EM295: JEWRIA PROSEGGISEWN KAI UPOLOGISMOI

ShmeÐwseic Paradìsewn

Dhmătrioc A. MhtsoÔdhc

PANEPISTHMIO KRHTHS

TMHMA EFARMOSMENWN MAJHMATIKWN

HRAKLEIO 2006

KefĹlaio 1

Eisagwgă - Basikèc ènnoiec.

1.1 DianusmatikoÐ qÿroi (Vector spaces).

Orismoc 1.1.1 ’Enac dianusmatikìc ă grammikìc qÿroc X eÐnai èna mh kenì sÔnolo stoiqeÐwn sto opoÐo

1. Gia kĹje zeÔgoc stoiqeÐwn x, y ∈ X orÐzoume to ĹjroismĹ touc x + y ∈ X. 2. Gia kĹje stoiqeÐo x ∈ X kai gia kĹje bajmwtì mègejoc α enìc sÿmatoc K, orÐzoume to ginìmeno αx ∈ X. (H prĹxh aută onomĹzetai bajmwtìc pollaplasiasmìc.)

3. Oi dÔo autèc prĹxeic akoloujoÔn tic parakĹtw idiìthtec:

(i) ∀x, y ∈ X: x + y = y + x.

(ii) ∀x, y, z ∈ X: x + (y + z) = (x + y) + z.

(iii) UpĹrqei èna stoiqeÐo tou X, pou sumbolÐzoume me 0, tètoio ÿste x + 0 = x, ∀x ∈ X. (iv) ∀x ∈ X upĹrqei èna stoiqeÐo tou X, pou sumbolÐzoume me −x, tètoio ÿste x+(−x) = 0. (v) α(βx) = (αβ)x, ∀α, β ∈ K, x ∈ X. (vi) 1 x = x, ∀x ∈ X.

(vii) (α + β)x = αx + βx, ∀α, β ∈ K, x ∈ X. (viii) α (x + y) = αx + αy, ∀α ∈ K, x, y ∈ X.

(Lème ìti to X eÐnai ènac dianusmatikìc ă grammikìc qÿroc epÐ tou sÿmatoc K. An to K = R (antist. K = C) lème ìti o X eÐnai ènac pragmatikìc (antist. migadikìc) dianusmatikìc qÿroc.)

ParadeÐgmata dianusmatikÿn qÿrwn.

1. To aploÔstero parĹdeigma enìc pragmatikoÔ dianusmatikoÔ qÿrou eÐnai to R. Profanÿc to Ĺjroisma dÔo pragmatikÿn eÐnai pragmatikìc, kai, fusikĹ, kai to ginìmeno dÔo pragmatikÿn eÐnai pragmatikìc. EpÐshc, oi idiìthtec (i)`(viii) isqÔoun katĹ profană trìpo. ’Amesa blèpoume ìti kai to sÔnolo C twn migadikÿn arijmÿn eÐnai ènac grammikìc qÿroc.

2. To sÔnolo K^n (ìpou K = R ă K = C) pou èqei wc stoiqeÐa tic diatetagmènec n-Ĺdec (a_1, a_2, . . . , a_n), a_i ∈ K, eÐnai ènac grammikìc qÿroc epÐ tou K.

3. To sÔnolo C[a, b] ìlwn twn suneqÿn pragmatikÿn sunartăsewn. Dhladă

C[a, b] = {f : f : [a, b] → R suneqăc}.

PrĹgmati^. an f, g ∈ C[a, b] kai α ∈ R, orÐzoume ∀x ∈ [a, b]: (f + g)(x) = f(x) + g(x) kai (αf)(x) = α f(x). OnomĹzoume mhdenikă sunĹrthsh aută pou mhdenÐzetai tautotikĹ sto [a, b], kai orÐzoume (−f)(x) = −f(x), ∀x ∈ [a, b]. Tìte oi idiìthtec (i)`(viii) tou OrismoÔ 1.1.1 prokÔptoun Ĺmesa.

Orismoc 1.1.2 ’Ena mh kenì uposÔnolo V enìc grammikoÔ qÿrou X ja lègetai (grammikìc) upìqwroc tou X, an ∀x, y ∈ X kai α ∈ K isqÔei x + y ∈ V kai αx ∈ V .

Apì ton Orismì 1.1.2 eÐnai profanèc ìti kĹje grammikìc upìqwroc eÐnai grammikìc qÿroc. Profanÿc to mhdenikì stoiqeÐo anăkei se kĹje upìqwro tou X. To sÔnolo {0} eÐnai upìqwroc (o tetrimmènoc). EpÐshc, h tomă opoiwndăpote upoqÿrwn tou X eÐnai upìqwroc tou X. ParĹdeigma. To uposÔnolo tou R^3 pou apoteleÐtai apì ta dianÔsmata (x, y, 0) eÐnai ènac upìqwroc. GewmetrikĹ, mporoÔme na poÔme ìti to epÐpedo twn x, y eÐnai ènac upìqwroc tou tridiĹstatou qÿrou. EpÐshc, kĹje eujeÐa pou dièrqetai apì thn arqă twn axìnwn apoteleÐ upìqwro. ’Omwc mia eujeÐa pou den dièrqetai apì thn arqă twn axìnwn den apoteleÐ upìqwro (epeidă kĹje upìqwroc prèpei na perièqei to mhdenikì diĹnusma).

Orismoc 1.1.3 Mia parĹstash thc morfăc α_1x_1 + α_2x_2 + · · · + α_nx_n, α_i ∈ K, x_i ∈ X, i = 1, 2, . . . , n, lègetai grammikìc sunduasmìc twn x_1, x_2, . . . , x_n.

Orismoc 1.1.4 ’Ena sÔnolo stoiqeÐwn {x_1, x_2, . . . , x_n} ja lègetai grammikĹ exarthmèno an upĹrqoun bajmwtĹ megèjh α_1, α_2, . . . , α_n ∈ K, ìqi ìla mhdèn, tètoia ÿste α_1x_1+α_2x_2+· · ·+α_nx_n = 0. ’Ena sÔnolo pou den eÐnai grammikĹ exarthmèno lègetai grammikĹ anexĹrthto.

O Orismìc 1.1.4 mporeÐ na anadiatupwjeÐ wc exăc: ’Ena sÔnolo stoiqeÐwn enìc grammikoÔ qÿrou X eÐnai grammikĹ exarthmèno eĹn kai mìnon an èna apì autĹ mporeÐ na grafeÐ wc grammikìc sunduasmìc twn upoloÐpwn. Parathrăste ìti to mhdenikì stoiqeÐo eÐnai grammikìc sunduasmìc opoioudăpote dedomènou sunìlou stoiqeÐwn (pĹre ìla ta α_i = 0 ston Orismì 1.1.3), epomènwc kĹje sÔnolo pou perièqei to mhdenikì stoiqeÐo eÐnai grammikĹ exarthmèno.

Orismoc 1.1.5 ’Ena sÔnolo stoiqeÐwn enìc grammikoÔ qÿrou lègetai bĹsh tou grammikoÔ qÿrou an ta stoiqeÐa autĹ eÐnai grammikĹ anexĹrthta kai, epiplèon, parĹgoun to qÿro (dhl. kĹje stoiqeÐo tou grammikoÔ qÿrou mporeÐ na grafeÐ wc grammikìc sunduasmìc stoiqeÐwn thc bĹshc).

Orismoc 1.1.6 ’Ena sÔnolo {x_1, x_2, . . . , x_n} lègetai peperasmènh bĹsh enìc grammikoÔ qÿrou X an eÐnai grammikĹ anexĹrthto kai parĹgei to qÿro X. Ja lème ìti ènac grammikìc qÿroc èqei diĹstash n an èqei mia peperasmènh bĹsh pou apoteleÐtai apì n stoiqeÐa.

Parathrăseic:

1. KĹje upìqwroc enìc grammikoÔ qÿrou diĹstashc n ja prèpei na èqei diĹstash ≦ n.

2. An ènac grammikìc qÿroc èqei diĹstash n, tìte opoiadăpote n+1 stoiqeÐa tou eÐnai grammikĹ exarthmèna. EpÐshc, den upĹrqoun n − 1 stoiqeÐa tou pou apoteloÔn bĹsh.

ParadeÐgmata:

1. Ston R^n ta n dianÔsmata (1, 0, . . . , 0), (0, 1, . . . , 0), . . . , (0, 0, . . . , 1) eÐnai grammikĹ anexĹrthta (giatÐ?) kai apoteloÔn bĹsh. Autì shmaÐnei ìti kĹje stoiqeÐo tou R^n mporeÐ na grafeÐ wc grammikìc sunduasmìc twn dianusmĹtwn autÿn. PrĹgmati^. (x_1, x_2, . . . , x_n) = x_1(1, 0, . . . , 0)+ · · · + x_n(0, 0, . . . , 1). Epomènwc o R^n eÐnai ènac grammikìc qÿroc diĹstashc n.

2. Ac jewrăsoume to qÿro P_n twn poluwnÔmwn bajmoÔ ≦ n. EÔkola mporoÔme na doÔme ìti oi sunartăseic (monÿnuma) 1, x, x^2, . . . , x^n eÐnai grammikĹ anexĹrthtec (Ĺskhsh) kai, fusikĹ, parĹgoun to qÿro P_n. ’Ara o P_n èqei diĹstash n + 1.

3. Ac jewrăsoume to qÿro ìlwn twn poluwnÔmwn. O qÿroc autìc eÐnai profanÿc ènac grammikìc qÿroc. Den mporeÐ ìmwc na èqei diĹstash n, gia opoiodăpote fusikì n, afoÔ ta n + 1 poluÿnuma x^0, x^1, x^2, . . . , x^n eÐnai grammikÿc anexĹrthta, kai sthn prohgoÔmenh paratărhsh eÐdame ìti den eÐnai dunatìn se èna grammikì qÿro diĹstashc n na upĹrqoun n + 1 grammikÿc anexĹrthta stoiqeÐa tou. ’Ara o qÿroc ìlwn twn poluwnÔmwn eÐnai ènac grammikìc qÿroc Ĺpeirhc diĹstashc.

4. O qÿroc twn suneqÿn sunartăsewn C[a, b] eÐnai ènac qÿroc Ĺpeirhc diĹstashc. (ArkeÐ na parathrăsoume ìti o qÿroc ìlwn twn poluwnÔmwn eÐnai ènac upìqwroc Ĺpeirhc diĹstashc.)

Sto shmeÐo autì oloklhrÿnoume th sÔntomh anakefalaÐwsh twn apotelesmĹtwn thc grammikăc Ĺlgebrac pou ja qreiastoÔme sth sunèqeia, kai ja proqwrăsoume sthn ènnoia twn qÿrwn me nìrma.

1.2 Qÿroi me nìrma (Normed spaces).

Orismoc 1.2.1 ’Estw X ènac grammikìc qÿroc epÐ enìc sÿmatoc K. Mia apeikìnish

‖ · ‖ : X → R, x → ‖x‖

onomĹzetai nìrma, an isqÔoun oi akìloujec idiìthtec:

(i) ‖x‖ ≧ 0 ∀x ∈ X kai ‖x‖ = 0 ⇒ x = 0.

(ii) ‖αx‖ = |α| ‖x‖, ∀x ∈ X kai α ∈ K.

(iii) ‖x + y‖ ≦ ‖x‖ + ‖y‖, ∀x, y ∈ X. (Trigwnikă anisìthta)

Paratărhsh. An X eÐnai ènac grammikìc qÿroc me nìrma, tìte ∀x, y ∈ X isqÔei � �‖x‖ − ‖y‖ � � ≦ ‖x − y‖.

Apìdeixh. ’Estw x, y ∈ X. Tìte ‖x‖ = ‖(x − y) + y‖ ≦ ‖x − y‖ + ‖y‖ ⇒ ‖x‖ − ‖y‖ ≦ ‖x − y‖. OmoÐwc deÐqnoume ìti ‖y‖ − ‖x‖ ≦ ‖x − y‖, opìte prokÔptei to zhtoÔmeno. □ Prin doÔme orismèna paradeÐgmata qÿrwn me nìrma ja apodeÐxoume orismèna bohjhtikĹ apotelèsmata pou ja qrhsimopoiăsoume sth sunèqeia.

Lhmma 1.2.1 (Anisothta Cauchy-Schwarz) An x_1, x_2, . . . , x_n ∈ C kai y_1, y_2, . . . , y_n ∈ C, tìte � � � n� i=1 x_i y_i � � � 2 ≦ �_n � i=1 |x_i|^2

� �_n � i=1 |y_i|^2 � , (1.1)

(ìpou me z sumbolÐzoume to suzugă tou migadikoÔ arijmoÔ z.)

Apìdeixh. Gia kĹje α ∈ C èqoume ìti n� i=1 (x_i − αy_i)(x_i − α y_i) ≧ 0

⇒ n� i=1 |x_i|^2 − α n� i=1 x_i y_i − α n� i=1 x_i y_i + |α|^2 n� i=1 |y_i|^2 ≧ 0 (1.2) An �_n

i=1 |y_i|^2 = 0, tìte y_i = 0, ∀i = 1, 2, . . . , n, kai to lămma isqÔei profanÿc. An �_n

i=1 |y_i|^2 ≠ 0, tìte jètoume sth sqèsh (1.2) α = (

�_n i=1 x_i y_i)/(

�_n

i=1 |y_i|^2) kai (metĹ apì merikèc prĹxeic, pou afănontai gia ton anagnÿsth) katalăgoume sthn anisìthta (1.1). □

Lhmma 1.2.2 (Anisothta Cauchy-Schwarz) (gia oloklhrÿmata) � � �_b a f(x)g(x) dx � � 2 ≦ �_b a |f(x)|^2 dx

� �_b a |g(x)|^2 dx � , ìpou oi sunartăseic f kai g eÐnai tètoiec ÿste na orÐzontai ta oloklhrÿmata.

Apìdeixh. AnĹlogh autăc tou Lămmatoc 1.2.1. □

Lhmma 1.2.3 (Anisothta tou Young) ’Estw arijmoÐ p kai q tètoioi ÿste 1 < p < ∞, 1 < q < ∞ kai^1_p +^1_q = 1. (Duo tètoioi arijmoÐ lègontai suzugeÐc ekjètec.) Tìte gia kĹje pragmatikoÔc a, b ≧ 0 isqÔei ab ≦ a^p p + b^q q . (Gia p = q = 2 eÐnai h gnwstă anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou: ab ≦^1_2 (a^2 + b^2).)

Apìdeixh. GewmetrikĹ, ac jewrăsoume th grafikă parĹstash thc kampÔlhc y = x^{p−1} (ă x = y^{1/(p−1)}), bl. Sqăma 1.1.

