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ABSTRACT 

Conventionally, the relative permeabilities of two 
immiscible fluid phases flowing in porous media are 
considered and expressed as functions of saturation. Yet, 
this has been put into challenge by theoretical, numerical 
and laboratory studies of flow in artificial pore network 
models and real porous media. These works have 
revealed a significant dependency of the relative 
permeabilities on the flow rates, especially when the 
flow regime is capillary to capillary-viscous dominated, 
and part of the disconnected non-wetting phase (NWP) 
remains mobile. These studies suggest that relative 
permeability models should include the functional 
dependence on flow intensities. However, revealing the 
explicit form of such dependence remains a persistent 
problem. Just recently, a general form of dependence 
was inferred, based on extensive simulations with the 
DeProF model for steady-state two-phase flows in pore 
networks. The simulations revealed a systematic 
dependence of the relative permeabilities on the local 
flow rate intensities. This dependence can be described 
analytically by a universal scaling functional form of the 
actual independent variables of the process, namely, the 
capillary number, Ca, and the flow rate ratio, r. The 
proposed scaling comprises a kernel function accounting 
for the transition between capillarity- and viscosity-
dominated flow phenomena. In a follow-up systematic 
laboratory study SCAL measurements provided a 
preliminary proof-of-concept on the applicability of the 
model and validated its specificity.  
In the laboratory study presented here, we examine the 
applicability of the basic flow-rate dependent relative 
permeability scaling model in immiscible two-phase 
flows in an artificial two-dimensional microfluidic 
network, across different flow regimes.  
In particular, we assess the applicability of the flow-

dependent relative permeability scaling model in a 
microfluidic pore-network and we correlate the form of 
the associated kernel function with the interstitial 
structure of the flow across different flow regimes. The 
scope is to assess the applicability and/or universality of 
the aforementioned scaling function and to examine the 
forensic character of the kernel function, i.e. the potential 
for revealing the interstitial flow structure. 
The proposed scaling opens new possibilities in 
improving SCAL protocols and other important 
applications, e.g. characterization of systems and flow 
conditions, rock typing, assessment of end-effects during 
R/SCAL, as well as the development of more efficient 
field-scale simulators. 

INTRODUCTION 

The conventional use of saturation as the independent 
variable in two-phase flow in porous media (PM) is 
based on the oversimplifying assumption that 
disconnected fluidic elements of the non-wetting phase 
(NWP) i.e. ganglia and droplets, do not move with the 
average flow but remain stranded in the porous medium 
matrix. This situation arises when flow conditions of 
‘relatively small values’ of the capillary number are 
maintained. In those cases, the disconnected NWP 
fluidic elements block part of the cross-section available 
to the flow by a fraction analogous to the average 
saturation and effect a relative reduction of the 
permeability of both the NWP and the wetting phase 
(WP). Nevertheless, there is ample experimental 
evidence that disconnected flow is a substantial and 
sometimes prevailing flow pattern (Tsakiroglou et al., 
2007; Tallakstad et al., 2009; Guillen et al., 2012; 
Georgiadis et al., 2013; Aursjo et al., 2014; Datta et al., 
2014; Oughanem et al., 2015; Armstrong et al., 2016). 

Treating relative permeabilities as functions of the 
saturation has been shown to be inefficient in providing 
a correct and specific-enough description of the process 
across the domain of all possible flow conditions, as 
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extensively discussed by Valavanides (2018b). A 
particular value in saturation does not necessarily imply 
that a unique disconnected structure of the NWP will 
settle-in. Disconnected structures of the NWP can be 
coarsely described by a spectrum of population density 
distributions, extending from distributions of ‘many-
and-small’ fluidic elements, e.g. droplets and small 
ganglia, to ‘fewer-and-larger’ fluidic elements e.g. small 
and large ganglia. For any one of those cases, the 
corresponding superficial velocity of the disconnected 
NWP would not necessarily attain the same value. The 
latter would be the result of the antagonism between the 
two factors inhibiting the transport of each phase, i.e. 
viscosity and capillarity, over the mass and momentum 
balances. 

Flow conditions have an adverse effect on the 
momentum balance and, in particular, on the relevant 
magnitude of the Stokes flow resistances, due to the bulk 
viscosity of the NWP and WP, and to Young-Laplace 
resistances, due to the contact forces between the N/W 
menisci and the pore walls. The former depend on local 
(micro /pore scale) velocity gradients, in contrast to the 
latter that are relatively independent of the displacement 
rates of the menisci. From an energy point of view, the 
power dissipation, due to bulk viscosity, scales with the 
square of the local velocity gradients, whereas the 
capillarity-induced dissipation scales with the rates of 
displacement of the menisci. For relatively low values of 
the superficial velocity, viscosity effects are insignificant 
compared to capillarity effects; as flow intensity is 
progressively increased, viscosity takes over from 
capillarity and the flow progressively mutates from 
capillarity-dominated to transient capillary-viscosity- to 
viscosity-dominated characteristics (Valavanides, 
2018b). 

As a consequence, for any two different cluster 
configurations, i.e. any two different population density 
size distributions of disconnected phase, the effective 
permeabilities of the WP and the NWP would differ. Yet, 
those different cluster configurations and different 
values of the relative permeabilities could -in general- 
correspond to the same saturation value. In such 
situations, a universal, saturation-dependent description 
of the flow would be weak. 

In addition, during core analysis, saturation is measured 
indirectly and cannot be externally imposed directly; it is 
only through control of a combination of pressure 
difference and/or flow rate of the NWP or the WP that 
the system will attain an average saturation. If one wants 
to consistently and systematically describe the process in 

the entire flow regime, extending across the broadest 
possible domain of the capillary number and the 
viscosity ratio, one has to consider those variables that 
describe the externally imposed conditions and contain 
macroscopic kinematic information; the superficial 
velocity of each phase or, equivalently, the capillary 
number and the flow rate ratio are such variables. 
Moreover, saturation cannot adequately, or uniquely, 
describe the flow conditions. This is because saturation 
alone brings no definite input to the momentum balance, 
therefore it is questionable if it can provide any 
information on the kinetics of the macroscopic flow. 

Observations of single-phase flows within pore networks 
confirm that the macroscopic pressure gradient scales 
linearly with the superficial fluid velocity, as it is 
described by Darcy’s law. This seems to be a quite 
trustworthy modeling consideration in the case of two-
phase flow as well, but only when very high superficial 
velocities are considered, and capillary forces are 
negligible. However, at moderate/low velocities, when 
capillary forces are comparable to viscous forces, the 
macroscopic pressure gradient does not scale linearly 
with the flow rate. Experimental studies on steady-state 
two-phase flows in glass beads (Tallakstad et al., 2009; 
Aursjo et al., 2014; Datta et al., 2014), in glass bead 
columns (Sinha et al, 2017), as well as in sand-pack 
columns (Tsakiroglou et al., 2015), revealed that the 
non-linear relation between the pressure gradient and the 
flow rate can be described by generic power laws with 
different exponent values. The discrepancy between the 
values of the scaling exponents is attributed to 
differences associated with the dimensionality of the 
pertinent variables, measurements pertaining to different 
flow conditions, dimensionality of the NWP/WP/PM 
system etc. Therefore, it is worth the effort to examine if 
these ‘different’ observations can be integrated in a 
universal power law relating appropriate, dimensionless 
variables of the process. 

To this end, a first attempt in deriving a universal scaling 
functional form describing the flow dependency of 
relative permeability was proposed (Valavanides, 
2018c). It is based on the results from systematic, 
extensive simulations spanning over 5 orders of 
magnitude for both the capillary number and flow rate 
ratio, implementing the DeProF model algorithm, build 
around a hybrid, true-to-mechanism, stochastic scale-up 
model for steady-state two-phase flows in pore networks 
(Valavanides, 2018a). 

In the present work we examine the applicability of the 
flow-rate dependent relative permeability scaling model, 
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proposed by Valavanides, 2018c, when immiscible 
steady-state two-phase flows takes place within artificial 
2D microfluidic networks, across different flow regimes. 
The general scope is to assess the applicability and/or 
universality of the aforementioned scaling function 
across NWP/WP/PM systems of different sizes and to 
examine the forensic character of the kernel function, i.e. 
the potential for revealing the interstitial flow structure. 

The objective is two-fold:  
(a) to examine the applicability of the proposed scaling 

on the basis of using typical regular core analysis 
measurements;  

(b) to verify the existence, uniqueness and form of the 
locus of critical flow conditions, an inherent 
characteristic of such processes in terms of energy 
efficiency. 

 
To do so we performed a systematic laboratory study of 
steady-state, two-phase flow in an artificial microfluidic 
pore network. Data were collected over a grid of 
specially selected flow conditions, spanning across 4 
orders of magnitude on the capillary number, Ca, and up 
to 3 orders of magnitude on the flow rate ratio, r. With 
respect to (b), the existence of critical flow conditions 
(CFCs) has been already verified in an extensive review 
of published R/SCAL relative permeability diagrams 
(Valavanides et al., 2016). Recently, the form of the 
locus of the CFCs proposed by Valavanides (2018b) was 
verified using a set of special core analysis relative 
permeability measurements (SCAL) performed on the 
same core and across a broad domain of flow conditions, 
Ca and r (Valavanides et al., 2020). The present study is 
conceptually similar to that latter one. Nevertheless, as 
the general objective is to assess the applicability of the 
proposed generic form of flow-dependent relative 
permeability model on different types of pore networks, 
the current study addresses two-phase flows in an 
artificial pore network. 

This article deploys in 3 sections. We start by providing 
the basic modeling assumptions for concurrent, 
immiscible, steady-state two-phase flows in porous 
media and present the basic structure of the proposed, 
flow-dependent relative permeability scaling. We 
continue with describing the systematic, steady-state, 
relative permeability measurements we have taken in a 
microfluidic network (Materials and Methods). Then, we 
present the results of the laboratory study examination 
and associated raw data calculations. Finally, we discuss 
“points of agreement/disagreement” between scaling 
predictions and actual measurements and we draw 
conclusions on the applicability of the proposed scaling 

or its potential exploitation in core analysis technology. 

