Tmhma Efarmosmenwn Majhmatikwn Akad. ètoc 2005`2006 EM 295: Jewria Proseggisewn kai Upologismoi 3/3/2006

Askăseic ` FullĹdio 1

1. ApodeÐxte ìti an [c, d] ⊂ [a, b], tìte o C[a, b] eÐnai upìqwroc tou C[c, d].

2. ’Estw {x_1, x_2, . . . , x_n} mia bĹsh enìc gramm. qÿrou V (epÐ enìc sÿmatoc K). DeÐxte ìti gia kĹje u ∈ V upĹrqoun monadikĹ u_1, u_2, . . . , u_n ∈ K t.w. u =

∑_n

i=1 u_ix_i.

(Ta u_i lègontai sunistÿsec tou u wc proc th bĹsh {x_i}^n_{i=1}.)

3. ’Estw U, V upìqwroi enìc grammikoÔ qÿrou X. ApodeÐxte ìti h tomă U ∩ V eÐnai upìqwroc tou X. Pìte h ènwsh U ∪ V eÐnai upìqwroc tou X?

4. ’Estw (X, ‖ · ‖) qÿroc me nìrma. DeÐxte ìti h nìrma eÐnai suneqăc apeikìnish apì ton X ston R.

5. ’Estw ‖ · ‖ opoiadăpote nìrma ston R^n. DeÐxte ìti upĹrqei c > 0: ‖x‖ ≦ c‖x‖_2 ∀x ∈ R^n.

(ApodeÐxte to qwrÐc na qrhsimopoiăsete to gegonìc ìti ìlec oi nìrmec ston R^n eÐnai isodÔnamec.)

6. An C^1[a, b] eÐnai o qÿroc twn suneqÿc paragwgÐsimwn sunartăsewn sto [a, b], tìte deÐxte ìti h apeikìnish ‖ · ‖ : C^1[a, b] → R me

‖f‖ = (∫_b a (f(x))^2dx +

∫_b a (f^′(x))^2dx

)_{1/2}

eÐnai mÐa nìrma ston C^1[a, b].

7. ’Estw (X, ‖ · ‖) qÿroc me nìrma kai (x_n)_{n∈N} akoloujÐa stoiqeÐwn tou X. DeÐxte ìti an h (x_n) sugklÐnei, tìte to ìriì thc eÐnai monadikì.

8. DeÐxte ìti an f ∈ C[a, b], tìte ‖f‖_1 ≦ √ b − a ‖f‖_2 ≦ (b − a)‖f‖_∞.

9. ’Estw w ∈ C[a, b] mia sunĹrthsh bĹrouc, dhladă ∀x ∈ [a, b] : w(x) > 0, kai p ≧ 1. DeÐxte ìti h apeikìnish ‖ · ‖_{w,p} : C[a, b] → R me

‖f‖_{w,p} = (∫_b a |f(x)|^pw(x) dx

)1/p , eÐnai mia nìrma ston C[a, b].

10. ApodeÐxte ìti ston C[0, 1] oi nìrmec ‖f‖_2 = (∫_1 0 (f(x))^2dx

)_{1/2}

kai ‖f‖ = (∫_1 0 (1 + x)(f(x))^2dx

)_{1/2}

eÐnai isodÔnamec.

11. ApodeÐxte ìti ston C[a, b] oi nìrmec ‖ · ‖_p kai ‖ · ‖_{w,p} eÐnai isodÔnamec, ìpou ‖ · ‖_{w,p} h nìrma thc ’Askhshc 9.

12. ApodeÐxte ìti an mia akoloujÐa enìc gramm. qÿrou sugklÐnei wc proc mia nìrma, tìte ja sugklÐnei kai wc proc kĹje Ĺllh isodÔnamh s’ aută nìrma.

13. ApodeÐxte ìti an ènac gramm. qÿroc eÐnai plărhc wc proc mia nìrma, tìte eÐnai plărhc kai wc proc kĹje Ĺllh isodÔnamă thc nìrma.

14. ApodeÐxte ìti o (C[0, 1], ‖ · ‖_1) den eÐnai plărhc.

15. ApodeÐxte ìti ston C[a, b] oi nìrmec ‖ · ‖_∞ kai ‖ · ‖_1 den eÐnai isodÔnamec. 16. Ston C[a, b] oi nìrmec ‖ · ‖_1 kai ‖ · ‖_2 eÐnai isodÔnamec?

2