Sqăma 1.1:

Tìte E_1 =

�_a 0 x^{p−1}dx =^{ap}_p kai E_2 =

�_b 0 y^{1/(p−1)}dy =

�_{y1+ 1p−1}

1+^1_{p−1}

�_b 0 =^b p p−1 p p−1 . ’Omwc^1_q = 1 −^1_p ⇒ q =^p_{p−1} , opìte E_2 =^{bq}_q .

Profanÿc ab ≦ E_1 + E_2 ⇒ ab ≦^{ap}_p +^{bq}_q .

(H perÐptwsh thc isìthtac prokÔptei kai pĹli eÔkola apì th grafikă parĹstash thc y = x^{p−1}, afoÔ ja prèpei b = a^{p−1} = a^{p/q} ⇒ a^p = b^q.) □

Lhmma 1.2.4 (Anisothta tou Hölder) (gia ajroÐsmata). ’Estw 1 < p < ∞ kai 1 < q < ∞, tètoia ÿste^1_p +^1_q = 1. Tìte gia kĹje x_1, x_2, . . . , x_n ∈ C kai y_1, y_2, . . . , y_n ∈ C, èqoume n� i=1 |x_i y_i| ≦

�_n � i=1 |x_i|^p

�_{1/p} �_n � i=1 |y_i|^q

�_{1/q} .

(Parathrăste ìti gia p = q = 2 eÐnai h anisìthta Cauchy-Schwarz.)

Apìdeixh. ’Estw A := (

�_n

i=1 |x_i|^p)^{1/p} kai B := (

�_n

i=1 |y_i|^q)^{1/q}. MporoÔme na upojèsoume ìti A kai B ≠ 0 (giatÐ?) kai na efarmìsoume thn anisìthta tou Young gia touc arijmoÔc^{|xi|}_A kai^{|yi|}_B . Tìte èqoume |x_i y_i| AB ≦ |x_i|^p p A^p + |y_i|^q q B^q . AjroÐzontac gia i = 1, . . . , n, èqoume 1 AB n� i=1 |x_i y_i| ≦ 1 p A^p n� i=1 |x_i|^p + 1 q B^q n� i=1 |y_i|^q = 1 p + 1 q = 1.

’Ara,

�_n i=1 |x_i y_i| ≦ AB. □

Lhmma 1.2.5 (Anisothta tou Minkowski) (gia ajroÐsmata). ’Estw 1 < p < ∞ kai x_1, x_2, . . . , x_n ∈ C, y_1, y_2, . . . , y_n ∈ C. Tìte �_n � i=1 |x_i + y_i|^p

�_{1/p} ≦ �_n � i=1 |x_i|^p

�_{1/p} + �_n � i=1 |y_i|^p

�_{1/p} .

Apìdeixh. ArqikĹ, bohjĹei na parathrăsoume ìti an 1 < p < ∞ kai q eÐnai tètoio ÿste^1_p +^1_q = 1, tìte q =^p_{p−1} , opìte �_n � i=1 � |c_i|^{p−1}

�_q

�_{1/q} = �_n � i=1 |c_i|^p

�_{1/q} = �_n � i=1 |c_i|^p

� p−1_p . (1.3)

Tÿra n� i=1 |x_i + y_i|^p = n� i=1 |x_i + y_i| |x_i + y_i|^{p−1} ≦ n� i=1 |x_i| |x_i + y_i|^{p−1} + n� i=1 |y_i| |x_i + y_i|^{p−1}

≦ �_n � i=1 |x_i|^p

�_{1/p} �_n � i=1 |x_i + y_i|^{(p−1)q}

�_{1/q} + �_n � i=1 |y_i|^p

�_{1/p} �_n � i=1 |x_i + y_i|^{(p−1)q}

�_{1/q}

(1.3) = � � �_n � i=1 |x_i|^p

�_{1/p} + �_n � i=1 |y_i|^p

�_{1/p}� � �_n � i=1 |x_i + y_i|^p

� p−1_p .

Epomènwc �_n � i=1 |x_i + y_i|^p

�_{1−} p−1_p ≦ �_n � i=1 |x_i|^p

�_{1/p} + �_n � i=1 |y_i|^p

�_{1/p} ⇒ �_n � i=1 |x_i + y_i|^p

�_{1/p} ≦ �_n � i=1 |x_i|^p

�_{1/p} + �_n � i=1 |y_i|^p

�_{1/p} . □

Lhmma 1.2.6 ’Estw 1 < p < ∞ kai 1 < q < ∞, tètoia ÿste^1_p +^1_q = 1. Tìte isqÔei h anisìthta tou Hölder gia oloklhrÿmata �_b a |f(x) g(x)| dx ≦

�_b a |f(x)|^pdx

�_{1/p} �_b a |g(x)|^q dx

�_{1/q} , kai h anisìthta tou Minkowski gia oloklhrÿmata �_b a |f(x) + g(x)|^p dx

�1/p ≦ �_b a |f(x)|^pdx

�1/p + �_b a |g(x)|^pdx

�1/p . (Oi sunartăseic f kai g eÐnai tètoiec ÿste na orÐzontai ta oloklhrÿmata.)

Apìdeixh. EÐnai entelÿc anĹlogh ekeÐnwn twn LhmmĹtwn 1.2.4 kai 1.2.5. □ ParadeÐgmata normÿn.

1. Sto qÿro R^n (ă sto qÿro C^n), orÐzoume gia kĹje x = (x_1, x_2, . . . , x_n),

‖x‖_2 :=

�_n � i=1 |x_i|^2

�_{1/2} . Oi idiìthtec (i) kai (ii) tou OrismoÔ 1.2.1 prokÔptoun Ĺmesa, enÿ h trigwnikă anisìthta apodeiknÔetai me th boăjeia thc anisìthtac Cauchy-Schwarz, bl. Lămma 1.2.1.) EpÐshc orÐzoume ‖x‖_1 := n� i=1 |x_i|, kai ‖x‖_∞ := max_{1≦i≦n} |x_i|.

EÔkola apodeiknÔetai ìti oi ‖ · ‖_1 kai ‖ · ‖_∞ eÐnai prĹgmati nìrmec.

2. Sto grammikì qÿro twn suneqÿn sunartăsewn C[a, b] (epÐ tou sÿmatoc twn pragmatikÿn arijmÿn) orÐzoume ‖ · ‖_∞ : C[a, b] → R, ‖f‖_∞ := sup_{a≦x≦b} |f(x)|.

(’Askhsh: ApodeÐxte ìti h ‖ · ‖_∞ eÐnai nìrma.)

3. Sto grammikì qÿro twn suneqÿn sunartăsewn C[a, b] epÐ tou sÿmatoc twn pragmatikÿn (ă twn migadikÿn) arijmÿn, orÐzoume

‖f‖_2 :=

�_b a |f(x)|^2 dx

�_{1/2} . Oi idiìthta (ii) tou OrismoÔ 1.2.1 eÐnai profanăc, enÿ h idiìthta (iii) (trigwnikă anisìthta) prokÔptei apì thn anisìthta Cauchy-Schwarz (bl. Lămma 1.2.2). EpÐshc eÐnai profanèc ìti

‖f‖_2 ≧ 0. ’Omwc to piì leptì zăthma sto parĹdeigma autì aforĹ thn idiìthta ‖f‖_2 = 0 ⇒ f = 0. To mhdenikì stoiqeÐo tou qÿrou C[a, b] eÐnai h sunĹrthsh pou mhdenÐzetai tautotikĹ se olìklhro to [a, b].

An den perioristoÔme sto qÿro twn suneqÿn sunartăsewn den eÐnai en gènei swstì ìti kĹje mh mhdenikă sunĹrthsh f pou orÐzetai se èna kleistì diĹsthma [a, b] èqei oloklărwma �_b a |f(x)|^2 dx ≠ 0. PĹrte, gia parĹdeigma, th sunĹrthsh f(x) = � � � 0, x ≠ 1 1, x = 1

Profanÿc h

f den eÐnai h mhdenikă sunĹrthsh sto [0,2], ìmwc

�_2 0 |f(x)|^2 dx = 0.

Sthn perÐptwsh ìmwc twn suneqÿn sunartăsewn den qreiĹzetai na anhsuqoÔme idiaÐtera. To akìloujo lămma exasfalÐzei ìti o qÿroc C[a, b] efodiasmènoc me th nìrma ‖ · ‖_2 ikanopoieÐ thn idiìthta ‖f‖_2 = 0 ⇒ f = 0, kai Ĺra h ‖ · ‖_2 eÐnai nìrma.

Lhmma 1.2.7 An f eÐnai mia suneqăc sunĹrthsh kai

�_b a |f(x)|^2 dx = 0, tìte f(x) = 0 gia kĹje x ∈ [a, b].

Apìdeixh. Ac upojèsoume ìti upĹrqei kĹpoio x_0 ∈ [a, b] tètoio ÿste |f(x_0)| = M, M > 0. Epeidă h f eÐnai suneqăc, upĹrqei èna diĹsthma, èstw (c, d) me a ≦ c < d ≦ b, pou perièqei to x_0, kai sto opoÐo � �|f(x)| − M � � <_{M2} . Tìte gia kĹje x ∈ (c, d): |f(x)| >_{M2} , kai Ĺra

�_b a |f(x)|^2 dx ≧

�_d c |f(x)|^2 dx >

�_d c � M 2 �_2 dx = (d − c)

M^2 4 > 0.

’Atopo, afoÔ apì thn upìjesh èqoume ìti

�_b a |f(x)|^2 dx = 0. □

4. Ston R^n orÐzoume th nìrma

‖x‖_p :=

�_n � i=1 |x_i|^p

�_{1/p} , x = (x_1, x_2, . . . , x_n).

Oi idiìthtec (i) kai (ii) tou OrismoÔ 1.2.1 eÐnai profaneÐc, enÿ h trigwnikă anisìthta apodeiknÔetai me th boăjeia thc anisìthtac tou Minkowski, bl. Lămma 1.2.5.

5. Ston C[a, b] orÐzoume thn apeikìnish

‖ · ‖_p : C[a, b] → R, ‖f‖_p :=

�_b a |f(x)|^p dx

�_{1/p} . (’Askhsh: ApodeÐxte ìti eÐnai nìrma.)

6. Sto grammikì qÿro twn suneqÿn sunartăsewn C[a, b] epÐ tou sÿmatoc twn pragmatikÿn arijmÿn jewrÿ mia sunĹrthsh w , h opoÐa eÐnai jetikă sto [a, b] (ektìc Ðswc apì memonwmèna shmeÐa sta opoÐa mhdenÐzetai) kai gia thn opoÐa orÐzetai to oloklărwma

�_b a w(x) dx. Tìte orÐzoume thn apeikìnish

‖ · ‖_{2,w} : C[a, b] → R, ‖f‖_{2,w} :=

�_b a |f(x)|^2w(x) dx

�_{1/2} . ApodeiknÔetai ìti h ‖ · ‖_{2,w} eÐnai nìrma. H sunĹrthsh w lègetai sunĹrthsh bĹrouc, ă aplĹ bĹroc.

Se grammikoÔc qÿrouc me nìrma mporoÔme na orÐsoume kai thn ènnoia thc sÔgklishc.

Orismoc 1.2.2 ’Estw (X, ‖·‖) ènac grammikìc qÿroc me nìrma. Lème ìti h akoloujÐa (x_n)_{n∈N} ⊂ X sugklÐnei proc èna stoiqeÐo x ∈ X, an isqÔei ‖x_n − x‖ → 0, kajÿc n → ∞.

ParadeÐgmata.

1. Ston (R^n, ‖ · ‖_2).

Jewrÿ mia akoloujÐa x^{(m)} stoiqeÐwn tou R^n. (Dhl. an k ∈ N, x^{(k)} = � x^{(k)}_1 , x^{(k)}_2 , . . . , x^{(k)}_n � .) ’Eqoume ìti x^{(m)} → x, x ∈ R^n ⇔ ‖x^{(m)} − x‖_2 → 0, kajÿc m → ∞.

Tìte ∀i = 1, 2, . . . , n, � x^{(m)}_i − x_i

�_2 ≦ �_n i=1 � x^{(m)}_i − x_i

�_2 → 0, m → ∞. Dhladă, mia akoloujÐa x^{(m)} stoiqeÐwn tou R^n sugklÐnei s’ èna diĹnusma x ∈ R^n eĹn kai mìnon eĹn kĹje akoloujÐa � x^{(m)}_i � twn sunistwsÿn sugklÐnei (wc akoloujÐa pragmatikÿn arijmÿn) sthn antÐstoiqh sunistÿsa x_i.

2. Ston C[a, b] me th nìrma ‖ · ‖_∞, mia akoloujÐa (f_n)_{n∈N} sunartăsewn tou C[a, b] sugklÐnei se mia sunĹrthsh f ∈ C[a, b], an sup a≦x≦b

|f_n(x) − f(x)| → 0, kajÿc n → ∞.

3. An efodiĹsoume ton C[a, b] me th nìrma ‖ · ‖_2, tìte

f_n → f ⇔

�_b a |f_n(x) − f(x)|^2 dx → 0, kajÿc n → ∞.

4. JewroÔme tic sunartăseic f_n(x) = e^{−nx}, n = 1, 2, . . .. EÐnai profanèc ìti f_n ∈ C[0, 1].

EpÐshc, eÔkola mporoÔme na doÔme ìti gia kĹje x ∈ [0, 1], f_n(x) → f(x) := � � � 0, x ∈ (0, 1] 1, x = 0 , kajÿc n → ∞. Parathrăste ìti edÿ anaferìmaste sth sÔgklish thc akoloujÐac twn arijmÿn f_n(x) gia opoiodăpote x ∈ [0, 1], kai ìqi sth sÔgklish thc akoloujÐac twn sunartăsewn f_n an th doÔme wc akoloujÐa stoiqeÐwn enìc qÿrou sunartăsewn efodiasmènou me mia nìrma. Akribèstera, ennooÔme ìti h f_n → f katĹ shmeÐo. EÔkola ìmwc mporoÔme na doÔme ìti f_n → f wc proc th nìrma ‖ · ‖_2. ’Omwc f ∉ C[0, 1] miac kai eÐnai asuneqăc. JewroÔme tÿra th sunĹrthsh f_0(x) = 0, ∀x ∈ [0, 1], pou profanÿc anăkei ston C[0, 1]. Endiaferìmaste na exetĹsoume katĹ pìson f_n → f_0 me thn ènnoia thc sÔgklishc sto qÿro C[0, 1]. H apĹnthsh exartĹtai apì th nìrma me thn opoÐa ja efodiĹsoume to qÿro C[0, 1]. An qrhsimopoiăsoume th nìrma ‖ · ‖_∞, tìte f_n ↛ f_0, afoÔ |f_n(0) − f_0(0)| = 1, ∀n, kai epomènwc sup_{0≦x≦1} |f_n(x) − f_0(x)| ↛ 0. Apì thn Ĺllh meriĹ, an jewrăsoume to qÿro C[0, 1] me th nìrma ‖ · ‖_2, tìte ‖f_n − f_0‖_2 =

�_1 0 e^{−2nx}dx → 0, n → ∞.