BASIC THEORETICAL BACKGROUND 

Consider the simultaneous, one-dimensional concurrent 
flow of a non-wetting phase (NWP), and a wetting phase 
(WP). The variables pertaining to the NWP are indexed 
with n, whereas those pertaining to the WP are indexed 
with w. The compound flow is across a porous medium 
control surface, 𝐴, and induces flow rates equal to 𝑞  and 
𝑞  respectively. Please keep in mind that, a tilde (~) is 
used to indicate a dimensional variable, no tilde indicates 
a dimensionless one. The phenomenological fractional 
flow Darcy relations that describe the steady-state, fully 
developed process, whereby the pressure gradient, 
(𝛥𝑝 𝛥�̃�⁄ ), is common in both fluids (Valavanides, 2018b, 
Appendix I), are given by Εq. (1)  

𝑈 =
𝑞

𝐴
=

𝑘

𝜇
𝑘

∆𝑝

∆�̃�
   ,       𝑖 = 𝑛, 𝑤 (1) 

In one-dimensional flow under steady-state conditions, 
especially when the flow is fully developed, the common 
pressure gradient in both phases can be expressed in 
reduced form as  

𝑥 =
∆𝑝 ∆�̃�⁄

(∆𝑝 ∆�̃�⁄ )
=

∆𝑝 ∆�̃�⁄

𝛾 𝐶𝑎 𝑘⁄
=

∆𝑝

∆�̃�

𝑘

𝜇 𝑈
=

1

𝑘
 (2) 

where,  

(∆𝑝 ∆�̃�⁄ ) is the pressure gradient corresponding to an 
equivalent saturated single-phase flow (1Φ) of the WP at 
the same superficial velocity 𝑈 . 

Ca is the capillary number, conventionally defined as 

𝐶𝑎 = 𝜇 𝑈 𝛾⁄  (3) 

𝜇  is the viscosity of the WP, and 

𝛾  is the NWP/WP interfacial tension. 

In Eq. (2) the actual pressure gradient is divided by the 
pressure gradient of an equivalent single-phase flow of 
the wetting phase with a superficial velocity equal to 𝑈 , 
which is the 2nd component of the product. Note that, by 
definition, it is straightforward to verify that the reduced 
pressure gradient is essentially the inverse of the relative 
permeability of the WP [see far right side of Eq. (2)].  

The set of superficial velocities in Eq. (1) may be 
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appropriately reduced and replaced by a set of 
dimensionless variables, namely, the capillary number, 
Ca, as defined previously in Εq. (3), and the NWP/WP 
flow rate ratio, 

𝑟 = 𝑞 𝑞⁄ = 𝑈 𝑈⁄  (4) 

At steady-state conditions when the flow is fully 
developed, i.e. there are either no end-effects or they can 
be considered to be negligible, the flow rate ratio, r, is 
equal to the mobility ratio, 𝜆.  

𝑟 =
𝑈

𝑈
≡

1

𝜅

𝑘

𝑘
= 𝜆    ⇔     𝑘 = 𝜅𝑟𝑘  (5) 

where, 

𝜅 = 𝜇 𝜇⁄  (6) 

is the NWP/WP bulk viscosity ratio. 

The equivalence, expressed in the first part of Eq. (5), is 
a conjecture resulting from direct flow analysis (see 
Appendix I in Valavanides, 2018b) in case the flow is 
fully developed. Eq. (5) is very useful, as we may easily 
recover the ri value pertaining to any pair i of measured 
{krn, krw}i values from a conventional (saturation 
dependent) relative permeability diagram. For a fully 
developed flow, we may also recover the value of a 
relative permeability (krn or krw) by knowing the values 
of the other relative permeability (krw or krn) and the flow 
rate ratio, r. Therefore, switching to the approach of 
flow-dependency may be readily applicable as all 
conventional relative permeability diagrams can still be 
used.  

The conjecture that both fluids share a common pressure 
gradient, Εq. (1), is also based on experimental evidence. 
When measured values of flow rate ratio are plotted 
against calculated values of mobility ratio, they align on 
a straight line. Ample experimental evidence is provided 
in a recent work whereby ~180 relative permeability 
diagrams pertaining to steady-state conditions for a 
variety of NPW/WP/PM systems have been reviewed 
(Valavanides et al., 2016). Because of the common 
pressure gradient [Εq. (1)] and the equivalence between 
flux ratio and mobility ratio, Eq. (5), relative 
permeability curves intersect at a fixed value of the flux 
ratio, the so-called relative permeability cross-over flux 
ratio value, rx. The latter is inverse to the viscosity ratio,  

𝑟 = 1/𝜅 (7) 

as connoted by Eq. (5). This inherent characteristic of 
steady-state, fully developed flows is universally 
observed in all relative permeability vs flux ratio 
diagrams (Valavanides et al., 2016; Valavanides, 2018b 
and Fig. 7). As we will see in the following, the same 
trend is generally also observed in the diagrams 
produced from the current study (Fig. 7). Therefore, the 
conjecture, eq. (5), proves to be quite trustworthy -to a 
certain extent. 

In the line of the present work we will also analyze the 
results from an energy efficiency perspective. In this 
context, we will use the reduced, normalized measure of 
the energy efficiency of the process, considered as the 
flow rate of the NWP per unit of total hydraulic power 
spent, or equivalently, provided externally to the 
N/W/PM system (say by the “pumps”), to maintain two-
phase flow -an essentially dissipative process- at any set 
of externally imposed flow conditions, Ca and r. The 
associated energy utilization factor, or energy efficiency 
index, fEU, can be readily calculated in terms of 
macroscopic measurements (Valavanides, 2018b), as 

𝑓 =
𝑘

𝜅(𝑟 + 1)
=

𝑟𝑘

𝑟 + 1
=

𝑟

𝑥(𝑟 + 1)
 (8) 

For every fixed value of the capillary number, Ca, there 
exists a single value of the flow rate ratio, r*, for which 
the energy efficiency index, 𝑓 ∗, attains a maximum 
value (Valavanides et al., 2016; Valavanides, 2018b). 
Moreover, for every NWP/WP/PM system, a unique 
locus of energy efficiency maxima is formed, 𝑟∗(𝐶𝑎). 
Flow conditions corresponding the 𝑟∗(𝐶𝑎) locus are 
called critical flow conditions (CFCs). Critical flow 
conditions can be measured and identified in a 
straightforward manner by typical relative permeability 
measurements. The efficiency index, 𝑓 , provides a 
strong flow analysis and characterization tool 
(Valavanides, 2018b).  

Closing this passage, we need also to address the issue 
of selecting and using the flow rate ratio, r, instead of the 
fractional flow of the WP, fw, as one of the two 
independent variables of the process – the other being the 
capillary number, Ca. In the core-analysis community 
the applicable standard is to refer to one of the fractional 
flows, by convention that of the WP, fw. Switching 
between r and fw (or fn) is readily provided through the 
transformation 𝑓 = 𝑟 (1 + 𝑟)⁄ . Nevertheless, the use of 
the flow rate ratio, r, instead of the fractional flow, fw, as 
independent variable, has the advantage of a more 
convenient description of the sought physical process, 
especially (or at least) around the critical flow 
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conditions, whereby the identification of the critical flow 
rate ratio, log 𝑟∗(𝐶𝑎), becomes more evident and 
obvious. The implications in using fw, or fn,, instead of r, 
are extensively discussed by Valavanides et al. (2016). 
As a general observation all (𝑓  vs 𝑟) energy efficiency 
diagrams, show a more uniformly smooth trend when 
compared to the (𝑓  vs 𝑓 ), irrespective of the 
particular values of the system parameters and flow 
conditions examined in that review. 

2.1 Prediction of Steady-State Relative Permeabilities 
The mechanistic model DeProF for immiscible, steady-
state two-phase flow in pore networks may be used to 
predict the reduced macroscopic pressure gradient, x, 
given the flow conditions and system properties. The 
model is based on the concept of decomposition in 
prototype flows, hence the acronym DeProF. It takes in 
to account the pore-scale mechanisms and the sources of 
non-linearity caused by the motion of interfaces, as well 
as other complex, network-wide cooperative effects, to 
estimate -in a statistical sense- the conductivity of each 
class of pore unit cells. It implements effective medium 
theory with appropriate expressions for pore-to-macro 
scale consistency for NWP and WP mass transport, to 
derive an implicit algebraic relation invoking the 
macroscopic pressure gradient, the capillary number, Ca, 
the flow rate ratio, r, the viscosity ratio, κ, the dynamic 
advancing and receding contact angles, (θ , θ ), and a 
set of parameters that describe the geometrical, 
topological and structural characteristics of the pore 
network, xpm (Valavanides, 2018a) 

Using the DeProF model, one can obtain the solution to 
the problem of steady-state two-phase flow in porous 
media in the form of the following transfer function, 

𝑥 = 𝑥 𝐶𝑎, 𝑟; 𝜅, θ , θ , 𝒙𝒑𝒎  (9) 

Implementation of the DeProF model is possible when 
analytical expressions of the pore network geometry are 
plausible and general expressions for the pore network 
unit-cell conductivities can be calculated for all possible 
flow configurations. In general, this is not the case for 
real porous media, but only for a certain class of model 
pore networks with analytically tractable pore geometry. 
Yet, one can benefit by scanning entire domains of flow 
conditions at relatively short computational times and 
therefore get a systematic and consistent overview of the 
behavior of the flow across orders of magnitude of flow 
conditions. In that context, DeProF can be used as a 
virtual SCAL simulator implementing large cores with 
unbiased measurements, thanks to the absence of end-
effects because of the “infinite” length of the virtual core. 

Extensive simulations implementing the DeProF 
algorithm have been carried out in the past to derive 
maps that describe the dependence of the flow structure 
on the independent flow variables, namely the capillary 
number, Ca, and the flow rate ratio, r, or, equivalently, 
to the reduced, superficial velocities of NWP and WP 
(Valavanides, 2018a). The simulations span 5 orders of 
magnitude in Ca (−9 ≤ log𝐶𝑎 ≤ −4) and r (−2 ≤
log𝑟 ≤ 2) over sufficiently fine steps. Fluid systems 
with various viscosity ratios (9 in total), have been 
examined. Indicative DeProF model predictions of the 
reduced pressure gradient, x, are presented in Fig. 1 for a 
typical NWP/WP/PM system with a viscosity ratio value 
of 𝜅 = 1.5. The diagrams furnish the projections of the 
𝑥 𝐶𝑎 , 𝑟  predicted values on many constant-logCai 
planes in (a), and constant-logrj planes in (b). In that 
context, markers are connected into iso-Ca and iso-r 
groups. 

