic of the required user steps are shown in the following figures: 
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 Select Target & Radar Models  
 Select Tracking Filter(s) INITIAL  
 Define Model Parameters STAGE 
 Select Target Path & Manoeuvres  
 Initialize Filter(s)  
   
 Start Target-Radar Simulation MAIN 
 Start Tracking Filter(s) ITERATIONS 
   
 Store Results  
 Plot Results FINAL 
 Compare Results STAGE 
   
 Repeat a part or all of the above procedure  

 
Figure 1. Typical procedure for the target tracking simulation and tracking filter application in TTTB. 

 
 

 
 

Figure 2. Snapshot of  the TTTB user interface for model and filter selection. 
 
 

7.  CONCLUSIONS 
 
In this paper we presented a collection of the most often used state-space models or test cases in the target 

tracking problem. Subsequently, we selected and implemented the most representative of the models under a 
unified framework, in order to create a general purpose Target Tracking Test-Bed (TTTB). The TTTB can be 
used as a tracking simulator and as a common base for the test and comparison of different tracking filters. The 
structure of the TTTB is modular, new models and filters are easily added and their parameters can be adjusted 
at will. Upon its finalisation it will become a handy tool for any radar or filter specialist.  
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