’Ara parathroÔme ìti mia akoloujÐa suneqÿn sunartăsewn mporeÐ na sugklÐnei wc proc th nìrma ‖ · ‖_2 se mia asuneqă sunĹrthsh, an kai den mporeÐ na sugklÐnei omoiìmorfa se mia asuneqă sunĹrthsh. EpÐshc, eÐdame ìti to ìrio wc proc th nìrma ‖·‖_2 den eÐnai monadikì, afoÔ h timă enìc oloklhrÿmatoc den metabĹlletai an allĹxoume thn timă thc proc oloklhrwsh sunĹrthshc s’ èna peperasmèno plăjoc shmeÐwn.

Orismoc 1.2.3 ’Estw X ènac grammikìc qÿroc kai ‖ · ‖, ||| · ||| dÔo nìrmec ston X. Oi nìrmec autèc ja lègontai isodÔnamec an upĹrqoun jetikèc stajerèc m kai M, tètoiec ÿste

∀x ∈ X m ‖x‖ ≦ |||x||| ≦ M ‖x‖.

Orismoc 1.2.4 ’Estw (X, ‖ · ‖) ènac grammikìc qÿroc me nìrma kai (x_n)_{n∈N} mia akoloujÐa ston X, ja lème ìti h (x_n) eÐnai akoloujÐa Cauchy (wc proc th ‖ · ‖) an

∀ε > 0 ∃N ∈ N, tètoio ÿste ‖x_m − x_n‖ < ε, ∀m, n ≧ N.

Orismoc 1.2.5 ’Enac grammikìc qÿroc me nìrma (X, ‖·‖) lègetai plărhc an kĹje akoloujÐa Cauchy (wc proc th ‖ · ‖) ston X sugklÐnei (wc proc th ‖ · ‖).

Orismoc 1.2.6 ’Estw (X, ‖ · ‖) kai (Y, ||| · |||) dÔo qÿroi me nìrma. Mia apeikìnish T : M → Y , M ⊂ X, lègetai suneqăc sto x ∈ M, an gia kĹje akoloujÐa (x_n)_{n∈N} stoiqeÐwn tou M me x_n → x ⇒ T (x_n) → T (x). (Dhladă ‖x_n − x‖ → 0 ⇒ |||T (x_n) − T (x)||| → 0.) H T lègetai suneqăc s’ èna sÔnolo M_1 ⊂ M, an eÐnai suneqăc se kĹje x ∈ M_1.

Sth sunèqeia ja parousiĹsoume qwrÐc apìdeixh orismèna apotelèsmata pou ja mac qreiastoÔn sth sunèqeia.

Protash 1.2.1 Se èna grammikì qÿro peperasmènhc diĹstashc ìlec oi nìrmec eÐnai isodÔnamec.

Orismoc 1.2.7 ’Estw (X, ‖ · ‖) ènac qÿroc me nìrma kai K ⊂ X.

(i) To K lègetai kleistì an gia kĹje akoloujÐa stoiqeÐwn (x_n)_{n∈N} ⊂ K me x_n → x ⇒ x ∈ K.

(Dhladă an to ìrio kĹje sugklÐnousac akoloujÐac tou K anăkei sto K .)

(ii) To K lègetai fragmèno an upĹrqei jetikă stajerĹ M tètoia ÿste ‖x‖ ≦ M, gia kĹje x ∈ K.

(iii) To K lègetai sumpagèc, an kĹje akoloujÐa stoiqeÐwn tou K èqei mia sugklÐnousa upakoloujÐa pou to ìriì thc anăkei sto K.

ParĹdeigma. Ston (R, | · |) to sÔnolo [a, b] me −∞ < a < b < ∞ eÐnai kleistì, fragmèno kai sumpagèc. To sÔnolo [a, b) eÐnai fragmèno allĹ den eÐnai kleistì, enÿ to R eÐnai kleistì allĹ den eÐnai fragmèno.

Lhmma 1.2.8 ’Estw (X, ‖ · ‖) ènac qÿroc me nìrma kai K ⊂ X sumpagèc. An M ⊂ K kleistì, tìte to M eÐnai sumpagèc.

Protash 1.2.2 ’Estw (X, ‖ · ‖) kai (Y, ||| · |||) dÔo qÿroi me nìrma kai T : X → Y mia suneqăc apeikìnish. An K ⊂ X eÐnai sumpagèc, tìte kai to M := T (K) = {y ∈ Y : ∃x ∈ X me y = T (x)} eÐnai sumpagèc. (Dhladă h eikìna enìc sumpagoÔc sunìlou mèsw miac suneqoÔc apeikìnishc eÐnai sumpagèc sÔnolo.)

GnwrÐzoume ìti an f : [a, b] → R eÐnai suneqăc sunĹrthsh, tìte lambĹnei sto [a, b] to mègisto kai to elĹqistì thc. To apotèlesma autì genikeÔetai sthn akìloujh prìtash.

Protash 1.2.3 ’Estw (X, ‖ · ‖) ènac qÿroc me nìrma, K ⊂ X sumpagèc kai f : K → R mia suneqăc sunĹrthsh. Tìte upĹrqoun x^∗ kai x_∗ ∈ K, tètoia ÿste

f(x_∗) = inf_{x∈K} f(x), f(x^∗) = sup_{x∈K} f(x).

(Dhladă mia suneqăc sunĹrthsh lambĹnei se kĹje sumpagèc sÔnolo to mègisto kai to elĹqistì thc.)

To akìloujo lămma dÐnei mia anagkaÐa sunjăkh gia na eÐnai èna uposÔnolo enìc qÿrou me nìrma sumpagèc.

Lhmma 1.2.9 ’Estw (X, ‖ · ‖) ènac qÿroc me nìrma kai K ⊂ X. An to K eÐnai sumpagèc, tìte to K eÐnai kleistì kai fragmèno.

Jewrhma 1.2.1 ’Estw (X, ‖ · ‖) ènac qÿroc me nìrma peperasmènhc diĹstashc. An K ⊂ X eÐnai kleistì kai fragmèno, tìte to K eÐnai sumpagèc.

1.3 Qÿroi me eswterikì ginìmeno (Inner product spaces).

Sthn parĹgrafo aută ja perioristoÔme se grammikoÔc qÿrouc epÐ tou sÿmatoc twn pragmatikÿn arijmÿn. (Ta perissìtera apì autĹ pou ja poÔme genikeÔontai qwrÐc idiaÐterh duskolÐa kai gia thn perÐptwsh twn migadikÿn grammikÿn qÿrwn.)

Orismoc 1.3.1 ’Estw X ènac pragmatikìc grammikìc qÿroc. Mia apeikìnish (·, ·) : X × X → R lègetai eswterikì ginìmeno ston X, an eÐnai grammikă wc proc kĹje metablhtă thc, summetrikă kai jetikĹ orismènh, dhladă

(i) (x + y, z) = (x, z) + (y, z), ∀x, y, z ∈ X. (ii) (λx, y) = λ(x, y), ∀λ ∈ R, x, y ∈ X. (iii) (x, y) = (y, x), ∀x, y ∈ X. (iv) (x, x) > 0, ∀x ∈ X \ {0}.

Tìte o X lègetai qÿroc me eswterikì ginìmeno.

Orismoc 1.3.2 ’Estw X ènac grammikìc qÿroc me eswterikì ginìmeno (·, ·). Ta x, y ∈ X ja lègontai orjogÿnia an (x, y) = 0. (Sumbolismìc: x ⊥ y.)

Lhmma 1.3.1 Se èna qÿro me eswterikì ginìmeno isqÔei h anisìthta twn Cauchy-Schwarz ∀x, y ∈ X |(x, y)| ≦ � (x, x) � (y, y).

Apìdeixh. ’Estw x, y ∈ X kai λ ∈ R. Profanÿc (x − λy, x − λy) ≧ 0 (idiìthta (iv) ston Orismì 1.3.1). Qrhsimopoiÿntac tic idiìthtec tou eswterikoÔ ginomènou h anisìthta aută grĹfetai wc (y, y)λ^2 − 2(x, y)λ + (x, x) ≧ 0.

H teleutaÐa anisìthta isqÔei gia kĹje λ ∈ R an h diakrÐnousa tou triwnÔmou eÐnai mh jetikă, dhl. an 4(x, y)^2 − 4(y, y)(x, x) ≦ 0. □ Protash 1.3.1 ’Estw (X, (·, ·)) ènac qÿroc me eswterikì ginìmeno. Tìte me ‖x‖ := � (x, x), x ∈ X, orÐzetai mia nìrma ston X, h opoÐa lème ìti parĹgetai apì to eswterikì ginìmeno. Apìdeixh. Afănetai wc Ĺskhsh. □ Lhmma 1.3.2 ’Estw (X, (·, ·)) ènac qÿroc me eswterikì ginìmeno. Tìte

(i) ∀x, y ∈ X: ‖x + y‖^2 + ‖x − y‖^2 = 2‖x‖^2 + 2‖y‖^2. (Kanìnac tou parallhlogrĹmmou)

(ii) ∀x, y ∈ X me (x, y) = 0 ⇒ ‖x + y‖^2 = ‖x‖^2 + ‖y‖^2. (Pujagìreio jeÿrhma) Apìdeixh. ’Estw x, y ∈ X. Tìte ‖x + y‖^2 = (x + y, x + y) = ‖x‖^2 + 2(x, y) + ‖y‖^2, (1.4) ‖x − y‖^2 = (x − y, x − y) = ‖x‖^2 − 2(x, y) + ‖y‖^2. (1.5) Prosjètoume tic (1.4) kai (1.5) katĹ mèlh kai prokÔptei amèswc h (i).

An (x, y) = 0, tìte apì thn (1.4) èqoume Ĺmesa to pujagìreio jeÿrhma. □ Paratărhsh.

1. EÔkola mporeÐ kaneÐc na apodeÐxei epagwgikĹ ìti an x_1, x_2, . . . , x_n ∈ X me (x_i, x_j ) = 0 me i ≠ j, tìte ‖x_1 + x_2 + · · · + x_n‖^2 = ‖x_1‖^2 + ‖x_2‖^2 + · · · + ‖x_n‖^2.

2. EÐdame ìti kĹje nìrma pou parĹgetai apì èna eswterikì ginìmeno ikanopoieÐ ton kanìna tou parallhlogrĹmmou. AntÐstrofa, mporeÐ na apodeiqjeÐ ìti kĹje nìrma pou ikanopoieÐ ton kanìna tou parallhlogrĹmmou parĹgetai apì èna eswterikì ginìmeno, sugkekrimèna, apì to akìloujo eswterikì ginìmeno ∀x, y ∈ X : (x, y) := 1 4 � ‖x + y‖^2 − ‖x − y‖^2 � . ParadeÐgmata qÿrwn me eswterikì ginìmeno.

1. Ston R^n orÐzoume to (eukleÐdeio) eswterikì ginìmeno (x, y) := (x, y)_2 = n� i=1 x_i y_i, ∀x, y ∈ R^n, x = (x_1, x_2, . . . , x_n), y = (y_1, y_2, . . . , y_n).

2. Ston C[a, b] me (·, ·) : C[a, b] × C[a, b] → R, (f, g) :=

�_b a f(x)g(x) dx, orÐzetai èna eswterikì ginìmeno.

3. ’Estw w : [a, b] → R mia jetikă kai oloklhrÿsimh sunĹrthsh bĹrouc. Tìte me (f, g)_w :=

�_b a f(x)g(x)w(x) dx, orÐzetai epÐshc ènan eswterikì ginìmeno ston C[a, b].

Paratărhsh. EÐdame ìti se èna qÿro me eswterikì ginìmeno orÐzetai pĹnta mia nìrma, h opoÐa parĹgetai apì to eswterikì ginìmeno kai ikanopoieÐ ton kanìna tou parallhlogrĹmmou. Prosoqă ìmwc: Den eÐnai ìloi oi qÿroi me nìrma, qÿroi eswterikoÔ ginomènou.

P.q. jewrăste ton C[0, 1] me th nìrma ‖f‖_∞ = max_{x∈[0,1]} |f(x)|. Ja deÐxoume ìti h nìrma aută den mporeÐ na paraqjeÐ apì èna eswterikì ginìmeno, diìti den ikanopoieÐ ton kanìna tou parallhlogrĹmmou. PĹrte, gia parĹdeigma, f(x) = 1 kai g(x) = x. Profanÿc f, g ∈ C[0, 1]. ’Eqoume ‖f‖_∞ = 1 kai ‖g‖_∞ = 1. ’Omwc f(x) + g(x) = 1 + x, kai Ĺra ‖f + g‖_∞ = 2, enÿ f(x) − g(x) = 1 − x, epomènwc ‖f − g‖_∞ = 1. Sunepÿc ‖f + g‖^2_∞ + ‖f − g‖^2_∞ = 5, allĹ 2‖f‖^2_∞ + 2‖g‖^2_∞ = 4.

Lhmma 1.3.3 ’Estw (X, (·, ·)) ènac qÿroc me eswterikì ginìmeno kai x_n → x, y_n → y, tìte (x_n, y_n) → (x, y). (Sunèqeia tou eswterikoÔ ginomènou.)

Apìdeixh.

|(x_n, y_n) − (x, y)| ≦ |(x_n, y_n) − (x_n, y) + (x_n, y) − (x, y)| ≦ |(x_n, y_n − y)| + (x_n − x, y)| ≦ ‖x_n‖ ‖y_n − y‖ + ‖x_n − x‖ ‖y‖ → 0. □

KefĹlaio 2

Bèltistec proseggÐseic se qÿrouc me nìrma.

Sto kefĹlaio autì akoloujoÔme kurÐwc tic shmeiÿseic paradìsewn tou G. D. AkrÐbh, bl. [1] sth bibliografÐa.

2.1 Bèltistec proseggÐseic - ’Uparxh.

Orismoc 2.1.1 ’Estw (X, ‖·‖) qÿroc me nìrma, Y ⊂ X, x ∈ X. ’Ena stoiqeÐo y^∗ ∈ Y (an upĹrqei) tètoio ÿste ‖x − y^∗‖ ≦ ‖x − y‖ ∀y ∈ Y, lègetai bèltisth prosèggish tou x apì to Y .