Referring to Fig. 1(a), at the high-end of the log 𝑟 domain, 
all curves pertaining to constant-Ca values tend to 
bundle and align asymptotically to the straight (dashed) 
line. The corresponding functional form, Eq. (10), states 
that at sufficiently large Ca values the reduced pressure 
gradient becomes a linear function of the flow rate ratio, 
with the linearity coefficient being equal to the viscosity 
ratio, i.e. 𝜅 = 1.5. 

As  𝑟 → ∞,    log𝑥 = log𝜅 + log𝑟   ⇔    𝑥 = 𝜅𝑟 (10) 

  

(a) (b) 

Fig. 1 —Reduced pressure gradient values, x, for different 

values, (a) of the capillary number, Ca, and (b) of the flow rate 

ratio, r. Both diagrams pertain to a typical value of the viscosity 

ratio, κ=1.5 

We may observe a similar trend in Fig. 1(b). At the low-
end of the Ca domain, all iso-r curves tend to bundle and 
align asymptotically to a straight line, also illustrated 
with a dashed line. Now the functional form is given by 
the expression, up to a constant value, Cpm, associated to 
the NWP/WP/PM system (Valavanides, 2018c). 
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log𝐶𝑎 ≪ 0, log𝑥 = log𝜅 − log𝐶 − log𝐶𝑎 

⇔ 𝑥 = 𝜅 𝐶 𝐶𝑎⁄  

(11) 

2.2 Universal Scaling Form of Relative Permeabilities 
Based on these simulations it was possible to derive a 
universal function that can describe the dependence of 
the DeProF model predicted values 𝑥 𝐶𝑎 , 𝑟  of the 
reduced pressure gradient for different values of the 
capillary number, Ca, and the flow rate ratio, r, by the 
universal scaling form (Valavanides, 2018c),  

𝑥(log𝐶𝑎, log𝑟) = 𝐴(log𝐶𝑎) + 𝜅𝑟 (12) 

where the functional 𝐴(log𝐶𝑎) may be determined by a 
fitting procedure. The set of (Ai, Cai) values is plotted on 
the diagram of Fig. 2. The cross-markers are lined-up 
against two straight line asymptotes; one with negative 
inclination and the other coinciding with the horizontal 
axis; these meet at an oblate angle.  

 

Fig. 2 — Kernel function values A, in terms of Ca. Cross-markers 

indicate values (logAi, logCai) of the kernel function used in Εq. 

(12) calculated to fit the DeProF predicted data, Fig. 1(b). These 

have been fitted by the thick red line, using Eq. (13). The black 

dashed line is an asymptote with gradient (-1/C3) 

We may fit to the set of (log𝐶𝑎 , log𝐴 ) values a function 
of the form, 

log𝐶𝑎 = log𝐶𝑎 + 𝐶 (log𝐴)⁄ − 𝐶 log𝐴 (13) 

where: − 1 𝐶⁄  is the gradient of the inclined asymptote, 
and log𝐶𝑎  is the abscissa of the intersection of the two 
asymptotes. The coefficient C0 is a measure of the 
overall distance (approach) to the two asymptotes (the 
higher this value, the greater the distance of the apex of 
the swarm of markers to the asymptotes’ intersection). 
The values of coefficients pertaining to the particular 

NWP/WP/PM model system (examined in the DeProF 
simulations) are: 𝐶 = 1.1474, log𝐶𝑎 = −4.3, and 
𝐶 = 0.003. The thick red line is the curve logA(logCa) 
that has been fitted to the raw data logAi using Eq. (13). 
Please note, Eq. (13) is an implicit function of logA in 
terms of logCa. It can be solved analytically to provide 
an explicit expression log𝐴(log 𝐶𝑎 𝐶𝑎⁄ ; 𝐶 , 𝐶 ). 

Using the analytical expressions from Eqs. (12) and (13) 
with the aforementioned coefficient values, we may plot 
the reduced pressure gradient in terms of Ca and r, 𝑥 =
𝑥(𝐶𝑎, 𝑟). Comparing the diagrams of Fig. 3 to those in 
Fig. 1, we observe that the DeProF predicted values 
𝑥 𝐶𝑎 , 𝑟  are recovered with great specificity, and that 
the trend at extreme flow conditions, maintains its 
physically-true characteristics (NWP flow is decoupled 
to the WP flow). Similar plots for other systems can be 
found in (Valavanides, 2018c). 

  

(a)                                       (b) 

Fig. 3 — Plots of the reduced pressure gradient values, x, in 

terms of the flow conditions, Ca and r, based on Eqs. (12) and 

(13); (a) iso-Ca curves; (b) iso-r curves  

In the present study we will repeat the procedure in a 
similar manner and try to recover an expression for the 
kernel function pertaining to the NWP/WP/PM system 
under consideration. 

MATERIALS AND METHODS 

The laboratory study presented here comprised the 
simultaneous, continuous, steady-state, co-current 
injections of two immiscible fluids within a specially 
prepared microfluidic network, for different flow 
conditions (152 runs in total organized in 13 groups of 
constant Ca values. The entire set of runs, spans across 
~4 orders of magnitude on Ca and ~3 orders on r values. 

3.1 Microfluidic Model and Fluids 
A Poly-Di-Methyl-Siloxane (PDMS) micromodel was 
used as the pore network. The micromodel was produced 
in-house, following the principles of optical and soft 
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lithography (Xia and Whitesides, 1998). The pore 
structure of the micromodel is depicted in Fig. 4. The 
effective dimensions of the pore space are 
10mm×20mm. The depth of the porous structure, is 
equal to 43 μm, and is constant throughout the entire pore 
space. The pore network is periodic in both principal 
orthogonal directions; it is made by tiling-up a basic 
network element in both directions; 3 periods along the 
longitudinal axis which is also the superficial flow 
direction, and 2 periods across the transverse axis. The 
pore size range is [75-250] μm, with a mean size equal 
to 180 μm. To network with this particular geometry is 
referenced as “Netwk22”.  

 

Fig. 4 — Plane section of the microfluidic PDMS network 

showing the pore structure of the porous medium. The physical 

dimensions (L×W×H) are 20mm×10mm×43μm. Circles 

correspond to the planar cross-sections of the PDMS cylinders 

of various diameters, connecting the two parallel plates confining 

the flow. The fluids are injected through the inlet micro-

channeling at the left part of the network at predetermined fluxes, 

and the fluids are displaced outside of the pore network via the 

outlet micro-chanelling. 

Based on the dimensions of the network the surface of 
the cross section (perpendicular to flow) is estimated at 
𝐴 = 4.3 × 10 m . The absolute permeability, taking in 
to account the inlet/outlet network, was measured at 𝑘 =
8.1 × 10 m . The two immiscible fluids are injected 
through the inlet micro-channeling at the left part of the 
network and with predetermined fluxes, 𝑞 , 𝑞 ; the 
immiscible flow exits through the outlet micro-
channeling at the right. 
 
Table 1 —Basic physicochemical properties of the fluids used in 
the study  

Fluid 
Density,

 𝝆 

Dynamic 
viscosity, 

 𝝁 

Interfacial 
tension 

𝜸𝒏𝒘 
 [Kg/m3] [mPas] [N/m] 

FluorinertTM FC-770 
(WP) 

1793 1.35 
55×10-3 

Deionized Water + 
Dye (NWP) 

1000 1.00 

 
The fluids used in the experiments were deionized water 

dyed with ink, as the non-wetting phase (NWP), and 
FluorinertTM FC-770, as the wetting phase (WP). The 
addition of the dye in water has practically no effect on 
its viscosity and density, something which was cross-
checked by measurements. The basic properties of the 
fluids are presented in Table 1. 
 
3.2 Experimental Set-up and Procedure 
For the simultaneous injection of both fluids, at 
independent volumetric fluxes, two CETONITM, 
neMESYS 1000N, syringe pumps were used, one for 
each fluid. The syringe pumps were combined with a 
BASE120 module. With this set-up it was possible to 
inject the fluids at volumetric fluxes as low as a few 
microliters per minute (10-3ml/min), to maintain a 
capillary-dominated flow regime, up to milliliters per 
minute (ml/min) to sustain viscosity-dominated flow 
regimes. The inlet pressure of each phase was measured 
with a variety of ElveflowTM MPS sensors, depending on 
the values of the expected pressure build-up during the 
injection and the desirable /acceptable measurement 
accuracy. Both syringe pumps, and logging of the 
pressure readout values were controlled with 
QMixElementsTM. 

In order to be able to assess whether or not the process 
has reached a steady state, the entire flow system was 
visualized using an open-air microscope; this was a 
modification of the one introduced by Karadimitriou et 
al., 2013. The modification was such that just a single 
camera was used for the visualization of the entire 
network, instead of four. The camera used was a 
BaslerTM 5 Mpx, 23 fps, acA2440-20gm, monochrome 
camera. The purpose of visualizing the interstitial flow 
was for cross-checking between the structure of the flow, 
the read-outs from the pressure transducers, and the 
injected fluxes. There was no video recording but simple 
snapshot capturing. The frame rates used varied from 15 
to 1 Hz, depending on the speed of the process, at a 
resolution around 8μm/pixel, which was adequate to 
observe pore-scale events.  

Procedure followed for each experiment – With the term 
“experiment” we refer to a complete cycle of co-
injecting the two phases, so that a constant value of the 
capillary number of the WP, Eq. (3), is maintained 
whereas the flux of the NWP is sequentially increased in 
successive steps. In that context a set of flow rate ratio 
values, r, spanning across 0.1 to 10 is administered for 
every fixed capillary number value, Ca. The domain of 
flow conditions in the entire set of experiments is 
depicted in Fig. 5. 

𝑞  
+𝑞  

𝑞  

𝑞  

5×2 mm 



SPWLA 63rd Annual Logging Symposium, June 10-15, 2022 

8 

 

 

Fig. 5 — The domain of steady-state flow conditions examined 

in the study. Circular markers indicate values of the capillary 

number, Ca, and the flow rate ratio, r, examined per constant-Ca 

experiment. The arrow indicates the progressive increase of the 

flow rate of the NWP per experiment (at fixed Ca). The solid 

marker (in red color) identifies flow conditions pertaining to the 

time evolution diagram in Fig. 6. Each constant-Ca row is 

associated to corresponding diagram in Fig. 7. 

The typical cycle in every experiment comprise the 
following interventions:  

 The micromodel is initially saturated with the wetting 
phase, FluorinertTM. Then, 

 Both phases are continuously injected into the 
microfluidic network; the WP is injected at a fixed 
volumetric flux in order to maintain a constant value 
of the capillary number, Ca, during the entire cycle of 
the experiment. 

 The volumetric flux of the NWP starts at ~1/10 of the 
WP flux and it is increased in successive steps (about 
9 to 12) to 10 times larger; the result is ~3 orders of 
magnitude in successive increments.  

 After each step-up of the NPW flux, an adequate 
period of time is allowed for the flow to reach steady-
state. Sampling and recording of the pressure values at 
the inlet port for each phase was set at rates between 
0.5 and 10 Hz, depending on the flow conditions and 
the expected speed of events. 

 As soon as the time-averaged pressure values showed 
signs of stabilization for both phases (kinetic 
stabilization), the entire microfluidic network was 
visually inspected in order to cross-check that the 
interstitial flow was also stabilized or any fluctuations 
showed some kind of sustainable, short-cycle 
periodicity. In most of the cases, a steady value for the 
pressures would come along with a stabilized flow, 
judging from visual inspection of the interstitial flow 
(changes in saturation, migration of menisci, other 

pore-scale phenomena). Occasionally, and most 
frequently for low volumetric fluxes of the NWP, we 
observed periodic fluctuations and/or oscillations over 
the pressure readouts for both phases, which would 
always be accompanied with snap-off events within 
the pores. In these cases, the system was left to 
oscillate for a few periods, so as to identify the 
characteristics of the oscillation, e.g. actual period and 
wavelength (see indicative case in Fig. 6). Our 
observations are in line with those reported in a recent 
work on interstitial flow fluctuations in natural cores 
(Rucker et al., 2021). 

 Following the establishment of steady-state 
conditions, the volumetric flux of the non-wetting 
phase is stepwise increased.  

 After successive repeats with progressive stepwise 
increments of the volumetric flux of the NWP, the 
latter would have reached values 10 times the value of 
the WP, corresponding to a flow rate ratio value, 𝑟 =
10. Then, the experiment for that particular constant 
Ca set stops.  

 A new cycle (as described above) pertaining to a new 
Ca value is to be repeated. The system has then to be 
reconfigured to accommodate the next set of steady-
state two-phase flows at a different constant Ca value 
(constant qw value) 

3.2 Data logging and management 
For each run at constant 𝑞  and 𝑞  the values of flow 
rates and gauge pressures at the inlet ports for each 
phase, were sampled at predetermined rates and 
recorded. The recorded data were graphically plotted. 
End-point pressures were estimated from these plots by 
time averaging, over an adequate time length of 
sampling.  

A typical procedure is depicted in the diagram in Fig. 6, 
on which the time evolution of the two flow rates and 
pressures at the inlet ports is displayed. Please note that, 
the time axis (horizontal) and the flux axis (vertical, 
right) are logarithmic whereas the pressure axis (vertical, 
left) is linear. Pressure values are indicated by markers; 
fluxes are indicated by lines. The endpoint pressure 
values were calculated by time averaging over a selected 
interval. The selected time interval is delimited by the 
two “×” markers. Delimiting this time interval for every 
examined flow set-up,  (𝐶𝑎, 𝑟), follows after identifying 
some form of stabilization in the corresponding pressure 
log diagram. Then, the average end-point pressures 
〈𝑃 〉, 〈𝑃 〉, were automatically calculated by simple 
averaging over the selected time interval. These values, 
are displayed in Table 2 columns (6) and (7) for the entire 
set of examined flows. The pressure gradients for the WP 
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and the NWP are then readily calculated as  

∆𝑝

∆�̃�
=  

〈𝑃𝑖〉

𝐿
,       𝑖 = 𝑛, 𝑤 (14) 

For example, in the flow set-up examined in Fig. 6, the 
endpoint pressures were averaged over the time interval 
40𝑠 ≤ 𝑡 ≤ 80𝑠 , as indicated by the pair of cross 
markers (×) identifying the sampling interval on the WP 
and NWP pressure evolution plots.  

The pair of pressure gradient values per phase, 
∆

∆
,

∆

∆
, was then used to calculate the 

corresponding pair of relative permeability values for the 
NWP and WP, {𝑘 , 𝑘 }, from Εq. (1).  

 

Fig. 6 — Time evolution of the inlet pressure for a typical co-

injection of the two phases at predetermined volumetric flow 

rates. Compact line (blue,  ) indicates the volumetric flow 

rate for the WP, 𝑞  dashed line (red,  ) for the NWP, 𝑞  (the 

step indicates the imposed increase in volumetric flow rate 

succeeding the previous co-injection set-up). The time evolution 

of the measured pressure at the inlet port of the NWP is indicated 

by the small circle markers (red, ◯); the pressure evolution at the 

WP inlet port is indicated by the small cross markers (blue, ×). 

The arrows indicate the pressure values reached when steady-

state conditions settle-in. (see main text for details).  

We need to stress here that we have considered the 
general condition that the flow may not be fully 
developed, therefore the NPW and WP pressure 
gradients are not necessarily equal. In such general 
condition, (∆𝑝 ∆�̃�⁄ ) ≠ (∆𝑝 ∆�̃�⁄ ) , therefore  

𝑘 = 𝜇 𝑈 𝑘
∆𝑝

∆�̃�
= 𝜇 𝑟𝑈 𝑘

∆𝑝

∆�̃�
 

𝑘 = 𝜇 𝑈 𝑘
∆𝑝

∆�̃�
 

(15) 

To test if the flow is fully-developed (at the end-point 
stage) we have calculated the mobility ratio, pertaining 
to the relative permeability values obtained from eq. (15) 

𝜆 =
1

𝜅

𝑘

𝑘
 (16) 

After reviewing some preliminary results, we have 
decided to recalculate the energy efficiency values based 
on the mobility ratio values, Eq. (17), instead of the flow 
rate ratio values, r [ref. Eq. (8)], using the same structure 
as of the original /nominal expression,  

𝑓 =
𝜆𝑘

𝜆 + 1
 (17) 

In that context it was more descriptive (in terms of the 
physics of the interstitial flow) to use the kinetic [Eq. 
(17)] rather than the kinematic [Eq. (8)] definition of the 
energy efficiency index. 

At the end of the day, we have created an extensive 
database in the form of a look-up table with sets of 
calculated values corresponding to measurements for the 
entire ensemble of flow conditions. The entire set of 
calculated values of end-point pressures per (Ca, r) flow 
set-up is displayed in Table 2, at the end of the current 
article. Please note that the entire dataset is grouped to 
data sub-tables pertaining to constant Ca flows. The 
entire dataset of measurements, comprising the time 
evolution of the inlet gauge pressure for each phase and 
the corresponding fluxes, are available at the Data 
Repository of the University of Stuttgart (DaRUS), 
doi:10.18419/darus-2816. 

RESULTS AND DISCUSSION 

Pairs of NWP and WP relative permeability values 
{𝑘 , 𝑘 } , were calculated using Eq. (15) for each 
measurement i (𝑖 = 1, … , 152). The collected relative 
permeability values were plotted against the 
corresponding values of the flow rate ratio, ri, into 
diagrams pertaining to different constant-Ca 
experiments. These diagrams are presented in Fig. 7. The 
relative permeability values of the NWP and WP, 𝑘  
and 𝑘 , are indicated by red squares and blue tringles 
respectively.  

Ntwrk22, FC770,  𝑞 = 0.050 , 𝑞 = 0.080  [ml/min] 
𝜅 = 0.736, 𝐶𝑎 = 7.662 × 10 , 𝑟 = 0.625 

𝑃   

𝑃   
〈𝑃 〉  
〈𝑃 〉 

𝑞   

𝑞   

𝑃  
 [mbar] 

𝑞 
[ml/s] 
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Fig. 7 — Relative permeability ( , ), energy efficiency ( ), and mobility ratio (×) diagrams in the flow dependency format. Each 

diagram is associated to successive runs under constant Ca value. The straight, dashed, vertical lines indicate the theoretical value 

of the relative permeability cross-over flux ratio value, as predicted by Eq. (7). The smudged dashed thick line (grey) in the diagram 

at the bottom left corner, identifies calculated values pertaining to the time evolution of the inlet pressures in the diagram of Fig. 6. 

(also ref. in  Table 2.) 

In every constant-Ca diagram we have also plotted 
values of the mobility ratio, 𝜆  (𝑖 = 1, … , 152), 
calculated using Eq. (16), as well as values of the energy 
efficiency {𝑓 }  (𝑖 = 1, … , 152), calculated using Eq. 
(17), against the values of the flux ratio, ri. Please note 

that, the markers (×) indicating values of the mobility 
ratio, 𝜆  , against, 𝑟  , are -in general- aligned along a 
straight line with a gradient equal to 1. In many cases, 
the two values are practically equal, i.e. 𝜆 = 𝑟 . For 
those cases, the kinetic states of the interstitial flow 
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structures, 𝜆 , are consistent to the externally imposed, 
kinematic constraints, 𝑟 , and the corresponding flows 
should be fully developed. Yet, there are also many cases 
where, 𝜆 ≠ 𝑟 , albeit, on a logarithmic scale, 
log 𝜆 ~ log 𝑟 . For those cases we expect that the kinetic 
state of the interstitial flow structure, 𝜆 , is not fully 
consistent to the corresponding, externally imposed, 
kinematic constraint, 𝑟 , and the corresponding 
interstitial flow has not reached a fully developed 
structure.  

In the same context, in many diagrams in Fig. 7 
pertaining to different constant-Ca experiments, the lines 
connecting the NWP and WP relative permeability 
markers intersect at the, so-called, relative permeability 
cross-over flux ratio value, 𝑟 = 1/𝜅, as provided by Eq. 
(7). That value, is delineated in all diagrams in Fig. 7, by 
the vertical dashed line. For such cases, the conjecture of 
common pressure gradient in both fluids, and the 
associated relative permeability coupling between the 
NWP and WP, Eq. (5), are verified.  

The hypothesis of common pressure gradient, is valid so 
long as the mobility ratio values are equal to the 
corresponding flux ratio values. That condition is 
reached when the externally imposed flow set-up 
matches the structure of the interstitial flow. End-effects 
are expected to be negligible for those particular sets of 
experiments.  

Also, please note that, in every constant-Ca diagram in 
Fig. 7, energy efficiency, 𝑓  ( ), increases with 
increasing flux ratio, it reaches a maximum value, then 
decreases. The trend is universal in all diagrams. These 
maximum energy efficiency values increase with 
increasing Ca. The flux ratio values, for which the 
energy efficiency attains a maximum value, i.e. the 
critical flow conditions, tend to decrease with increasing 
Ca values (compare diagrams from left to right, top to 
bottom). These findings are also presented more clearly 
in Fig. 11. 