Orismoc 2.1.2 ’Estw (X, ‖ · ‖) qÿroc me nìrma, Y ⊂ X, x ∈ X. OrÐzoume wc apìstash tou x apì to Y thn posìthta d(x, Y ) := inf_{y∈Y} ‖x − y‖.

Epomènwc èna stoiqeÐo y^∗ ∈ Y lègetai bèltisth prosèggish tou x apì to Y eĹn

‖x − y^∗‖ = d(x, Y ).

Sth sunèqeia ja apodeÐxoume thn Ôparxh bèltistwn proseggÐsewn ìtan to sÔnolo apì to opoÐo proseggÐzoume eÐnai ènac upìqwroc peperasmènhc diĹstashc.

Jewrhma 2.1.1 (Jemeliwdec jewrhma jewriac proseggisewn.) ’Estw Y upìqwroc peperasmènhc diĹstashc enìc qÿrou me nìrma (X, ‖ · ‖) kai x ∈ X. Tìte upĹrqei y^∗ ∈ Y tètoio ÿste

‖x − y^∗‖ = inf_{y∈Y} ‖x − y‖.

Dhl. upĹrqei bèltisth prosèggish tou x apì stoiqeÐa tou Y .

Apìdeixh. Epeidă to Y eÐnai upìqwroc tou X èpetai ìti to 0 ∈ Y . ’Ara an y^∗ eÐnai bèltisth prosèggish, tìte ‖x − y^∗‖ ≦ ‖x − 0‖ = ‖x‖. Epomènwc arkeÐ na anazhtăsoume to y^∗ anĹmesa se stoiqeÐa y tou Y gia ta opoÐa ‖x − y‖ ≦ ‖x‖. EÐnai ìmwc bolikì na megalÿsoume lÐgo to sÔnolo autì. ParathroÔme loipìn ìti an y ∈ Y me ‖x − y‖ ≦ ‖x‖, tìte ja èqoume:

‖y‖ = ‖y − x + x‖ ≦ ‖x − y‖ + ‖x‖ ≦ ‖x‖ + ‖x‖ = 2‖x‖.

JewroÔme epomènwc to sÔnolo S := {y ∈ Y : ‖y‖ ≦ 2‖x‖}. To S eÐnai kleistì kai fragmèno uposÔnolo enìc grammikoÔ qÿrou peperasmènhc diĹstashc, kai Ĺra eÐnai sumpagèc.

JewroÔme th sunĹrthsh f : S → R me f(y) := ‖x − y‖. H f eÐnai suneqăc, afoÔ

|f(y) − f(x)| ≦ � �‖x − y‖ − ‖x − z‖ � � ≦ ‖x − y + z − x‖ = ‖y − z‖.

Epomènwc h f lambĹnei sto S elĹqisto, dhl. upĹrqei y^∗ ∈ S, tètoio ÿste

‖x − y^∗‖ = inf_{y∈S} ‖x − y‖.

Epiplèon, an y ∈ Y \ S, tìte ‖y‖ > 2‖x‖, opìte

‖y − x‖ ≧ ‖y‖ − ‖x‖ > 2‖x‖ − ‖x‖ = ‖x‖ = ‖x − 0‖ ≧ ‖x − y^∗‖,

afoÔ 0 ∈ S. □ Paratărhsh. H upìjesh ìti o Y eÐnai upìqwroc peperasmènhc diĹstashc eÐnai basikă. Jewrăste, gia parĹdeigma, to qÿro � C � 0,^1_2 � , ‖ · ‖_∞ � , kai èstw P o upìqwroc ìlwn twn poluwnÔmwn.

’Estw akìmh f(x) :=^1_{1−x} . Profanÿc f ∈ C � 0,^1_2 � . Jewrăste tÿra thn akoloujÐa p_n(x) = n� k=0 x^k.

Tìte lim_{n→∞} p_n(x) = f(x), dhl. f(x) = ∞� k=0 x^k kai h seirĹ sugklÐnei omoiìmorfa. Dhl. ∀ε > 0 ∃N ∈ N : � �f(x) − (1 + x + · · · + xN ) � � < ε, 0 ≦ x ≦ 1/2. Epomènwc an upĹrqei bèltisth prosèggish thc f apì ton P, èstw p^∗, ja prèpei na ikanopoieÐ ‖f − p^∗‖ = 0 ⇒ f = p^∗ ⇒ p^∗(x) =^1_{1−x} ∉ P, Ĺtopo.

2.2 Monadikìthta bèltistwn proseggÐsewn

Edÿ ja aqolhjoÔme me thn perÐptwsh prosèggishc apì upìqwrouc kai ja dÿsoume sunjăkec upì tic opoÐec h bèltisth prosèggish eÐnai monadikă.

Ja xekinăsoume me dÔo orismoÔc.

Orismoc 2.2.1 ’Estw (X, ‖ · ‖) qÿroc me nìrma. OnomĹzoume to sÔnolo S := {x ∈ X : ‖x‖ = 1} monadiaÐa sfaÐra tou X (wc proc th nìrma ‖ · ‖).

Orismoc 2.2.2 ’Ena uposÔnolo K enìc grammikoÔ qÿrou X lègetai kurtì an gia kĹje x, y ∈ K kai gia kĹje λ ∈ (0, 1) : λx + (1 − λ)y ∈ K.

ParĹdeigma. Sto Sqăma 2.1 ta A, B eÐnai kurtĹ, enÿ ta C, D eÐnai mh kurtĹ.

Sqăma 2.1: ParadeÐgmata kurtÿn kai mh kurtÿn sunìlwn

Protash 2.2.1 ’Estw Y ènac upìqwroc enìc qÿrou me nìrma (X, ‖ · ‖) kai x ∈ X. ’Estw B to sÔnolo twn bèltistwn proseggÐsewn tou x apì ton Y . Tìte to B eÐnai kurtì.

Apìdeixh. An to B = ∅, tìte o isqurismìc eÐnai profanÿc alhjăc. ’Estw tÿra y_1, y_2 ∈ B. Dhl. ja isqÔei ‖x − y_1‖ = ‖x − y_2‖ = d(x, Y ). ’Estw λ ∈ (0, 1). Jèloume na deÐxoume ìti λy_1 + (1 − λ)y_2 ∈ B.

‖x − (λy_1 + (1 − λ)y_2)‖ = ‖λ(x − y_1) + (1 − λ)(x − y_2)‖ ≦ λ‖x − y_1‖ + (1 − λ)‖x − y_2‖ = λ d(x, Y ) + (1 − λ) d(x, Y ) = d(x, Y ).

Sunepÿc to λy_1 + (1 − λ)y_2 ∈ B, kai Ĺra to B eÐnai kurtì. □ Paratărhsh. SÔmfwna me thn Prìtash 2.2.1, parathroÔme ìti ìtan proseggÐzoume apì upìqwro, tìte ă den upĹrqei bèltisth prosèggish, ă upĹrqei akribÿc mÐa, ă upĹrqoun Ĺpeirec.

Sth sunèqeia ja exetĹsoume qÿrouc stouc opoÐouc h bèltisth prosèggish gia kĹje stoiqeÐo tou qÿrou kai apì kĹje upìqwrì tou peperasmènhc diĹstashc orÐzetai katĹ monadikì trìpo. Tètoioi eÐnai oi austhrĹ kurtoÐ qÿroi.

Orismoc 2.2.3 ’Estw (X, ‖ · ‖) qÿroc me nìrma. Lème ìti h monadiaÐa sfaÐra tou X eÐnai austhrĹ kurtă an isqÔei x, y ∈ X, x ≠ y, ‖x‖ = ‖y‖ = 1 ⇒ � � � x + y 2 � � � < 1.

Tìte lème epÐshc ìti h nìrma ‖ · ‖ eÐnai austhrĹ kurtă, ă akìmh ìti o (X, ‖ · ‖) eÐnai austhrĹ kurtìc qÿroc me nìrma.

ParĹdeigma. An jewrăsoume th monadiaÐa sfaÐra sto qÿro � R^2, ‖ · ‖_2 � (bl. (i) sto Sqăma 2.2) eÐnai profanèc ìti an x ≠ y, ‖x‖_2 = ‖y‖_2 = 1 ⇒ � �^{x+y}_2 � �_2 < 1. An ìmwc jewrăsoume th monadiaÐa sfaÐra sto qÿro � R^2, ‖ · ‖_∞ � (bl. (ii) sto Sqăma 2.2), tìte ‖x‖_∞ = ‖y‖_∞ = 1, allĹ kai � �^{x+y}_2 � �_∞ = 1.

Sqăma 2.2:

Paratărhsh. GewmetrikĹ, h monadiaÐa sfaÐra ja eÐnai austhrĹ kurtă an den perièqei eujÔgramma tmămata.

Lhmma 2.2.1 ’Estw (X, ‖ · ‖) qÿroc me nìrma. Ta akìlouja eÐnai isodÔnama:

(i) O (X, ‖ · ‖) eÐnai austhrĹ kurtìc qÿroc.

(ii) An x, y ∈ X me ‖x + y‖ = ‖x‖ + ‖y‖, tìte ta x, y eÐnai grammikÿc exarthmèna.

Apìdeixh.

(ii)⇒(i) ’Estw ìti isqÔei h (ii). Tìte èpetai Ĺmesa ìti an ta x, y eÐnai grammikÿc anexĹrthta, tìte

‖x + y‖ < ‖x‖ + ‖y‖.

’Estw x, y ∈ X, x ≠ y me ‖x‖ = ‖y‖ = 1. ’Estw α, β ∈ R me αx + βy = 0. Tìte

0 = ‖αx + βy‖ ≧ � �‖αx‖ − ‖βy‖ � � = � �|α| ‖x‖ − |β| ‖y‖ � � = � �|α| − |β| � � ⇒ |α| = |β| ⇒ α = ±β.

’Ara α(x ± y) = 0, kai sunepÿc eÐte α = β = 0, opìte ta x, y eÐnai gramm. anexĹrthta, ă x = −y.

An ta x, y eÐnai gramm. anexĹrthta, tìte

�_{x+y} 2 � =^1_2 ‖x + y‖ <^1_2 (‖x‖ + ‖y‖) = 1.

An x = −y, tìte profanÿc

�_{x+y} 2 � = 0 < 1.

(i)⇒(ii) ArkeÐ na deÐxoume ìti an den isqÔei h (ii), tìte den isqÔei h (i). An den isqÔei h (ii), tìte ja upĹrqoun x, y grammikÿc anexĹrthta tètoia ÿste ‖x + y‖ = ‖x‖ + ‖y‖. Ac upojèsoume qwrÐc blĹbh thc genikìthtac ìti ‖x‖ ≦ ‖y‖. OrÐzoume

x^∗ = x ‖x‖ kai y^∗ = y ‖y‖ . Tìte profanÿc ‖x^∗‖ = ‖y^∗‖ = 1 kai (epeidă ta ta x, y eÐnai gramm. anexĹrthta) x^∗ ≠ y^∗.

’Ara arkeÐ na deÐxoume ìti � �^{x∗+y∗}_2 � � ≧ 1, ă isodÔnama, ìti ‖x^∗ + y^∗‖ ≧ 2.

‖x^∗ + y^∗‖ = � � � x ‖x‖ + y ‖y‖ � � � = � � � x ‖x‖ + y ‖x‖ − � y ‖x‖ − y ‖y‖ � � � ≧ 1 ‖x‖ ‖x + y‖ − � � � 1 ‖x‖ − 1 ‖y‖ � � � ‖y‖ = 1 ‖x‖ (‖x‖ + ‖y‖) − � 1 ‖x‖ − 1 ‖y‖ � ‖y‖ = 2. □ ’Ara sÔmfwna me to Lămma 2.2.1 mporoÔme enallaktikĹ na dÿsoume kai ton akìloujo orismì thc austhrăc kurtìthtac.

Orismoc 2.2.4 ’Estw (X, ‖ · ‖) qÿroc me nìrma. Lème ìti h nìrma ‖ · ‖ eÐnai austhrĹ kurtă (h monadiaÐa sfaÐra tou (X, ‖ · ‖) eÐnai austhrĹ kurtă, o (X, ‖ · ‖) eÐnai austhrĹ kurtìc) an isqÔei

x, y ∈ X : ‖x + y‖ = ‖x‖ + ‖y‖ ⇒ x, y grammikĹ exarthmèna.

Ja apodeÐxoume tÿra th monadikìthta thc bèltisthc prosèggishc se austhrĹ kurtoÔc qÿrouc.

Jewrhma 2.2.1 ’Estw (X, ‖·‖) ènac austhrĹ kurtìc qÿroc me nìrma. An o Y eÐnai ènac upìqwroc tou X, tìte ∀x ∈ X upĹrqei to polÔ mÐa bèltisth prosèggish tou x apì ton Y .

Apìdeixh. An x ∈ Y , tìte h monadikă bèltisth prosèggish tou x apì ton Y eÐnai profanÿc to Ðdio to x.

’Estw loipìn x ∉ Y kai y_1, y_2 bèltistec proseggÐseic tou x apì ton Y . Dhladă ‖x − y_1‖ = ‖x − y_2‖ = d(x, Y ). Tìte � � �x − y_1 + y_2 2 � � � = � � � x − y_1 2 + x − y_2 2 � � � ≦ 1 2 � ‖x − y_1‖ + ‖x − y_2‖ � = d(x, Y )

⇒ ‖(x − y_1) + (x − y_2)‖ = 2 d(x, Y ) = ‖x − y_1‖ + ‖x − y_2‖.

Epeidă o X eÐnai austhrĹ kurtìc, èpetai ìti x − y_1 kai x − y_2 eÐnai gramm. exarthmèna, Ĺra upĹrqei λ ∈ R : x − y_1 = λ(x − y_2) ⇒ (1 − λ) x = y_1 − λ y_2. Epeidă y_1 − λ y_2 ∈ Y kai x ∉ Y , ja prèpei anagkastikĹ λ = 1 ⇒ y_1 = y_2. □ DeÐqnoume tÿra kai to antÐstrofo tou prohgoÔmenou jewrămatoc.

Jewrhma 2.2.2 ’Estw (X, ‖ · ‖) ènac mh austhrĹ kurtìc qÿroc me nìrma. Tìte upĹrqei ènac upìqwroc Y tou X kai èna x ∈ X, tètoia ÿste na upĹrqoun dÔo (kai sunepÿc Ĺpeirec) bèltistec proseggÐseic tou x apì ton Y .

Apìdeixh. AfoÔ o (X, ‖ · ‖) den eÐnai austhrĹ kurtìc ja upĹrqoun u, v ∈ X, u ≠ v, kai ‖u‖ = ‖v‖ = � �^{u+v}_2 � � = 1 (bl. Orismì 2.2.3).

Jètoume Y := span(u − v) = {λ(u − v), λ ∈ R} kai x := −v. Ja deÐxoume ìti to y_1 := 0 kai to y_2 := u − v eÐnai bèltistec proseggÐseic tou x apì ton Y . Jètoume akìmh y :=^{u−v}_2 , (bl. Sqăma 2.3), kai ja deÐxoume ìti

‖x − y_1‖ = ‖x − y_2‖ = ‖x − y‖.

Sqăma 2.3:

PrĹgmati,

‖x − y_1‖ = ‖x‖ = ‖ − v‖ = ‖v‖ = 1, ‖x − y_2‖ = ‖ − v − (u − v)‖ = ‖ − u‖ = ‖u‖ = 1, ‖x − y‖ = � �−v − u − v 2 � � = � �−u + v 2 � � = � �u + v 2 � � = 1.

Upojètoume tÿra ìti upĹrqei y^∗ ∈ Y tètoio ÿste ‖x − y^∗‖ < ‖x − y‖. Epeidă y^∗ ∈ Y \ {y_1, y_2, y} ja èqoume ìti upĹrqei deÐkthc k ∈ {1, 2} kai λ ∈ (0, 1): y = λy_k + (1 − λ)y^∗. (PrĹgmati, y^∗ ∈ Y ⇒ y^∗ = μy_2. Epomènwc, an μ > 1/2, tìte to y grĹfetai wc kurtìc sunduasmìc twn y_1 kai y^∗, enÿ an μ < 1/2, tìte to y grĹfetai wc kurtìc sunduasmìc twn y_2 kai y^∗.) Opìte

‖x − y‖ = ‖x − (λy_k + (1 − λ)y^∗)‖ = ‖λ(x − y_k) + (1 − λ)(x − y^∗)‖ ≦ λ‖x − y_k‖ + (1 − λ)‖x − y^∗‖ < λ‖x − y‖ + (1 − λ)‖x − y‖ = ‖x − y‖,

Ĺtopo. Sunepÿc to y_1 kai to y_2 eÐnai bèltistec proseggÐseic tou x apì ton Y . □ Paratărhsh. EÐdame ìti to prìblhma thc prosèggishc apì ènan upìqwro lÔnetai monosămanta ìtan briskìmaste s’ ènan austhrĹ kurtì qÿro me nìrma (upĹrqei dhladă gia kĹje x to polÔ mÐa bèltisth prosèggish apì ènan upìqwro). ’Omwc upĹrqoun upìqwroi kai se mh austhrĹ kurtoÔc qÿrouc gia touc opoÐouc to prìblhma lÔnetai monosămanta. (’Oti autì den sumbaÐnei gia kĹje upìqwro kai gia kĹje x to apodeÐxame sto Jeÿrhma 2.2.2.)

Ja dÿsoume tÿra merikĹ paradeÐgmata austhrĹ kurtÿn kai mh austhrĹ kurtÿn qÿrwn. ParadeÐgmata.

1. ’Estw 1 < p < ∞. Tìte oi qÿroi me nìrma (C[a, b], ‖ · ‖_p), (C[a, b], ‖ · ‖_{w,p}) kai (R^n, ‖ · ‖_p) eÐnai austhrĹ kurtoÐ.

2. Oi qÿroi (C[a, b], ‖ · ‖_∞) kai (C[a, b], ‖ · ‖_1) den eÐnai austhrĹ kurtoÐ.

PĹrte p.q. tic sunartăseic f(x) = x kai g(x) = x^2 sto [0,1]. Oi f kai g eÐnai grammikĹ anexĹrthtec (giatÐ?), ìmwc ‖f + g‖_∞ = max_{x∈[0,1]} |x + x^2| = 2, ‖f‖_∞ = 1 kai ‖g‖_∞ = 1. ’Ara ‖f + g‖_∞ = ‖f‖_∞ + ‖g‖_∞. OmoÐwc kai gia ton (C[0, 1], ‖ · ‖_1).

Bèltistec proseggÐseic se qÿrouc me eswterikì ginìmeno.

Anatrèxte stic ParagrĹfouc 5.1 kai 5.2 tou KefalaÐou 5 tou biblÐou: G. D. AkrÐbhc, B. A. Dougalăc, Eisagwgă sthn Arijmhtikă AnĹlush (pèmpth èkdosh), P.E.K., HrĹkleio 2004.

KefĹlaio 4

Omoiìmorfec proseggÐseic sunartăsewn.

Sto kefĹlaio autì akoloujoÔme, kurÐwc, tic shmeiÿseic paradìsewn twn S. NotĹrh, [7], kai N. L. Carothers, [3].

4.1 Omoiìmorfec proseggÐseic sunartăsewn.

Sto kefĹlaio autì ja exetĹsoume thn omoiìmorfh prosèggish sunartăsewn, pou orÐzontai s’ èna diĹsthma [a, b], apì stoiqeÐa tou P_n (tou qÿrou twn poluwnÔmwn bajmoÔ ≦ n). Ja ergastoÔme dhladă sto qÿro (C[a, b], ‖ · ‖_∞), kai dojeÐshc miac sunĹrthshc f ∈ C[a, b], ja anazhtăsoume èna poluÿnumo p^∗_n ∈ P_n, pou na proseggÐzei thn f omoiìmorfa katĹ bèltisto trìpo, dhladă

‖f − p^∗_n‖_∞ ≦ ‖f − p‖_∞ ∀p ∈ P_n.

Sthn perÐptwsh aută h Ôparxh bèltistwn proseggÐsewn exasfalÐzetai apì to jemeliÿdec jeÿrhma thc jewrÐac proseggÐsewn (bl. Jeÿrhma 2.1.1). Dustuqÿc ìmwc h monadikìthta den exasfalÐzetai apì autĹ pou èqoume pei mèqri tÿra miac kai h nìrma ‖ · ‖_∞ den eÐnai austhrĹ kurtă. Parìla autĹ kai edÿ èqoume monadikìthta, ìpwc ja doÔme sth sunèqeia.

Gia na upogrammÐsoume th shmasÐa thc omoiìmorfhc prosèggishc parathroÔme ìti ìtan p.q. ‖f − ϕ‖_∞ < ε, tìte profanÿc ∀x ∈ [a, b]: |f(x) − ϕ(x)| < ε, kai epiplèon gia kĹje nìrma ‖ · ‖_p, me p ≧ 1 ja èqoume ‖f − ϕ‖_p <^p √ b − a ε (afoÔ ∀g ∈ C[a, b], ‖g‖_p =

�_b a |g(x)|^p

�_{1/p} ≦ (b−a)^{1/p}‖g‖_∞). ’Ara {kalèc} omoiìmorfec proseggÐseic eÐnai {kalèc} se opoiadăpote nìrma ‖·‖_p, p ≧ 1.

Sumbolismìc. An f ∈ C[a, b] kai p^∗_n eÐnai mia bèltisth prosèggish thc f apì ton P_n, ja sumbolÐzoume to mègejoc ‖f − p^∗_n‖_∞ me E_n(f; [a, b]). Dhladă

∀f ∈ C[a, b] E_n(f; [a, b]) := min_{p∈Pn} ‖f − p‖_∞. (4.1)

Epiplèon, ja grĹfoume E_n(f) antÐ gia E_n(f; [a, b]), ìtan eÐnai profanèc ìti anaferìmaste sto diĹsthma [a, b].

’Ara to E_n(f) eÐnai ousiastikĹ to sfĹlma thc bèltisthc prosèggishc sthn ‖ · ‖_∞. ’Ena shmantikì erÿthma pou prokÔptei eÐnai: Pÿc sumperifèretai to E_n(f; [a, b]) kajÿc n → ∞? Epeidă P_n ⊂ P_{n+1}, ∀n, eÐnai profanèc ìti E_n(f) ≧ E_{n+1}(f), ∀n. Ja apodeÐxoume ìti gia opoiadăpote suneqă sunĹrthsh f sto diĹsthma [a, b] isqÔei E_n(f; [a, b]) → 0, kajÿc n → ∞. Dhladă mia suneqăc sunĹrthsh orismènh s’ èna peperasmèno diĹsthma mporeÐ na proseggisjeÐ omoiìmorfa me poluÿnuma me dedomènh akrÐbeia. To apotèlesma autì diatupÿnetai sto gnwstì jeÿrhma tou Weierstrass.

Jewrhma 4.1.1 (Weierstrass) ’Estw g ∈ C[a, b] kai ε > 0. Tìte upĹrqei poluÿnumo p tètoio ÿste ‖g − p‖_∞ < ε.

Apìdeixh tou Bernstein.

Ja akoloujăsoume thn apìdeixh tou Bernstein pou kataskeuĹzei to zhtoÔmeno poluÿnumo.

Katarqăn, qwrÐc blĹbh thc genikìthtac, mporoÔme na perioristoÔme ston C[0, 1]. (PrĹgmati, an to t = (b − a)x + a, kai to t kineÐtai metaxÔ twn a kai b, tìte to x kineÐtai metaxÔ tou 0 kai tou 1. ’Etsi g(t) = g((b − a)x + a) =: f(x) kai efìson h g eÐnai suneqăc sto [a, b] h f eÐnai suneqăc sto [0,1]. ’Ara arkeÐ na apodeÐxoume to jeÿrhma gia sunartăseic f ∈ C[0, 1].

An f eÐnai mia fragmènh sunĹrthsh sto [0,1], orÐzoume thn akoloujÐa twn poluwnÔmwn tou Bernstein gia thn f wc exăc:

(B_n(f)) (x) := n� k=0 f � k n � � n k � x^k(1 − x)^{n−k}, 0 ≦ x ≦ 1. (4.2)

ParathroÔme ìti B_n(f) ∈ P_n kai Ĺmesa diapistÿnei kaneÐc ìti (B_n(f)) (0) = f(0) kai (B_n(f)) (1) = f(1).

Ja deÐxoume tÿra ìti gia ε > 0 kai f ∈ C[0, 1] upĹrqei n_0 ∈ N tètoioc ÿste ‖f −B_{n0} (f)‖_∞ < ε. Gia thn apìdeixh apaiteÐtai na meletăsoume kurÐwc tic exăc treic eÔkolec periptÿseic: f_0(x) = 1, f_1(x) = x kai f_2(x) = x^2. Autì eÐnai to perieqìmeno tou akìloujou lămmatoc.

Lhmma 4.1.1 (i) B_n(f_0) = f_0, B_n(f_1) = f_1.

(ii) B_n(f_2) = � 1 −^1_n � f_2 +^1_n f_1, kai Ĺra ‖B_n(f_2) − f_2‖_∞ → 0.

(iii)

�_n k=0 �_k n − x

�_2 �_n k � x^k(1 − x)^{n−k} =^{x(1−x)}_n ≦^1_{4n} , an x ∈ [0, 1].

(iv) Dojèntoc δ > 0 kai 0 ≦ x ≦ 1, èstw F to sÔnolo twn k ∈ {0, 1, . . . , n} gia ta opoÐa � �^k_n − x � � ≧ δ. Tìte �_{k∈F} �^n_k�x^k(1 − x)^{n−k} ≦^1_{4nδ2} .

Apìdeixh. (i) Gia to B_n(f_0) èqoume (apì ton tÔpo tou diwnÔmou): � B_n(f_0) � (x) = n� k=0 � n k � x^k(1 − x)^{n−k} = � x + (1 − x)

�_n

= 1 = f_0(x).

Gia to B_n(f_1) arqikĹ parathroÔme ìti gia k ≧ 1: k n � n k � = k n n! k!(n − k)! = (n − 1)!

(k − 1)!(n − k)! = � n − 1 k − 1 � . ’Ara � B_n(f_1) � (x) := n� k=0 k n � n k � x^k (1 − x)^{n−k} = x n� k=1 � n − 1 k − 1 � x^{k−1}(1 − x)^{n−k}

j=k−1 = x n−1� j=1 � n − 1 j � x^j (1 − x)^{(n−1)−j} = x � x + (1 − x)

�_{n−1} = x = f_1(x).

(ii) Gia ton upologismì tou B_n(f_2) èqoume: � k n �_2 � n k � = k n � n − 1 k − 1 � = k − 1 + 1 n � n − 1 k − 1 �

= k − 1 n � n − 1 k − 1 � + 1 n � n − 1 k − 1 �

= n − 1 n k − 1 n − 1 � n − 1 k − 1 � + 1 n � n − 1 k − 1 � , gia k ≧ 1 = � 1 − 1 n � � n − 2 k − 2 � + 1 n � n − 1 k − 1 � , gia k ≧ 2.

’Ara � B_n(f_2) � (x) := n� k=0 � k n �_2 � n k � x^k(1 − x)^{n−k} = x n� k=1 � n − 1 k − 1 � x^{k−1}(1 − x)^{n−k}

= � 1 − 1 n � x^2 n� k=2 � n − 2 k − 2 � x^{k−2}(1 − x)^{n−k}

+ 1 n x n� k=1 � n − 1 k − 1 � x^{k−1}(1 − x)^{n−k}

= � 1 − 1 n � x^2 n−2� j=0 � n − 2 j � x^j (1 − x)^{(n−2)−j}

+ 1 n x n−1� m=0 � n − 1 m � x^m(1 − x)^{(n−1)−m} = � 1 − 1 n � x^2 � x + (1 − x)

�_{n−2} + 1 n x [x + (1 − x)]^{n−1} = � 1 − 1 n � x^2 + 1 n x = � 1 − 1 n � f_2(x) + 1 n f_1(x).

(iii) ParathroÔme ìti

�_k n − x

�_2 = �_k n �_2

− 2x^k_n + x^2. ’Ara n� k=0 � k n − x �_2 � n k � x^k(1 − x)^{n−k} =

= n� k=0 � k n �_2 � n k � x^k(1 − x)^{n−k} − 2x n� k=0 k n � n k � x^k(1 − x)^{n−k} + x^2 n� k=0 � n k � x^k(1 − x)^{n−k}

(i),(ii) = � 1 − 1 n � x^2 + 1 n x − 2x^2 + x^2 = 1 n x(1 − x) ≦ 1 4n . (iv) An k ∈ F , tìte

�_k n − x

�_2

≧ δ^2 kai Ĺra 1 ≦^1_{δ2}

�_k n − x

�_2 . Epomènwc � k∈F � n k � x^k(1 − x)^{n−k} ≦ 1 δ^2 � k∈F � k n − x �_2 � n k � x^k(1 − x)^{n−k} ≦

≦ 1 δ^2 n� k=0 � k n − x �_2 � n k � x^k(1 − x)^{n−k}

(iv) ≦ 1 4nδ^2 . □ Tÿra eÐmaste se jèsh na proqwrăsoume sthn apìdeixh tou jewrămatoc tou Weierstrass.