4.1 Flow dependency of relative permeability 
We may now proceed with the validation of the proposed 
“flow dependent relative permeability scaling for steady-
state two-phase flow” at least for a microfluidic network 
flow set-up, as the title clearly indicates. 

We have calculated the reduced pressure gradient, 𝑥 =
1 𝑘⁄ , i.e. the inverse of the relative permeability of the 
WP using Eq. (2). The entire set of x values is plotted in 
terms of the flow rate ratio, r, in Fig. 8, and in terms of 
the capillary number, Ca, in Fig. 9. In particular, 

Please note that, with increasing r, there is an obvious 
asymptotic trend in aligning to the dashed inclined line 
towards a virtually decoupled flow state, as provided by 
Eq. (10). The inclination of the dashed line is equal to the 
viscosity ratio, 𝜅, as indicated by  log𝑥 = log𝜅 +
log𝑟 ⇔  𝑥 = 𝜅𝑟 [ref. Eq. (10)]. The trend for all iso-Ca 
groups of x values markers is similar to the trend 
observed in Fig. 1(a) from the DeProF model simulations 
pertaining to a virtual sandstone network model as well 
as the corresponding analytical fitting provided in Fig. 

3(a). The same trend is observed in a similar diagram, 
pertaining to the lab study presented in Valavanides et 
al., 2020. We need to remind here that this asymptote 
describes, or better, delineates, the domain of flow 
conditions whereby the compound flow resistance, 
attributed entirely to the bulk phase viscosities, is 
partitioned on complementary volume fraction rations 
(a.k.a. saturation). And that is the only case where 
relative permeabilities can be expressed in terms of 
saturation as “saturation-dependent rel-perms”. 

In Fig. 8, the reduced pressure gradient 𝑥 −values (𝑖 =
1, … ,152), are displayed in terms of logr, in groups of 
constant-Ca values. 

In Fig. 9, the reduced pressure gradient 𝑥 −values (𝑖 =
1, … ,152), are displayed in terms of logCa, lined up at 
constant-Ca groups. Within the same group, markers 
depict different values of the flow rate ratio, r. Note here: 
as we did not run all experiments on the same flow rate 
ratio values, it was not possible to group the x-values into 
r-classes.  

Although not quite obvious, there is a tendency -a 
confluence- of the markers to converge and align -in an 
asymptotic manner- towards the inclined, dashed line. 
The trend is similar to that indicated in Fig. 1(b). Now the 
functional form of this asymptote is given by an 
expression, up to a constant value, Cpm, associated to the 
NWP/WP/PM system (Valavanides, 2018c) as described 
by Eq. (11). The particular line has a negative inclination 
equal in measure to the viscosity ratio, 𝜅, as 
predetermined from flow analysis, as indicated by 
 log𝑥 = log𝐶 − log𝐶𝑎 for log𝐶𝑎 ≪ 0 [ref. Eq. (11)].  

For the particular set of data displayed in Fig. 9, we have 
used an arbitrary, best-guess, constant value 𝐶 = 3.9 
to pivot the line along the Ca axis. By increasing this 
value but keeping the negative inclination equal to 𝜅, the 
line is parallelly transferred to the left, at lower Ca pivot 
points, and vice versa. To estimate a more precise Cpm 
value we need to have more data and, most importantly, 
the data should mostly pertain to capillarity dominated 
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flows, i.e. to flows at lower Ca values. The recovery of 
the correct Cpm value for a certain system is essentially a 
“network-typing” procedure; that is because the value of 
Cpm is associated to the structure of the pore network.  

 

 

Fig. 8 — Reduced pressure gradient values, x, in terms of the 

flow rate ratio, r, grouped into constant Ca value. 

 

Fig. 9 — Reduced pressure gradient values, x, in terms of the 

capillary number, Ca. 

4.2 Reveal of flow dependent rel-perm scaling 
In order to describe the steady-state two-phase flow in 
the particular microfluidic system, in the form of the 
universal scaling function Eq. (12), we need to reveal the 
associated kernel function, 𝐴(log𝐶𝑎). To this end we 
will implement a fitting procedure.  

We start by the implicit definition of 𝐴(log𝐶𝑎), through 
Eq. (12), to get  

𝐴(log𝐶𝑎) = 𝑥(log𝐶𝑎, log𝑟) − 𝜅𝑟 (18) 

and then tap on the available reduced pressure gradient 
𝑥 −values (𝑖 = 1, … ,152), collected from the 
experiments for different r values. Eq. (18) is recast to a 
data format  

𝐴 = 𝐴(log𝐶𝑎 ) = 𝑥 − 𝜅𝑟  (19) 

We plot the calculated 𝐴   values in terms of Ca, in Fig. 

10. The small black circles mark the kernel function 
values, Ai, aligned into constant-Ca groups. Average 
values of A per constant-Ca are marked with large red 
circles.  

 

Fig. 10 — Small black circles mark the kernel function Ai values; 

these are aligned into constant-Ca groups. The short-dashed 

curve (in black) and the large red circles indicate average A-

values per constant-Ca; the large-dashed curve (in red) show 

the corresponding power law trend curve fit. 

The particular kernel function, Eq. (18), attributed to the 
system under examination, may be revealed by fitting an 
appropriate functional, e.g. a power law function, to the 
available data. We tried two fits. The first was 
implemented over the entire set of A-values; the fit is 
shown by the short-dashed black curve. The second fit 
was implemented over the average A-values per 
constant-Ca set; this is indicated by the large-dashed red 
curve. The curve is described by the simple power law 
expression 

𝐴(log𝐶𝑎) = 0.1855𝐶𝑎 .  (20) 

The power law fit indicates that 𝐴(log 𝐶𝑎) should 

asymptotically decay at very large Ca values (𝐴
→

⎯⎯ 0).  

Yet this is something that needs further investigation and 
verification. There are some structural limitations in the 
particular type of PDMS microfluidic model pore 

Ca 

 x=1/krw 

 x=κ/(CpmCa) 

 logAij / Cai, rj 

 logAi  / Cai 

 logA=0.1855/Ca0.188 

 logA=0.1855/Ca0.175 



SPWLA 63rd Annual Logging Symposium, June 10-15, 2022 

13 

 

networks: at relatively large Ca values the internal 
pressure increase -due to bulk viscosity induced 
resistances- deforms the geometry of the relatively soft 
PDMS matrix (Gervais et al., 2006). That, on its turn, is 
expected to increase the effective porosity and absolute 
permeability. Consequently, that effect will eventually 
reduce the consistency -or direct compatibility- of any 
measured values across the entire domain of the flow 
conditions. 

4.3 Energy efficiency and critical flow conditions 
To reveal any latent systematic trends and eventually get 
a better image of the interstitial flow structure, we have 
further investigated the energy efficiency of the two-
phase flow within the particular NWP/WP/PM system. 

The diagrams in Fig. 11 provide an overview of the 
energy efficiency analysis as it is implemented in this 
type of processes. In particular, the diagram in Fig. 11(a), 
displays the maximum values of energy efficiency 
attained at every constant-Ca experiment. The 
corresponding, critical flow conditions (CFCs), are 
displayed in the diagram in Fig. 11(b). They are all 
identified by observing the maximum values of the 
energy efficiency in the combined rel-perm and energy 
efficiency diagrams in Fig. 7, and looking-up values in 
Table 2.  

We may recall here the definition of critical flow 
conditions as the conditions whereby the flowrate of the 
NWP per unit of hydraulic power necessary to maintain 
the compound flow takes maximum values. This is 
evaluated in an appropriately reduced form by the energy 
efficiency index, ref. Eq. (17). Diagrams in Fig. 11 are 
similar to those furnished by Valavanides, 2018b, cf. 
figures 6 and 7, focusing on the expected universal 
layout of the locus of CFCs in such processes (two-phase 
flows in pore networks).  

As said, the maximum energy efficiency values attained 
at every constant-Ca experiment are detected from 
trends in energy efficiency values observed in the 
diagrams in Fig. 7, taking also into account the explicit 
values of fEU in column (13), Table 2. In that context, the 
fEU maxima, each per constant-Ca experiment, are 
detected by 

𝑓 ,
∗ = 𝑓∗ (𝐶𝑎 ) = max 𝑓 , ,, 𝐶𝑎  (21) 

Detected maximum energy efficiency values, at different 
capillary number values 𝑓 ,

∗ , 𝐶𝑎 , for the 𝑖 = 1, … , 13 
constant-Ca experiments are displayed in the diagram in 

Fig. 11(a). There is a remarkably smooth increase of the 
maximum energy efficiency values, 𝑓∗ , with increasing 
Ca.  

(a)  

(b)  

Fig. 11 — (a) Detected set of maximum energy efficiency values, 

at different capillary number values {fEU*i, Cai),  , for the 

i=1,..,13 constant-Ca runs. (b) The corresponding critical flow 

rate ratio values, {r*i, Cai}, ×, and mobility ratio values, {λ*i, Cai}, 

, define the so-called Critical Flow Conditions; upright cross 

markers in red, +, indicate the mean value of the corresponding 

flowrate ratio and mobility ratio values. 

It is worth noting that, depending on the flow conditions, 
the energy efficiency of the process may increase by 2 
orders of magnitude. That is a quite important 
characteristic when designing the operation of similar 
processes. The values (markers) tend to reach a 
maximum value – the, so called, “ceiling of efficiency” 
(Valavanides, 2018b). Based on the energy efficiency 
analysis presented in this study, the maximum attainable 
value of the energy efficiency cannot exceed a value, 
dictated by the viscosity ratio of the system. This value 
is estimated to be equal to  

 log 𝑓∗   
 log 𝑓∗   

𝑓∗  

log 𝑟∗ 

log 𝜆∗  

〈log 𝑟∗ , log 𝜆∗〉 

log 𝑟 (log 𝐶𝑎) 

log 𝑟∗  
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𝑓∗ =
1

1 + √𝜅
=

1

1 + √0.732

= 0.2897  

⇒ log 𝑓∗ = −0.5380 

(22) 

We observe that the calculated values of the energy 
efficiency tend to have reached a maximum value 
significantly lower than the expected limit (the ceiling of 
efficiency). This discrepancy is attributed to a bias of the 
measured value of the absolute permeability of the 
microfluidic pore-network, due to the inlet and outlet 
tubing. Its nominal value is measured to be 𝑘 =
8.1 × 10 m , whilst some assumptions are made for 
the permeability of the inlet and outlet tubing and micro 
channel flow distributors at the entry zone and collectors 
at the exit zone. Judging from the results, the 
aforementioned value overestimates the actual absolute 
permeability. We recall here that the energy efficiency is 
reduced by the power dissipation of an equivalent single-
phase flow. 