Apìdeixh tou Jewrămatoc 4.1.1. ’Estw f ∈ C[0, 1] kai ε > 0. Epeidă h f eÐnai suneqăc sto (sumpagèc) diĹsthma [0,1], eÐnai omoiìmorfa suneqăc. ’Ara upĹrqei δ > 0 tètoio ÿste

|f(x) − f(y)| < ε 2 , ìtan |x − y| < δ.

Ja qrhsimopoiăsoume tÿra to prohgoÔmeno lămma gia na ektimăsoume thn ‖f−B_n(f)‖_∞. Parathrăste ìti an x ∈ [0, 1], tìte oi ìroi

�_n k � x^k(1 − x)^{n−k} ≧ 0, gia k = 0, 1, . . . , n, kai èqoun Ĺjroisma 1, opìte:

|f(x) − (B_n(f)) (x)| = � �f(x) −^n� k=0 f � k n � � n k � x^k(1 − x)^{n−k} � �

= � �^n� k=0 f (x) � n k � x^k(1 − x)^{n−k} − n� k=0 f � k n � � n k � x^k(1 − x)^{n−k} � �

≦ n� k=0 � �f(x) − f � k n � � � n k � x^k (1 − x)^{n−k}.

StajeropoioÔme proc stigmăn to n, kai èstw F to sÔnolo twn k pou anăkoun sto {0, 1, . . . , n}, gia ta opoÐa

�_k n − x � ≧ δ.

Tìte an k ∉ F ⇒ � � k n − x � � < δ ⇒ � �f(x) − f � k n � � � < ε 2 , enÿ, an k ∈ F ⇒ � �f(x) − f � k n � � � ≦ 2‖f‖∞ (apì trigwn. anisìt.).

’Ara

|f(x) − (B_n(f)) (x)| ≦ n� k=0 � � �f(x) − f � k n � � � � n k � x^k(1 − x)^{n−k} = = � k∈F � �f(x) − f � k n � � � � n k � x^k(1 − x)^{n−k} + � k∉F � �f(x) − f � k n � � � � n k � x^k(1 − x)^{n−k} ≦

≦ 2‖f‖_∞ � k∈F � n k � x^k(1 − x)^{n−k} + ε 2 � k∉F � n k � x^k(1 − x)^{n−k}

< 2 ‖f‖_∞ 1 4nδ^2 + ε 2 < ε,

an epilèxoume n > ‖f‖_∞/(εδ^2). □ Sto shmeÐo autì ac kĹnoume merikèc parathrăseic. Ta poluÿnuma Bernstein prosfèroun èna safă kai bolikì trìpo upologismoÔ poluwnumikăc prosèggishc sthn f, allĹ sÐgoura den apoteloÔn bèltisth prosèggish. Gia parĹdeigma, jewrăste tic sunartăseic f_1(x) = x kai f_2(x) = x^2. Tìte B_n(f_2) = � 1 −^1_n � f_2 +^1_n f_1 ≠ f_2. Profanÿc, h bèltisth prosèggish thc f_2 apì ton P_2, gia n ≧ 2, ja èprepe na eÐnai h Ðdia h f_2. BebaÐwc h akoloujÐa {B_n(f)} sugklÐnei omoiìmorfa sth suneqă sunĹrthsh f sto diĹsthma [0,1], kai epiplèon isqÔei ìti E_n(f) ≦ ‖f − B_n(f)‖_∞ (giatÐ?). ’Ara, to epìmeno fusiologikì erÿthma pou prokÔptei eÐnai: Pìso kală eÐnai h prosèggish aută? ’H, alliÿc, eÐnai dunatìn na broÔme kĹpoio frĹgma gia to sfĹlma ‖f − B_n(f)‖_∞?

Gia to skopì autì ja qreiastoÔme perissìterec plhroforÐec sqetikĹ me tic suneqeÐc sunartăseic. Ja xekinăsoume eisĹgontac kĹpoio akìma sumbolismì.

Orismoc 4.1.1 ’Estw f fragmènh sunĹrthsh sto diĹsthma [a, b]. Gia kĹje δ > 0 orÐzoume wc mètro megèjouc thc sunèqeiac thc f sto [a, b], thn posìthta

ω_f (δ) = ω_f � [a, b]; δ � := sup � |f(x) − f(y)| : x, y ∈ [a, b], |x − y| < δ � . (4.3)

P.q., an to grĹfhma thc f parousÐazei èna Ĺlma asunèqeiac Ðso me 1, tìte ω_f (δ) ≧ 1. Sth sunèqeia parajètoume orismènec eÔkolec idiìthtec gia to mètro megèjouc thc sunèqeiac.

Lhmma 4.1.2 (i) An 0 < δ_1 ≦ δ_2, tìte ω_f (δ_1) ≦ ω_f (δ_2).

(ii) H f eÐnai omoiìmorfa suneqăc an kai mìnon an ω_f (δ) → 0, kajÿc δ → 0^+.

H apìdeixh afănetai wc Ĺskhsh.

Lhmma 4.1.3 ’Estw f mia fragmènh sunĹrthsh sto [a, b] kai δ > 0. Tìte ω_f (nδ) ≦ nω_f (δ) gia n = 1, 2, . . .. Sunepÿc, ω_f (λδ) ≦ (1 + λ)ω_f (δ), gia kĹje λ > 0.

Apìdeixh. ’Estw x < y me |x−y| < nδ. QwrÐzoume tìte to diĹsthma [x, y] se n upodiastămata, to kajèna măkouc ≦ δ. Eidikìtera, jètoume z_k = x+k(y−x)/n, k = 0, 1, . . . , n, opìte |z_k −z_{k−1}| ≦ δ gia kĹje k ≧ 1, kai Ĺra

|f(x) − f(y)| = � � n� k=1 (f(z_k) − f(z_{k−1})) � � ≦ n� k=1 � f(z_k) − f(z_{k−1}) � ≦ nω_f (δ).

Epomènwc ω_f (nδ) ≦ nω_f (δ).

Tÿra, dedomènou enìc λ > 0 upĹrqei fusikìc n tètoioc ÿste n − 1 < λ ≦ n, opìte

ω_f (λδ) ≦ ω_f (nδ) ≦ n ω_f (δ) ≦ (1 + λ) ω_f (δ). □ MporoÔme tÿra na diatupÿsoume to basikì mac apotèlesma.

Jewrhma 4.1.2 An f eÐnai mia fragmènh sunĹrthsh sto [0, 1], tìte

‖f − B_n(f)‖_∞ ≦ 3 2 ω_f � 1 √ n � . (4.4)

Apìdeixh. ’Opwc eÐdame kai sthn apìdeixh tou jewrămatoc tou Weierstrass

|f(x) − (B_n(f))(x)| = � �^n� k=0 � f(x) − f � k n � � n k � x^k(1 − x)^{n−k} � �

≦ n� k=0 � �f(x) − f � k n � � � n k � x^k(1 − x)^{n−k}

≦ n� k=0 ω_f � �x − k n � � � � n k � x^k(1 − x)^{n−k}.

Efarmìzoume tÿra to prohgoÔmeno lămma, opìte èqoume

ω_f � �x − k n � � � = ω_f � √ n � �x − k n � � 1√ n � ≦ � 1 + √ n � �x − k n � � � ω_f � 1 √ n � . ’Ara

|f(x) − (B_n(f))(x)| ≦ ω_f � 1 √ n �_n� k=0 � 1 + √ n � �x − k n � � � � n k � x^k(1 − x)^{n−k}

= ω_f � 1 √ n � � 1 + √ n n� k=0 � �x − k n � � � n k � x^k(1 − x)^{n−k} � . Apomènei na ektimăsoume to Ĺjroisma

�_n k=0 � �x −^k_n � � �^n_k� xk(1 − x)n−k. Autì epitugqĹnetai me th

boăjeia thc anisìthtac Cauchy-Schwarz (afoÔ kĹje ìroc

�_n k � x^k(1 − x)^{n−k} ≧ 0) kai èqoume n� k=0 � �x − k n � � � n k � x^k(1 − x)^{n−k} ≦

≦ �_n � k=0 � �x − k n � �^2 � n k � x^k(1 − x)^{n−k}

�_{1/2} �_n � k=0 � n k � x^k(1 − x)^{n−k}

�_{1/2} ≦

≦ � 1 4n �_{1/2} = 1 2 √ n . ’Etsi, telikĹ, ja èqoume � �f(x) − (B_n(f))(x) � � ≦ ω_f � 1 √ n � � 1 + √ n 1 2 √ n � = 3 2 ω_f � 1 √ n � . □ Parathrăseic:

1. An h f eÐnai ektìc apì fragmènh kai suneqăc sto [0,1], (epeidă to [0,1] eÐnai sumpagèc) eÐnai

kai omoiìmorfa suneqăc epomènwc, lìgw tou Lămmatoc 4.1.2, ω_f

�_{1√} n � → 0, kajÿc n → ∞.

Tìte to Jeÿrhma 4.1.2 parèqei mia Ĺllh apìdeixh tou Jewrămatoc tou Weierstrass.

2. An mia sunĹrthsh f ikanopoieÐ |f(x) − f(y)| ≦ K |x − y|^α gia kĹje x, y ∈ [a, b], K ≧ 0 kai

α > 0, lème ìti h f ikanopoieÐ mia sunjăkh Lipschitz (ă Hölder ìpwc lègetai alliÿc) tĹxewc

α me stajerĹ K sto [a, b]. Ja sumbolÐzoume me Lip^α_K [a, b] to sÔnolo twn sunartăsewn pou

ikanopoioÔn mia tètoia sunjăkh. Parathrăste ìti an f ∈ Lip^α_K [a, b] me α > 1, tìte h f^′

upĹrqei sto [a, b] kai eÐnai tautotikĹ mhdèn. ’Etsi, ìtan α > 1, h klĹsh Lip^α_K [a, b] apoteleÐtai

mìno apì stajerèc, epomènwc h sunjăkh Lipschitz parousiĹzei endiafèron ìtan 0 < α ≦ 1.

Tÿra, eÐnai eÔkolo na doÔme ìti f ∈ Lip^α_K [a, b] ⇔ ω_f (δ) ≦ Kδ^α. Sunepÿc, an h sunĹrthsh

f tou Jewrămatoc 4.1.2 anăkei ston Lip^α_K [a, b], tìte h sqèsh (4.4) paÐrnei th morfă

‖f − B_n(f)‖_∞ ≦ 3 2 K n^{− α2} . (4.5)

Ac upojèsoume tÿra ìti f(x) = � �x −^1_2 � �. EÔkola mporoÔme na deÐxoume ìti f ∈ Lip^1[0, 1],

opìte ja èqoume, lìgw thc (4.5), ìti ‖f − B_n(f)‖_∞ ≦^3_2 n^{− 1}2 . Ac doÔme ìmwc ti gÐnetai gia x =^1_2 . � B_n(f) � (1/2) − f(1/2) = n� k=0 � � � k n − 1 2 � � � � n k � � 1 2 �_k � 1 − 1 2 �_{n−k}

= � 1 2 �_{n n}� k=0 � � � k n − 1 2 � � � � n k � . An to n eÐnai Ĺrtio, tìte mporoÔme na upologÐsoume to Ĺjroisma autì analutikĹ n� k=0 � � � k n − 1 2 � � � � n k � = 2 n/2� k=0 � 1 2 − k n � � n k � = 1 2 � n n/2 � , opìte � �(B_n(f)) (1/2) − f(1/2) � � = �_n n/2 � 2^{n+1} . Qrhsimopoiÿntac ton tÔpo tou Stirling: √ 2πn n^n e^{−n} < n! < √ 2πn n^n e^{−n} � 1 +^1_{4n} � paÐrnoume ìti �_n n/2 � >^1_4 n^{− 1}2 , kai Ĺra

‖f − B_n(f)‖_∞ ≧ � (B_n(f)) (1/2) − f(1/2) � > 1 4 n^{− 12} .

Sunepÿc, qrhsimopoiÿntac ta poluÿnuma Bernstein den mporoÔme na perimènoume ìti ja beltiÿsoume to frĹgma (4.5), toulĹqiston ìson aforĹ ton ekjèth tou n

Parìla autĹ o D. Jackson katĹfere na beltiÿsei to frĹgma gia to sfĹlma E_n(f; [a, b]) kai kurÐwc na dÿsei th swstă asumptwtikă sumperiforĹ kajÿc to n → ∞.

Jewrhma 4.1.3 (Jackson) An f ∈ C[−1, 1], tìte E_n(f; [−1, 1]) ≦ 6 ω

�_1 n � . Porisma 4.1.1 An f ∈ C[a, b], tìte E_n(f; [a, b]) ≦ 6 ω

�_{b−a} 2n � . Porisma 4.1.2 An f ∈ Lip^α_K [−1, 1], tìte E_n(f; [−1, 1]) ≦ 6 K n^{−α}.

4.2 Qarakthrismìc bèltistwn omoiìmorfwn proseggÐsewn.

Ja xekinăsoume eisĹgontac ton akìloujo sumbolismì: An f ∈ C[a, b] kai p^∗_n eÐnai mia bèltisth prosèggish thc f apì ton P_n sto diĹsthma [a, b], ja sumbolÐzoume th sunĹrthsh sfĹlmatoc me e(x) := f(x) − p^∗_n(x). ’Ara ‖e‖_∞ = E_n(f; [a, b]).

Lhmma 4.2.1 ’Estw f ∈ C[a, b] kai p^∗_n mia bèltisth prosèggish thc f apì ton P_n sto diĹsthma [a, b]. Tìte upĹrqoun toulĹqiston dÔo shmeÐa x_1, x_2 ∈ [a, b] me x_1 ≠ x_2, tètoia ÿste |e(x_1)| = |e(x_2)| = E_n(f; [a, b]) kai e(x_1) = −e(x_2).

Apìdeixh. H grafikă parĹstash thc suneqoÔc sunĹrthshc e ja eÐnai mia kampÔlh y = e(x), pou ja brÐsketai metaxÔ twn eujeiÿn y = ±‖e‖_∞ = ±E_n(f). H y = e(x) ja prèpei na efĹptetai toulĹqiston se mÐa apì tic dÔo autèc eujeÐec (giatÐ?). Ja apodeÐxoume ìti ja prèpei na efĹptetai kai stic dÔo, giatÐ se antÐjeth perÐptwsh, ìpwc ja deÐxoume, ja upĹrqei kalÔterh prosèggish thc f apì thn p^∗_n. Ac upojèsoume loipìn ìti e(x_1) = E_n(f), gia kĹpoio x_1 ∈ [a, b], allĹ e(x) > −E_n(f) ∀x ∈ [a, b], (bl. Sqăma 4.1). Tìte m := min_{x∈[a,b]} e(x) > −E_n(f).

Sqăma 4.1:

Jètoume c :=

E_n(f) + m 2 > 0 kai q_n := p^∗_n + c.

Tìte profanÿc q_n ∈ P_n kai f(x) − q_n(x) = e(x) − c. EpÐshc

−(E_n(f) − c) = − � E_n(f) −

E_n(f) 2 − m 2 � = m −

E_n(f) + m 2 = m − c ≦ ≦ e(x) − c ≦ E_n(f) − c ⇒ −(E_n(f) − c) ≦ f(x) − q_n(x) ≦ E_n(f) − c ⇒ ‖f − q_n‖_∞ ≦ E_n(f) − c < E_n(f),

Ĺtopo, lìgw tou orismoÔ tou E_n(f). □

Orismoc 4.2.1 An g ∈ C[a, b], ja lème ìti to shmeÐo x ∈ [a, b] eÐnai èna shmeÐo (+) gia th g (antist. èna shmeÐo (−) gia th g) an g(x) = ‖g‖_∞ (antist. an g(x) = −‖g‖_∞).

’Ena sÔnolo diaforetikÿn anĹ dÔo shmeÐwn a ≦ x_0 < x_1 < · · · < x_n ≦ b ja lègetai sÔnolo shmeÐwn enallagăc prosămou gia th g an ta x_i eÐnai shmeÐa (+) kai shmeÐa (−) enallĹx. Dhladă, an |g(x_i)| = ‖g‖_∞, i = 0, 1, . . . , n, kai g(x_i) = −g(x_{i+1}), i = 0, 1, . . . , n − 1.

Qrhsimopoiÿntac to sumbolismì autì ja eÐmaste se jèsh sto epìmeno jeÿrhma na qarakthrÐsoume to poluÿnumo pou apoteleÐ bèltisth prosèggish.

Jewrhma 4.2.1 An f ∈ C[a, b] kai p^∗_n eÐnai mia bèltisth prosèggish thc f sto [a, b] apì ton P_n, tìte upĹrqei èna sÔnolo shmeÐwn enallagăc prosămou gia thn e := f − p^∗_n pou apoteleÐtai apì n + 2 shmeÐa.

Apìdeixh. An to f ∈ P_n, tìte to ìlo jèma eÐnai tetrimmèno. ’Estw loipìn ìti f ∉ P_n, kai epomènwc E_n(f) = ‖f − p^∗_n‖ > 0. JewroÔme loipìn thn (omoiìmorfa) suneqă sunĹrthsh e = f − p^∗_n. Tìte mporoÔme na broÔme èna diamerismì tou diastămatoc [a, b], a = t_0 < t_1 < · · · < t_{k−1} < t_k = b, se k upodiastămata arkoÔntwc mikrĹ, ètsi ÿste |e(x) − e(y)| <

E_n(f) 2 , ìtan x, y ∈ [t_i, t_{i+1}], i = 0, 1, . . . , k − 1.

O lìgoc pou jèloume na to kĹnoume autì eÐnai o exăc: An to [t_i, t_{i+1}] perièqei èna shmeÐo (+) gia thn e, tìte h e eÐnai jetikă s’ olìklhro to [t_i, t_{i+1}], afoÔ an x, y ∈ [t_i, t_{i+1}] kai e(x) = E_n(f), tìte e(y) >^{En(f)}_2 > 0 (afoÔ −^{En(f)}_2 < e(y) − e(x) <^{En(f)}_2 ).

OmoÐwc, an to [t_i, t_{i+1}] perièqei èna shmeÐo (−) gia thn e, tìte h e eÐnai arnhtikă s’ olìklhro to [t_i, t_{i+1}]. Epomènwc, kanèna diĹsthma [t_i, t_{i+1}] den mporeÐ na perièqei tautìqrona shmeÐa (+) kai shmeÐa (−).

Ja lème ìti to [t_i, t_{i+1}] eÐnai èna diĹsthma (+) (antist., diĹsthma (−)) an perièqei èna shmeÐo (+) (antist., shmeÐo (−)) gia thn e. Parathrăste ìti kĹje diĹsthma (+) den mporeÐ oÔte kan na efĹptetai me èna diĹsthma (−). M’ Ĺlla lìgia èna diĹsthma (+) kai èna diĹsthma (−) prèpei na eÐnai austhrĹ diaqwrismèna apì kĹpoio diĹsthma pou perièqei mia rÐza thc e.

Tÿra ja arjmăsoume xanĹ ta diastămata (+) kai (−), apì aristerĹ proc ta dexiĹ, agnoÿntac ta diastămata pou den eÐnai oÔte (+) oÔte (−). Ac upojèsoume loipìn, qwric blĹbh thc genikìthtac, ìti to prÿto diĹsthma (pou èqei prìshmo) eÐnai diĹsthma (+) kai ìti ta diastămata autĹ taxinomoÔntai wc exăc:

I_1, I_2, . . . , I_{k1} : diastămata (+), I_{k1+1}, I_{k1+2}, . . . , I_{k2} : diastămata (−), . . I_{km−1+1}, I_{km−1+2}, . . . , I_{km} : diastămata (−1)^{m−1},

ìpou I_{k1} eÐnai to teleutaÐo (+) diĹsthma prin ftĹsoume to prÿto (−) diĹsthma pou eÐnai to I_{k1+1}, k.o.k.

Ac jewrăsoume tÿra thn ènwsh ìlwn twn diasthmĹtwn pou èqoun prìshmo kai ac th sumbolÐsoume me S, dhl. S = m� j=1 I_{kj} . EpÐshc, èstw N h ènwsh ìlwn twn diasthmĹtwn pou den eÐnai oÔte (+) oÔte (−).

Tìte ta S kai N eÐnai sumpagă sÔnola me S ∪ N = [a, b]. (Parathrăste ìti ta eswterikĹ twn S kai N eÐnai xèna metaxÔ touc.)

Jèloume na deÐxoume ìti m ≧ n + 2. (Mèqri stigmăc gnwrÐzoume, lìgw tou Lămmatoc 4.2.1, ìti m ≧ 2 .) Ja doulèyoume me apagwgă se Ĺtopo, opìte upojètoume ìti m<n+2.

Epeidă kĹje diĹsthma (+) diaqwrÐzetai austhrĹ apì èna diĹsthma (−), mporoÔme na broÔme shmeÐa z_1, z_2, . . . , z_{m−1} ∈ N , tètoia ÿste

max I_{k1} < z_1 < min I_{k1+1} max I_{k2} < z_2 < min I_{k2+1} . . max I_{km−1} < z_{m−1} < min I_{km−1+1}.

KataskeuĹzoume loipìn to poluÿnumo

q(x) := (z_1 − x)(z_2 − x) · · · (z_{m−1} − x).

Profanÿc q ∈ P_n, afoÔ m − 1 ≦ n. (Edÿ eÐnai to mìno shmeÐo pou gÐnetai qrăsh thc upìjeshc m < n + 2.)

Ja apodeÐxoume ìti to p^∗_n +λ q ∈ P_n eÐnai kalÔterh prosèggish thc f apì to p^∗_n, gia katĹllhlo λ ∈ R.

Katarqăn, uposthrÐzoume ìti ta q kai e èqoun to Ðdio prìshmo sto S. PrĹgmati^. to q den èqei rÐzec se kanèna apì ta diastămata (±) kai Ĺra èqei stajerì prìshmo se kĹje tètoio diĹsthma. ’Ara q > 0 sta I_1, I_2, . . . , I_{k1} epeidă kĹje (z_j − x) > 0 sta diastămata autĹ, to q < 0 sta I_{k1+1}, I_{k1+2}, . . . , I_{k2} epeidă edÿ z_1 − x < 0, enÿ (z_j − x) > 0 gia j > 1, k.o.k.

Sth sunèqeia ja upologÐsoume to λ. ’Estw C := max_{x∈N} |e(x)|, ìpou upenjumÐzoume ìti N eÐnai h ènwsh ìlwn twn upodiasthmĹtwn [t_i, t_{i+1}] pou den eÐnai oÔte (+) oÔte (−). Tìte C < E_n(f) (giatÐ?). Epilègoume λ > 0 tètoio ÿste λ‖q‖_∞ < min � E_n(f) − C,^{En(f)}_2 � . Isqurizìmaste ìti to p^∗_n + λq eÐnai kalÔterh prosèggish thc f apì thn p^∗_n.

’Estw x ∈ N . Tìte

|f(x) − (p^∗_n(x) + λq(x)| ≦ |f(x) − p^∗_n(x)| + λ|q(x)| ≦ C + λ‖q‖_∞ < E_n(f).

’Estw tÿra ìti x ∉ N . Tìte to x ă ja anăkei s’ èna diĹsthma (+) ă se èna diĹsthma (−). Eidikìtera, xèroume ìti |f(x) − p^∗_n(x)| >

E_n(f) 2 > λ‖q‖_∞, kai ìti oi e kai λq èqoun to Ðdio prìshmo. ’Ara

|f(x) − (p^∗_n(x) + λq(x))| = |f(x) − p^∗_n(x)| − λ|q(x)| ≦ E_n(f) − λ min_{x∈S} |q(x)| < E_n(f).

(Sthn prÿth isìthta, sthn parapĹnw sqèsh, qrhsimopoiăsame to gegonìc, ìti an a, b ∈ R omìshmoi, tìte |a − b| = |a| − |b|, enÿ h teleutaÐa anisìthta prokÔptei apì to gegonìc ìti to q den mhdenÐzetai sto S.)

Epomènwc katalăxame ìti ∀x ∈ [a, b], ‖f − (p^∗_n + λq)‖_∞ < E_n(f), Ĺtopo. □ Parathrăseic.

1. Edÿ o arijmìc n + 2 praktikĹ shmaÐnei 1 + dim P_n.

2. An h sunĹrthsh e := f − p^∗_n allĹzei prìshmo n + 2 forèc èpetai ìti h e èqei toulĹqiston n + 1 rÐzec. ’Ara h p^∗_n parembĹlletai stic timèc thc f se n + 1 shmeÐa.

Jewrhma 4.2.2 ’Estw f ∈ C[a, b]. Tìte h bèltisth prosèggish thc f apì ton P_n eÐnai monadikă.

Apìdeixh. ’Estw p, q ∈ P_n dÔo bèltistec proseggÐseic. Dhladă ‖f − p‖_∞ = ‖f − q‖_∞ = E_n(f). Tìte kai to r =^{p+q}_2 ∈ P_n, kai eÐnai epÐshc bèltisth prosèggish, afoÔ

‖f − r‖_∞ = � � �f − p + q 2 � � �_∞ = � � � f − p 2 + f − q 2 � � �_∞ ≦

‖f − p‖_∞ 2 + ‖f − q‖_∞ 2 = E_n(f).

Apì to Jeÿrhma 4.2.1 h f − r ja èqei èna sÔnolo n + 2 shmeÐwn enallagăc prosămou, èstw x_0, x_1, . . . , x_{n+1}. ’Ara gia kĹje i,

(f − p)(x_i) + (f − q)(x_i) = ±2E_n(f), (enallĹx)

enÿ, −E_n(f) ≦ (f − p)(x_i), (f − q)(x_i) ≦ E_n(f), ’Ara gia kĹje i, (f − p)(x_i) = (f − q)(x_i) = ±E_n(f). (enallĹx) Sunepÿc to x_0, x_1, . . . , x_{n+1} eÐnai èna sÔnolo shmeÐwn enallagăc prosămou tìso gia thn f −p ìso kai gia thn f − q, opìte to poluÿnumo q − p = (f − p) − (f − q) èqei n + 2 rÐzec, allĹ q − p ∈ P_n. Epomènwc, anagkastikĹ, q − p ≡ 0 ⇒ q ≡ p. □ Tèloc, ja apodeÐxoume kai to antÐstrofo tou Jewrămatoc 4.2.1.

Jewrhma 4.2.3 ’Estw f ∈ C[a, b] kai p ∈ P_n. An h f − p èqei èna sÔnolo shmeÐwn enallagăc prosămou pou apoteleÐtai apì (toulĹqiston) n + 2 shmeÐa, tìte to p eÐnai bèltisth prosèggish thc f apì ton P_n.

Apìdeixh. ’Estw x_0 < x_1 < · · · < x_{n+1} èna sÔnolo shmeÐwn enallagăc prosămou gia thn f − p kai èstw ìti h q eÐnai mia kalÔterh prosèggish thc f apì ìti h p. Dhladă ja isqÔei ‖f − q‖_∞ < ‖f − p‖_∞. Tìte

|f(x_i) − p(x_i)| = ‖f − p‖_∞ > ‖f − q‖_∞ ≧ |f(x_i) − q(x_i)|, ∀i = 0, 1, . . . , n + 1.

Tÿra ja qrhsimopoiăsoume to gegonìc ìti an |a| > |b|, tìte oi a kai a − b eÐnai omìshmoi (giatÐ?). ’Ara to q − p = (f − p) − (f − q) èqei to Ðdio prìshmo me thn f − p, kai epomènwc allĹzei prìshmo n + 2 forèc. ’Etsi to q − p èqei toulĹqiston n + 1 rÐzec, kai epeidă to q − p ∈ P_n ja prèpei q − p ≡ 0, Ĺtopo. Sunepÿc to p eÐnai h bèltisth prosèggish thc f apì ton P_n. □ ParadeÐgmata.

1. ’Estw f ∈ C[a, b]. YĹqnw th bèltisth prosèggish p^∗_0 thc f apì ton P_0. An f ∈ P_0 ⇒ p^∗_0 = f.

’Estw ìti h f den eÐnai stajeră. Epeidă h f ∈ C[a, b], tìte lambĹnei mègisth kai elĹqisth timă. Dhladă upĹrqoun x_1, x_2 ∈ [a, b] : x_1 ≠ x_2 me f(x_1) = max f(x) kai f(x_2) = min f(x). ’Estw p^∗_0 :=^1_2 [max f(x) + min f(x)] =^1_2 (f(x_1) + f(x_2)). Tìte f(x_1) − p^∗_0 =^{f(x1)−f(x2)}_2 kai f(x_2) − p^∗_0 = −^{f(x1)−f(x2)}_2 , opìte f(x_1) − p^∗_0 = −(f(x_2) − p^∗_0) kai

|f(x_1) − p^∗_0| = |f(x_2) − p^∗_0| = 1 2 (f(x_1) − f(x_2)) = 1 2 (max f(x) − min f(x)) .

’Ara ta x_1 kai x_2 eÐnai dÔo shmeÐa enallagăc prosămou gia thn e := f − p^∗_0, opìte to p^∗_0 eÐnai h bèltisth omoiìmorfh prosèggish thc f sto [a, b] apì ton P_0, kai E_0(f; [a, b]) = 1 2 (max f(x) − min f(x)).