The corresponding critical flow rate ratio values, 
{𝑟∗, 𝐶𝑎 }, and mobility ratio values, {𝜆∗, 𝐶𝑎 }. are plotted 
in terms of logCa in the diagram in Fig. 11(b). The 
corresponding markers define the so-called locus of 
Critical Flow Conditions (or, CFC locus).  

We may observe a discrepancy between the mobility 
ratio and flowrate ratio values at CFCs; the discrepancy 
is pronounced at the lower part of the Ca domain, i.e. at 
capillary dominated flow regimes, while it becomes 
insignificant at the high Ca domain where bulk viscosity 
prevails and the effect of menisci is practically 
negligible. The observed discrepancy is attributed to the 
procedure in detecting the CFCs and the associated 
mobility and flowrate ratio values: From energy 
efficiency values calculated on a mobility ratio basis 
[(ref. Eq. (17)], the maximum per constant-Ca 
experiment, 𝑓∗ | , is detected by referring to column 
(13), Table 2 and the corresponding flowrate ratio value 
𝑟∗| , is traced by looking-up in column (5), Table 2. 
Focusing on the low-Ca regime, on the upper left 
diagrams in Fig. 7, we may observe a significant 
discrepancy between the mobility ratio and the flowrate 
ratio, manifested as a failure of the {𝑟, 𝜆} markers to 
perfectly align to the 𝑟 = 𝜆 straight line. The source of 
this discrepancy can be traced-back to the end-effects 
that are induced by the relatively stronger role of the 
menisci – when compared to the effects of the bulk 
viscosity.  

The detected CFCs show a tendency to line-up on an S-
shaped curve. A similar trend is manifested in the study 
deployed by Valavanides et al., 2020, and it is supported 
by inferences derived by Valavanides (2018b) based on 
energy efficiency analysis. This tendency is a little bit 
fuzzy in the low-Ca regime. To overcome this fuzziness, 
we have defined the log-average values of {𝑟, 𝜆}  per 
CFC,  log�̂�∗ = 〈log 𝑟∗ , log 𝜆∗〉,  calculated as 

log�̂�∗ =
log 𝑟∗

2
+

log 𝜆∗

2
   ⇔   �̂�∗ = √𝑟∗𝜆∗ (23) 

These values are also plotted in the CFS diagram, Fig. 

11(b), as indicated by the upright cross markers (in red). 
Now the trend in the CFCs markers becomes clearer that 
it is of an S-shape curve. This is consistent to the 𝑟∗(𝐶𝑎) 
shape of the CFC locus on the universal energy 
efficiency map illustrated in Valavanides, 2018b (cf. 
reference Figure 6 and 7). 

The dashed red horizontal line indicates the nominal 
value of the critical flow rate ratio for pure viscous flow 
conditions (as Ca→∞). Given the viscosity ratio value of 
the examined NPW/WP system, 𝜅 = 0.732, this CFC 
nominal value for pure viscous flow conditions is 
estimated to be 𝑟∗ = 1 √𝜅⁄ = 1 √0.732⁄ = 1.1656  
(log 𝑟∗ = 0.06656). This value is indicated by the 
dashed straight line (in red color) in the diagram Fig. 11b. 
The actual value attained within the lower part of the S-
shape form, pertaining to larger Ca-values, indicates an 
asymptotic trend (Ca→∞) remarkably close to the 
aforementioned theoretically predicted value.  

The trend is indicated by fitting an S-curve, to the 
available CFC data points. The fitted S-curve is given by 
the following expression 

log𝑟∗(log 𝐶𝑎) = 

= 0.33 tanh[2.85(log 𝐶𝑎 + 5.13)] + 0.35 
(24) 

CONCLUSIONS 

We have assessed /validated the specificity and 
applicability of a new flow-dependent relative 
permeability scaling law that takes explicitly into 
account capillarity effects. Flow dependency is 
associated to the flow intensities of the NWP and WP or, 
equivalently, to the capillary number of the WP, Ca, and 
the NWP/WP flow rate ratio, r. The proposed scaling is 
built around a kernel function, logA(logCa), that 
provides a bridge between the decoupled character of the 
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flow at the two extreme flow regimes (low-Ca/low-r to 
high-Ca/high-r flows). The validation was based on a set 
of 13 experiments of steady-state two-phase flow 
through a PDMS microfluidic pore-network. Each 
experiment was run at constant Ca for the WP for a 
variety of volumetric flux ratio values. The experiments 
covered different flow conditions, spanning across 4 
orders of magnitude in Ca and 3 orders of magnitude in 
r, over an almost rectangular domain in Ca×r. The 
system of fluids had a viscosity ratio of ~0.7 and showed 
intermediate wettability against the PDMS network 
matrix.  

The results suggest that it is possible to derive and 
implement universal, true-to-mechanism functions 
describing correctly the flow-dependency of relative 
permeabilities. The critical step here is to infer and then 
data-fit an appropriate form of the kernel function, 
logA(logCa). The kernel function is associated with the 
complex rheologic character of the NWP/WP/PM 
system manifesting itself across the entire Ca domain.  

The specificity /applicability of the proposed scaling is 
substantial and deserves further investigation, mainly 
towards understanding the universal structure of the 
kernel function logA(logCa). Because of the structure of 
the scaling, Eq. (12), the mode of decaying of logA at 
high-Ca regimes, strongly depends on the 
physicochemical properties of the NWP/WP/PM system, 
e.g. wettability. The universal, critical property of the 
kernel function should be a monotonous decay at the 
high-Ca regime.  

By implementing the proposed flow-dependency 
analysis it was possible to gain a consistent and well-
structured view of the process over the domain of 
examined flow conditions. The calculated values of 
reduced quantities (reduced pressure gradient, kernel 
function) show a consistent dependency on flow 
conditions and can be used to reveal the interstitial flow 
mechanisms.  

Reviewing the present work in terms of reaching its 
objectives, we may conclude:  

(a) Implementation of the proposed scaling is possible 
using rather simple and well-known interventions, 
typical of regular core analysis protocols; moreover, 
it was possible to rely on superficial measurements 
only, i.e. flow rates of the two phases, pressure drop 
across the core length, interfacial tension, absolute 
permeability. 

(b) We have tested the hypothesis of fully developed 

flow conditions. In that context we have NOT 
considered a priori equal pressure gradients across 
the pore network. Instead, we have based our post-
analysis on considering decoupled pressure drops 
across the flow of each phase. It turned out that 
equality of pressure gradients is a testable hypothesis; 
the test is easy to implement as we have shown in the 
current study. 

(c) The existence, uniqueness and form of the locus of 
critical flow conditions (CFCs), 𝑟∗(𝐶𝑎), was 
confirmed. The S-shape type, confined between two 
asymptotic lines, 𝑟 = 𝑟∗ and 𝑟 = 𝑟∗ , as proposed in 
Valavanides, 2018b is also confirmed. Differences 
between nominal, expected, and actual, measured 
values, of 𝑟∗ , and 𝑓∗ , are also justified. In order to 
reveal the S-shaping in greater detail, the flow 
conditions should be finely scanned /tuned in 
proximity to the transition zone of the CFC locus. i.e. 
the transition part of the S-curve. 

(d) By implementing the proposed scaling and 
considering the underlying mechanisms of the 
interstitial flows, we can explain the flow behavior by 
referring to the macroscopic measurements. That was 
possible by examining the structure of the WP 
relative permeability, krw, and of the kernel function 
A, without any need to examine the flow at the pore 
scale using sophisticated equipment. Therefore, the 
proposed scaling could potentially serve as an 
additional tool for quality assessment of 
measurements (R/SCAL forensics).  

Based on the results of this preliminary assessment, it 
would make sense to consider designing and deploying 
a systematic laboratory study to investigate and reveal 
the effects of wettability, pore network structure, core 
size, etc. on the form of A(logCa). We intend to extend 
the experimental study with model pore networks of 
different geometries. The scope would be to further 
examine if the proposed analysis and applicable 
methodology associated to the proposed flow 
dependency scaling of relative permeabilities, can be 
implemented to address potential improvements of the 
R/SCAL protocols and in rock typing associated to 
interstitial flow; also, to develop more robust and 
accurate macroscopic scale models.  
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NOMENCLATURE  

Abbreviations 
CFC = critical flow conditions 
NPW = non-wetting phase 
PDMS = Poly-Di-Methyl-Siloxane 
PM = porous medium 
REV = representative elementary volume 
R/SCAL = Regular/Special Core Analysis Laboratory 
WP = wetting phase 
 
Symbols 
Latin 
A = kernel function, 1 
𝐴 = cross-sectional area of the pore network 
perpendicular to the flow, m2 
Ca = Capillary number (conventional definition), 1 
fEU = energy efficiency, 1 
krn = relative permeability of nonwetting phase, 1 
krw = relative permeability of wetting phase, 1 
𝑈 = superficial velocity, m/s 
𝑘 = absolute permeability, m2 

𝑝, 𝑃 = pressure, N/m2 
𝑞 = volumetric flow rate, m3/s 
x = reduced pressure gradient, 1 
Greek 
𝛾  = interphasial tension, N/m 
Δ = difference 
dynamic advancing and receding contact angles,  
θ = dynamic contact angle (meniscus to pore wall), 1 
𝜅 = (nonwetting/wetting) viscosity ratio, 1 

𝜆 = (nonwetting/wetting) mobility ratio, 1 
𝜇 = dynamic viscosity, Pa s 
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Table 2 — The raw data values measured or calculated in the course of the present study. The second raw on the heading refer the 
equation used to calculate the values.  
 

1 2 3 4 5 6 7 8 9 10 11 12 13 

𝑞  𝑞  𝑈  𝑪𝒂  𝒓 〈𝑃 〉 〈𝑃 〉 〈
𝑑𝑃

𝑑�̃�
〉 〈

𝑑𝑃

𝑑�̃�
〉 𝑘  𝑘  𝜆 𝑓  

  Eq. (1)  Eq. (3) Eq.(4)   Eq. (14)  Eq.(15) Eq.(15) Eq.(16) Eq.(17) 
[ml/min] [ml/min] [m/s] [-] [-] [mbar] [mbar] [N/m] [N/m] [-] [-] [-] [-] 

0.00005 0.0005 1.94 
×10-5 

4.789 
×10-7 

0.10 3.047 23.093 1.523E+04 1.155E+05 0.0016 0.0028 0.758 0.0012 
0.0001 0.20 3.885 26.663 1.942E+04 1.333E+05 0.0025 0.0024 1.373 0.0014 
0.0002 0.40 9.456 26.097 4.728E+04 1.305E+05 0.0020 0.0025 1.104 0.0013 
0.0003 0.60 7.618 19.317 3.809E+04 9.658E+04 0.0038 0.0034 1.521 0.0020 
0.0004 0.80 10.636 24.927 5.318E+04 1.246E+05 0.0036 0.0026 1.875 0.0017 
0.0005 1.00 12.301 24.752 6.151E+04 1.238E+05 0.0039 0.0026 2.012 0.0018 
0.0010 2.00 8.850 20.592 4.425E+04 1.030E+05 0.0108 0.0032 4.654 0.0026 
0.0020 4.00 10.926 24.860 5.463E+04 1.243E+05 0.0175 0.0026 9.101 0.0024 
0.0025 5.00 27.167 37.382 1.358E+05 1.869E+05 0.0088 0.0017 6.880 0.0015 
0.0050 10.00 26.048 35.363 1.302E+05 1.768E+05 0.0184 0.0018 13.576 0.0017 
0.0075 15.00 32.429 52.755 1.621E+05 2.638E+05 0.0221 0.0012 24.402 0.0012 
0.0100 20.00 36.484 47.253 1.824E+05 2.363E+05 0.0262 0.0014 25.903 0.0013 
0.0150 30.00 52.456 52.607 2.623E+05 2.630E+05 0.0274 0.0012 30.086 0.0012 
0.0200 40.00 49.739 63.906 2.487E+05 3.195E+05 0.0385 0.0010 51.394 0.0010 

0.00010 0.001 3.876 
×10-5 

9.577 
×10-7 

0.10 10.194 11.882 5.097E+04 5.941E+04 0.0009 0.0109 0.117 0.0011 
0.00025 0.25 22.375 31.114 1.119E+05 1.556E+05 0.0011 0.0042 0.348 0.0011 
0.00050 0.50 22.944 30.879 1.147E+05 1.544E+05 0.0021 0.0042 0.673 0.0017 
0.00075 0.75 26.508 34.476 1.325E+05 1.724E+05 0.0027 0.0038 0.975 0.0019 

0.001 1.00 34.325 35.340 1.716E+05 1.767E+05 0.0028 0.0037 1.030 0.0019 
0.002 2.00 36.810 44.825 1.840E+05 2.241E+05 0.0052 0.0029 2.436 0.0021 
0.002 2.00 33.157 41.295 1.658E+05 2.065E+05 0.0058 0.0031 2.491 0.0022 
0.004 4.00 38.910 49.098 1.946E+05 2.455E+05 0.0098 0.0026 5.047 0.0022 
0.006 6.00 62.162 65.911 3.108E+05 3.296E+05 0.0092 0.0020 6.362 0.0017 
0.008 8.00 34.605 42.031 1.730E+05 2.102E+05 0.0221 0.0031 9.717 0.0028 
0.008 8.00 35.198 39.990 1.760E+05 2.000E+05 0.0218 0.0033 9.089 0.0029 
0.010 10.00 39.320 42.123 1.966E+05 2.106E+05 0.0243 0.0031 10.713 0.0028 
0.015 15.00 53.364 55.457 2.668E+05 2.773E+05 0.0269 0.0023 15.588 0.0022 

0.0005 0.005 1.938 
×10-4 

4.789 
×10-6 

0.10 20.841 26.362 1.042E+05 1.318E+05 0.0023 0.0247 0.126 0.0028 
0.0010 0.20 26.664 47.191 1.333E+05 2.360E+05 0.0036 0.0138 0.354 0.0036 
0.0020 0.40 41.579 67.162 2.079E+05 3.358E+05 0.0046 0.0097 0.646 0.0038 
0.0040 0.80 32.285 50.396 1.614E+05 2.520E+05 0.0119 0.0129 1.249 0.0072 
0.0050 1.00 37.211 50.223 1.861E+05 2.511E+05 0.0129 0.0129 1.350 0.0074 
0.0100 2.00 49.691 62.979 2.485E+05 3.149E+05 0.0193 0.0103 2.535 0.0074 
0.0200 4.00 60.416 82.081 3.021E+05 4.104E+05 0.0317 0.0079 5.434 0.0067 
0.0300 6.00 85.575 99.445 4.279E+05 4.972E+05 0.0336 0.0065 6.972 0.0057 
0.0500 10.00 85.553 95.964 4.278E+05 4.798E+05 0.0559 0.0068 11.217 0.0062 
0.0700 14.00 101.958 102.830 5.098E+05 5.142E+05 0.0657 0.0063 14.120 0.0059 
0.0010 0.015 5.81 

×10-4 
1.437 
×10-5 

0.07 17.540 67.767 8.770E+04 3.388E+05 0.0055 0.0288 0.258 0.0059 
0.0050 0.33 22.978 68.105 1.149E+05 3.405E+05 0.0208 0.0286 0.988 0.0142 
0.0075 0.50 26.247 67.867 1.312E+05 3.393E+05 0.0273 0.0287 1.293 0.0162 
0.0100 0.67 29.847 67.646 1.492E+05 3.382E+05 0.0321 0.0288 1.511 0.0174 
0.0125 0.83 33.026 67.657 1.651E+05 3.383E+05 0.0362 0.0288 1.707 0.0182 
0.0150 1.00 36.885 68.026 1.844E+05 3.401E+05 0.0389 0.0287 1.844 0.0186 
0.0250 1.67 48.411 72.963 2.421E+05 3.648E+05 0.0494 0.0267 2.512 0.0191 
0.0500 3.33 72.020 98.813 3.601E+05 4.941E+05 0.0664 0.0197 4.573 0.0162 
0.0750 5.00 101.355 123.762 5.068E+05 6.188E+05 0.0708 0.0158 6.105 0.0135 
0.1000 6.67 118.992 135.779 5.950E+05 6.789E+05 0.0804 0.0144 7.607 0.0127 
0.1250 8.33 135.794 141.265 6.790E+05 7.063E+05 0.0881 0.0138 8.669 0.0124 
0.1500 10.00 153.254 147.290 7.663E+05 7.365E+05 0.0937 0.0132 9.611 0.0120 
0.2000 13.33 187.359 174.614 9.368E+05 8.731E+05 0.1022 0.0112 12.426 0.0103 
0.0010 0.02 7.751 1.915 0.05 13.449 32.642 6.724E+04 1.632E+05 0.0071 0.0797 0.121 0.0086 
0.0025 0.13 16.622 34.057 8.311E+04 1.703E+05 0.0144 0.0764 0.256 0.0156 
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𝑞  𝑞  𝑈  𝑪𝒂  𝒓 〈𝑃 〉 〈𝑃 〉 〈
𝑑𝑃
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〉 〈

𝑑𝑃

𝑑�̃�
〉 𝑘  𝑘  𝜆 𝑓  

  Eq. (1)  Eq. (3) Eq.(4)   Eq. (14)  Eq.(15) Eq.(15) Eq.(16) Eq.(17) 
[ml/min] [ml/min] [m/s] [-] [-] [mbar] [mbar] [N/m] [N/m] [-] [-] [-] [-] 

0.0050 9 
×10-4 

×10-5 0.25 20.501 34.232 1.025E+05 1.712E+05 0.0233 0.0760 0.417 0.0224 
0.0075 0.38 24.337 33.551 1.217E+05 1.678E+05 0.0295 0.0775 0.517 0.0264 
0.0100 0.50 24.878 33.527 1.244E+05 1.676E+05 0.0385 0.0776 0.674 0.0312 
0.0125 0.63 30.923 34.291 1.546E+05 1.715E+05 0.0387 0.0759 0.693 0.0311 
0.0150 0.75 36.769 34.296 1.838E+05 1.715E+05 0.0390 0.0758 0.700 0.0312 
0.0175 0.88 38.435 35.197 1.922E+05 1.760E+05 0.0436 0.0739 0.801 0.0329 
0.0200 1.00 43.743 57.008 2.187E+05 2.850E+05 0.0438 0.0456 1.303 0.0258 
0.0300 1.50 59.283 58.514 2.964E+05 2.926E+05 0.0484 0.0445 1.481 0.0265 
0.0500 2.50 82.338 74.893 4.117E+05 3.745E+05 0.0581 0.0347 2.274 0.0241 
0.0750 3.75 107.558 90.981 5.378E+05 4.549E+05 0.0667 0.0286 3.172 0.0217 
0.1000 5.00 125.317 101.947 6.266E+05 5.097E+05 0.0764 0.0255 4.068 0.0205 
0.1500 7.50 156.651 133.695 7.833E+05 6.685E+05 0.0916 0.0195 6.401 0.0168 
0.2000 10.00 197.028 156.018 9.851E+05 7.801E+05 0.0971 0.0167 7.919 0.0148 
0.3000 15.00 256.103 198.126 1.281E+06 9.906E+05 0.1121 0.0131 11.604 0.0121 
0.001 0.025 9.69 

×10-4 
2.394 
×10-5 

0.04 21.731 36.714 1.087E+05 1.836E+05 0.0044 0.0886 0.068 0.0056 
0.005 0.20 30.278 54.930 1.514E+05 2.746E+05 0.0158 0.0592 0.363 0.0158 
0.010 0.40 43.517 55.302 2.176E+05 2.765E+05 0.0220 0.0588 0.508 0.0198 
0.020 0.80 45.137 63.254 2.257E+05 3.163E+05 0.0424 0.0514 1.121 0.0272 
0.025 1.00 52.250 63.160 2.613E+05 3.158E+05 0.0458 0.0515 1.209 0.0282 
0.040 1.60 71.690 68.000 3.585E+05 3.400E+05 0.0534 0.0478 1.518 0.0288 
0.080 3.20 116.879 109.647 5.844E+05 5.482E+05 0.0655 0.0297 3.002 0.0222 
0.120 4.80 144.029 124.038 7.201E+05 6.202E+05 0.0797 0.0262 4.134 0.0211 
0.200 8.00 199.532 167.792 9.977E+05 8.390E+05 0.0959 0.0194 6.727 0.0169 
0.250 10.00 225.260 184.310 1.126E+06 9.216E+05 0.1062 0.0176 8.182 0.0157 
0.001 0.04 1.55 

×10-3 
3.831 
×10-5 

0.03 28.796 60.743 1.440E+05 3.037E+05 0.0033 0.0856 0.053 0.0043 
0.004 0.10 21.578 58.164 1.079E+05 2.908E+05 0.0177 0.0894 0.270 0.0190 
0.008 0.20 33.036 60.500 1.652E+05 3.025E+05 0.0232 0.0860 0.366 0.0231 
0.012 0.30 44.289 61.759 2.214E+05 3.088E+05 0.0259 0.0842 0.418 0.0248 
0.020 0.50 46.170 67.162 2.309E+05 3.358E+05 0.0415 0.0775 0.727 0.0326 
0.040 1.00 63.346 74.746 3.167E+05 3.737E+05 0.0604 0.0696 1.180 0.0377 
0.080 2.00 86.214 99.599 4.311E+05 4.980E+05 0.0888 0.0522 2.311 0.0365 
0.120 3.00 107.158 109.802 5.358E+05 5.490E+05 0.1072 0.0474 3.074 0.0358 
0.200 5.00 155.556 141.517 7.778E+05 7.076E+05 0.1230 0.0368 4.549 0.0301 
0.400 10.00 259.205 204.070 1.296E+06 1.020E+06 0.1477 0.0255 7.873 0.0226 
0.001 0.04 1.55 

×10-3 
3.831 
×10-5 

0.03 12.688 39.154 6.344E+04 1.958E+05 0.0075 0.1329 0.077 0.0095 
0.005 0.13 15.463 43.311 7.732E+04 2.166E+05 0.0309 0.1201 0.350 0.0311 
0.010 0.25 27.006 43.631 1.350E+05 2.182E+05 0.0354 0.1192 0.404 0.0343 
0.020 0.50 49.333 64.159 2.467E+05 3.208E+05 0.0388 0.0811 0.650 0.0320 
0.030 0.75 44.473 66.749 2.224E+05 3.337E+05 0.0646 0.0779 1.126 0.0413 
0.040 1.00 57.907 64.507 2.895E+05 3.225E+05 0.0661 0.0806 1.114 0.0425 
0.080 2.00 87.260 90.627 4.363E+05 4.531E+05 0.0877 0.0574 2.077 0.0387 
0.120 3.00 111.805 94.284 5.590E+05 4.714E+05 0.1027 0.0552 2.530 0.0395 
0.200 5.00 166.953 127.819 8.348E+05 6.391E+05 0.1146 0.0407 3.828 0.0323 
0.400 10.00 276.704 192.623 1.384E+06 9.631E+05 0.1383 0.0270 6.961 0.0236 

0.0100 0.05 1.938 
×10-3 

4.789 
×10-5 

0.20 22.986 54.796 1.149E+05 2.740E+05 0.0416 0.1187 0.477 0.0383 
0.0500 1.00 65.706 75.437 3.285E+05 3.772E+05 0.0728 0.0862 1.148 0.0461 
0.1000 2.00 106.743 101.952 5.337E+05 5.098E+05 0.0897 0.0638 1.910 0.0419 
0.5000 10.00 316.671 218.030 1.583E+06 1.090E+06 0.1511 0.0298 6.885 0.0260 
0.4000 8.00 287.735 221.396 1.439E+06 1.107E+06 0.1330 0.0294 6.156 0.0253 
0.2500 5.00 231.364 186.705 1.157E+06 9.335E+05 0.1034 0.0348 4.035 0.0279 
0.0400 0.80 108.234 115.543 5.412E+05 5.777E+05 0.0354 0.0563 0.854 0.0259 
0.0100 0.20 78.804 100.364 3.940E+05 5.018E+05 0.0121 0.0648 0.255 0.0132 
0.0050 0.06 2.33 

×10-3 
5.746 
×10-5 

0.08 33.246 59.640 1.662E+05 2.982E+05 0.0144 0.1308 0.149 0.0170 
0.0075 0.13 39.554 62.095 1.978E+05 3.105E+05 0.0181 0.1257 0.196 0.0206 
0.0100 0.17 44.334 62.715 2.217E+05 3.136E+05 0.0216 0.1244 0.236 0.0237 
0.020 0.33 46.817 68.094 2.341E+05 3.405E+05 0.0409 0.1146 0.485 0.0374 
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𝑞  𝑞  𝑈  𝑪𝒂  𝒓 〈𝑃 〉 〈𝑃 〉 〈
𝑑𝑃
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〉 〈

𝑑𝑃

𝑑�̃�
〉 𝑘  𝑘  𝜆 𝑓  

  Eq. (1)  Eq. (3) Eq.(4)   Eq. (14)  Eq.(15) Eq.(15) Eq.(16) Eq.(17) 
[ml/min] [ml/min] [m/s] [-] [-] [mbar] [mbar] [N/m] [N/m] [-] [-] [-] [-] 

0.030 0.50 51.547 70.654 2.577E+05 3.533E+05 0.0557 0.1104 0.685 0.0449 
0.040 0.67 66.649 70.992 3.332E+05 3.550E+05 0.0574 0.1099 0.710 0.0456 
0.050 0.83 72.730 76.384 3.636E+05 3.819E+05 0.0658 0.1022 0.875 0.0477 
0.060 1.00 75.081 80.097 3.754E+05 4.005E+05 0.0765 0.0974 1.067 0.0503 
0.070 1.17 88.125 82.371 4.406E+05 4.119E+05 0.0760 0.0947 1.090 0.0494 
0.080 1.33 94.229 93.441 4.711E+05 4.672E+05 0.0813 0.0835 1.322 0.0476 
0.090 1.50 104.022 102.916 5.201E+05 5.146E+05 0.0828 0.0758 1.484 0.0453 
0.100 1.67 114.718 104.849 5.736E+05 5.242E+05 0.0834 0.0744 1.523 0.0449 
0.125 2.08 128.573 108.849 6.429E+05 5.442E+05 0.0930 0.0717 1.764 0.0458 
0.200 3.33 186.720 146.855 9.336E+05 7.343E+05 0.1025 0.0531 2.622 0.0385 
0.300 5.00 252.413 188.964 1.262E+06 9.448E+05 0.1137 0.0413 3.743 0.0326 
0.500 8.33 340.164 245.881 1.701E+06 1.229E+06 0.1407 0.0317 6.024 0.0272 
0.600 10.00 379.167 265.565 1.896E+06 1.328E+06 0.1514 0.0294 7.004 0.0257 
0.001 0.08 3.10 

×10-3 
7.662 
×10-5 

0.01 28.219 79.735 1.411E+05 3.987E+05 0.0034 0.1305 0.035 0.0045 
0.005 0.06 30.831 81.044 1.542E+05 4.052E+05 0.0155 0.1284 0.164 0.0181 
0.010 0.13 41.321 81.259 2.066E+05 4.063E+05 0.0232 0.1280 0.246 0.0253 
0.025 0.31 50.655 87.577 2.533E+05 4.379E+05 0.0472 0.1188 0.540 0.0417 
0.050 0.63 71.013 99.191 3.551E+05 4.960E+05 0.0674 0.1049 0.873 0.0489 
0.080 1.00 91.684 113.404 4.584E+05 5.670E+05 0.0835 0.0918 1.237 0.0507 
0.100 1.25 113.234 128.601 5.662E+05 6.430E+05 0.0845 0.0809 1.420 0.0475 
0.200 2.50 191.120 179.927 9.556E+05 8.996E+05 0.1001 0.0578 2.354 0.0406 
0.400 5.00 293.241 242.918 1.466E+06 1.215E+06 0.1305 0.0428 4.142 0.0345 
0.800 10.00 435.924 326.819 2.180E+06 1.634E+06 0.1756 0.0318 7.497 0.0281 
0.010 0.1 3.88 

×10-3 
9.577 
×10-5 

0.10 45.990 105.394 2.299E+05 5.270E+05 0.0208 0.1234 0.229 0.0230 
0.025 0.25 62.169 106.963 3.108E+05 5.348E+05 0.0385 0.1216 0.430 0.0366 
0.050 0.50 82.150 114.395 4.107E+05 5.720E+05 0.0582 0.1137 0.696 0.0467 
0.075 0.75 88.776 116.020 4.439E+05 5.801E+05 0.0809 0.1121 0.980 0.0555 
0.100 1.00 108.151 119.126 5.408E+05 5.956E+05 0.0885 0.1092 1.101 0.0572 
0.150 1.50 143.620 144.499 7.181E+05 7.225E+05 0.1000 0.0900 1.509 0.0541 
0.300 3.00 243.904 209.383 1.220E+06 1.047E+06 0.1177 0.0621 2.575 0.0447 
0.500 5.00 327.528 248.211 1.638E+06 1.241E+06 0.1461 0.0524 3.789 0.0415 
1.000 10.00 511.587 365.910 2.558E+06 1.830E+06 0.1871 0.0355 7.152 0.0312 
0.010 0.12 4.65 

×10-3 
1.149 
×10-4 

0.08 50.943 104.308 2.547E+05 5.215E+05 0.0188 0.1496 0.171 0.0218 
0.025 0.21 74.715 112.848 3.736E+05 5.642E+05 0.0320 0.1383 0.315 0.0331 
0.050 0.42 78.529 123.548 3.926E+05 6.177E+05 0.0609 0.1263 0.656 0.0500 
0.075 0.63 98.494 129.806 4.925E+05 6.490E+05 0.0729 0.1202 0.824 0.0543 
0.100 0.83 117.073 136.503 5.854E+05 6.825E+05 0.0817 0.1143 0.972 0.0563 
0.120 1.00 127.211 142.734 6.361E+05 7.137E+05 0.0903 0.1093 1.122 0.0578 
0.150 1.25 149.711 156.809 7.486E+05 7.840E+05 0.0959 0.0995 1.309 0.0564 
0.200 1.67 180.082 173.220 9.004E+05 8.661E+05 0.1063 0.0901 1.603 0.0555 
0.500 4.17 342.762 270.634 1.714E+06 1.353E+06 0.1396 0.0577 3.290 0.0442 
0.750 6.25 441.911 327.768 2.210E+06 1.639E+06 0.1624 0.0476 4.636 0.0392 
1.000 8.33 523.742 377.316 2.619E+06 1.887E+06 0.1827 0.0414 6.004 0.0355 
1.200 10.00 578.127 403.809 2.891E+06 2.019E+06 0.1986 0.0387 6.985 0.0338 

 
 
 
 