2. JewroÔme thn f(x) := sin 4x sto [−π, π] (bl. Sqăma 4.2).

Sqăma 4.2:

AfoÔ upĹrqoun 8 shmeÐa pou h f paÐrnei tic timèc ±1, èpetai ìti upĹrqoun 16 diaforetikĹ sÔnola shmeÐwn enallagăc prosămou pou apoteloÔntai apì 2 shmeÐa, kai Ĺra p^∗_0 = 0. Epiplèon, parathrăste ìti p^∗_1 = p^∗_2 = · · · = p^∗_6 = 0, allĹ p^∗_7 ≠ 0 (giatÐ?).

To prìblhma thc eÔreshc thc bèltisthc omoiìmorfhc prosèggishc miac sunĹrthshc f ∈ C[a, b] eÐnai en gènei polÔ dÔskolo. Sth sunèqeia ja doÔme mia shmantikă perÐptwsh ìpou kati tètoio eÐnai dunatìn me th boăjeia twn poluwnÔmwn Chebyshev.

4.3 Poluÿnuma Chebyshev.

ProtoÔ diatupÿsoume to prìblhma pou mac endiafèrei, ja upenjumÐsoume ton orismì tou poluwnÔmou Chebyshev prÿtou eÐdouc, pou dÐnetai apì th sqèsh

T_n(x) := cos(n arccos x), x ∈ [−1, 1]. (4.6)

MĹlista isqÔei to akìloujo lămma. (Gia thn apìdeixă tou blèpe to Lămma 4.1 sto biblÐo twn AkrÐbh kai Dougală, [2, sel. 152-153].

Lhmma 4.3.1 Gia ta poluÿnuma tou Chebyshev prÿtou eÐdouc isqÔei o anadromikìc tÔpoc � � � T_0(x) = 1 T_1(x) = x T_n(x) = 2 x T_{n−1}(x) − T_{n−2}(x), n ≧ 2.

(4.7)

Gia n ≧ 1 to T_n eÐnai èna poluÿnumo bajmoÔ akribÿc n me suntelestă megistobĹjmiou ìrou 2^{n−1}.

Epanerqìmaste tÿra sto zăthma thc eÔreshc thc bèltisthc omoiìmorfhc prosèggishc miac sunĹrthshc f ∈ C[a, b]. Eidikìtera, ja asqolhjoÔme me to akìloujo Prìblhma 1. UpologÐste th bèltisth omoiìmorfh prosèggish thc sunĹrthshc f(x) := x^n apì ton upìqwro P_{n−1} sto diĹsthma [−1, 1]. (H epilogă tou sugkekrimènou diastămatoc dieukolÔnei lÐgo ta prĹgmata.) AnazhtoÔme, dhladă, p^∗_{n−1} ∈ P_{n−1}, tètoio ÿste ‖x^n−p^∗_{n−1}‖_∞ = E_{n−1}(f; [−1, 1]).

Sumbolismìc. Jètoume p(x) := x^n − p^∗_{n−1}(x) kai M = ‖p‖_∞ = E_{n−1}(f; [−1, 1]).

Me th boăjeia tou sumbolismoÔ autoÔ to Prìblhma 1 diatupÿnetai isodÔnama wc exăc: Prìblhma 2. BreÐte to poluÿnumo p ∈ ^P_n (:poluÿnuma bajmoÔ n me suntelestă megistobĹjmiou ìrou th monĹda) pou proseggÐzei kalÔtera th mhdenikă sunĹrthsh wc proc th nìrma ‖·‖_∞. Dhladă to p ∈ ^P_n pou èqei thn elĹqisth dunată nìrma ston (C[−1, 1], ‖ · ‖_∞).

Tÿra, an p^∗_{n−1} eÐnai h bèltisth omoiìmorfh prosèggish thc f apì ton P_{n−1}, tìte to p := f − p^∗_{n−1} èqei èna sÔnolo shmeÐwn enallagăc prosămou −1 ≦ x_0 < x_1 < · · · < x_{n−1} < x_n ≦ 1 apì (n − 1) + 2 = n + 1 shmeÐa. Dhladă |p(x_i)| = M, i = 0, 1, . . . , n kai p(x_{i+1}) = −p(x_i), i = 0, 1, . . . , n − 1. (Me thn plhroforÐa aută kai mìno ja akoloujăsoume th diadikasÐa tou Chebyshev gia na lÔsoume to prìblhma.) Ja perigrĹyoume thn epÐlush se bămata: 1o băma. ∀x_i ∈ (−1, 1) ⇒ p^′(x_i) = 0, afoÔ ta x_i eÐnai shmeÐa topikÿn akrotĹtwn gia thn p. ’Omwc to p^′ eÐnai èna poluÿnumo bajmoÔ n − 1, opìte èqei to polÔ n − 1 rÐzec. ’Ara ja prèpei

x_i ∈ (−1, 1) kai p^′(x_i) = 0 gia i = 1, . . . , n − 1, kai x_0 = −1, p^′(x_0) ≠ 0, x_n = 1, p^′(x_n) ≠ 0.

2o băma. JewroÔme to poluÿnumo M^2 − p^2 ∈ P_{2n}. GnwrÐzoume ìti M^2 − (p(x_i))^2 = 0, gia i = 0, 1, . . . , n, kai M^2 − p^2 ≧ 0 sto [−1, 1]. ’Ara ta x_1, x_2, . . . , x_{n−1} prèpei na eÐnai (toulĹqiston) diplèc rÐzec tou M^2 − p^2, kai oi x_0, x_n aplèc. Autì ìmwc mac dÐnei sunolikĹ 2(n − 1) + 2 = 2n rÐzec, opìte autèc eÐnai ìlec oi rÐzec tou M^2 − p^2.

3o băma. Ac jewrăsoume to poluÿnumo (p^′)^2 ∈ P_{2(n−1)}. To (p^′)^2 èqei diplèc rÐzec tic x_1, x_2, . . . , x_{n−1} (kai kammÐa Ĺllh), epomènwc to (1 − x^2)(p^′(x))^2 èqei diplèc rÐzec tic x_1, x_2, . . . , x_{n−1} kai aplèc tic x_0, x_n. Epeidă o bajmìc tou (1 − x^2)(p^′(x))^2 eÐnai 2n èqoume brei ìlec tic rÐzec tou. (Tÿra èrqetai h aitÐa ìlhc autăc thc suzăthshc perÐ rizÿn.)

4o băma. Ta M^2 − (p(x))^2 kai (1 − x^2)(p^′(x))^2 eÐnai kai ta dÔo poluÿnuma bajmoÔ 2n kai èqoun tic Ðdiec akribÿc rÐzec. ’Ara to èna ja prèpei na eÐnai pollaplĹsio tou Ĺllou. To endiafèron eÐnai ìti mporoÔme eÔkola na upologÐsoume kai th stajerĹ aută. O suntelestăc tou megistobĹjmiou ìrou tou p eÐnai 1, enÿ tou p^′ eÐnai n, sunepÿc ja prèpei

M^2 − (p(x))^2 =

(1 − x^2)(p^′(x))^2 n^2

. (giatÐ?)

’Ara p^′(x) � M^2 − (p(x))^2 = n √ 1 − x^2

. (4.8)

(KanonikĹ, edÿ ja ăjele ±. ’Omwc gnwrÐzoume ìti h p^′ eÐnai jetikă se kĹpoio diĹsthma, kai upojètoume ìti eÐnai jetikă sto [−1, x_1).)

Oloklhrÿnontac thn (4.8) èqoume

arccos � p(x) M � = n arccos x + C ⇒ p(x) = M cos(n arccos x + C). (4.9)

’Omwc p(−1) = −M, (afoÔ jewrăsame ìti p^′(−1) ≧ 0), opìte paÐrnontac x = −1 sthn (4.9) èqoume ìti −1 = cos(nπ + C) ⇒ C = mπ, ìpou to m eÐnai tètoio ÿste n + m na eÐnai perittìc. Sunepÿc

p(x) = M cos(n arccos x + mπ) ⇒ p(x) = ±M cos(n arccos x). (4.10)

An h sqèsh (4.10) sac jumÐzei kĹti, anatrèxte ston orismì tou poluwnÔmou Chebyshev T_n bajmoÔ n, bl. (4.6). Epeidă o suntelestăc tou megistobĹjmiou ìrou tou p eÐnai 1, enÿ o o suntelestăc tou megistobĹjmiou ìrou tou T_n eÐnai 2^{n−1}, h lÔsh sto prìblhmĹ mac ja prèpei na eÐnai

p(x) = 2^{−n+1}T_n(x).

Epeidă mĹlista |T_n(x)| ≦ 1, gia |x| ≦ 1 (giatÐ?) h elĹqisth nìrma ja prèpei na eÐnai M = 2^{−n+1}. □ Sth sunèqeia ja dÿsoume mia (pio komyă) apìdeixh tou problămatoc autoÔ (èqontac plèon gnÿsh twn poluwnÔmwn tou Chebyshev).

Jewrhma 4.3.1 Gia kĹje n ≧ 1, to p^∗_{n−1}(x) := x^n − 2^{−n+1}T_n(x) eÐnai èna poluÿnumo tou P_{n−1} gia to opoÐo 2^{−n+1} = ‖x^n − p^∗_{n−1}‖_∞ < ‖x^n − q‖_∞, ∀q ∈ P_{n−1}.

Dhladă to p^∗_{n−1} eÐnai h bèltisth omoiìmorfh prosèggish thc sunĹrthshc f(x) := x^n apì ton upìqwro P_{n−1} sto diĹsthma [−1, 1].

Apìdeixh. GnwrÐzoume ìti to 2^{−n+1}T_n(x) èqei suntelestă tou megistobĹjmiou ìrou tou 1, opìte to p^∗_{n−1} ∈ P_{n−1}. EpÐshc, an x_i = cos^{(n−i)π}_n , i = 0, 1, . . . , n, tìte −1 = x_0 < x_1 < · · · < x_{n−1} < x_n = 1, kai T_n(x_i) = cos(n arccos x_i) = cos((n − i)π) = (−1)^{n−i}.

Epeidă |T_n(x)| ≦ 1, gia |x| ≦ 1, brăkame èna sÔnolo n + 1 shmeÐwn enallagăc prosămou. ’Ara to x^n − p^∗_{n−1}(x) = 2^{−n+1}T_n(x) ikanopoieÐ |x^n − p^∗_{n−1}(x)| ≦ 2^{−n+1} kai ∀i = 0, 1, . . . , n isqÔei x^n_i −p^∗_{n−1}(x_i) = 2^{−n+1}T_n(x_i) = (−1)^{n−i} 2^{−n+1}. ’Ara to p^∗_{n−1} prèpei na eÐnai h bèltisth omoiìmorfh prosèggish thc x^n apì ton P_{n−1} sto diĹsthma [−1, 1]. □

Porisma 4.3.1 To p ∈ ^P_n me thn elĹqisth ‖ · ‖_∞ nìrma ston C[a, b] eÐnai to

p(x) =

(b − a)^n 2^n 2^{n−1}

T_n � 2x − b − a b − a � .

4.3.1 Idiìthtec twn poluwnÔmwn Chebyshev.

Ta poluÿnuma Chebyshev, ìpwc eÐdame, eÐnai ta (monadikĹ, pragmatikĹ) poluÿnuma bajmoÔ n (me suntelestă megistobĹjmiou ìrou 1 an n = 0, kai 2^{n−1} an n ≧ 1), pou ikanopoioÔn th sqèsh T_n(cos θ) = cos nθ, gia kĹje θ.

’Eqoun pĹra pollèc endiafèrousec idiìthtec kai sth sunèqeia ja anafèroume merikèc.

1. T_n(x) = 2 x T_{n−1}(x) − T_{n−2}(x) gia n ≧ 2.

Apìdeixh. ProkÔptei apì thn trigwnometrikă tautìthta cos nθ + cos(n − 2)θ = 2 cos θ cos(n − 1)θ.

Tìte cos nθ = 2 cos θ cos(n − 1)θ − cos(n − 2)θ ⇒ T_n(cos θ) = 2 cos θ T_{n−1}(cos θ) − T_{n−2}(cos θ), ∀θ

x=cos θ⇒ T

n(x) = 2x T_{n−1}(x) − T_{n−2}(x), ∀x ∈ [−1, 1].

Epeidă ta T_n, T_{n−1}, T_{n−2} eÐnai poluÿnuma h parapĹnw sqèsh ja isqÔei gia kĹje x ∈ R. □ 2. Oi rÐzec tou poluwnÔmou T_n eÐnai x^{(n)}_i = cos^{(2i−1)π}_{2n} , i = 1, 2, . . . , n. EÐnai ìlec touc aplèc kai anăkoun sto (−1, 1). Apìdeixh. ’Askhsh.

3. MetaxÔ dÔo diadoqikÿn rizÿn tou T_n upĹrqei akribÿc mÐa rÐza tou T_{n−1}.

Apìdeixh. EÔkola blèpoume ìti gia kĹje i = 1, 2, . . . , n − 1 isqÔei 2i − 1 2n < 2i − 1 2(n − 1) < 2i + 1 2n ⇒ x^{(n)}_i > x^{(n−1)}_i > x^{(n)}_{i+1}. □ 4. Ta poluÿnuma T_n kai T_{n−1} den èqoun koinèc rÐzec.

Apìdeixh. Autì eÐnai Ĺmeso apì thn Idiìthta 3, ac doÔme ìmwc kai mia Ĺllh apìdeixh. ’Estw x_0 koină rÐza twn T_n kai T_{n−1}. Dhladă T_n(x_0) = T_{n−1}(x_0) = 0. ’Ara apì thn Idiìthta 1, èqoume ìti kai T_{n−2}(x_0) = 0. EpanalambĹnontac autì to epiqeÐrhma èqoume ìti T_k(x_0) = 0 gia k < n, kai to Ðdio isqÔei kai gia k = 0. ’Atopo afoÔ to T_0(x) = 1 den èqei rÐzec. □

5. Ta poluÿnuma Chebyshev eÐnai orjogÿnia sto [−1, 1] wc proc to eswterikì ginìmeno me bĹroc w(x) :=^{1√}_{1−x2} . Apìdeixh. Gia m ≠ n �_1 −1 T_m(x)T_n(x) 1 √ 1 − x^2 dx^{x=cos θ}=

�_π 0 cos mθ cos nθ dθ = 0.

Gia m = n �_1 −1 T^2_n (x) 1 √ 1 − x^2 dx =

�_π 0 cos^2 nθ dθ = � � � π, an n = 0 π 2 , an n > 0 .

KefĹlaio 5

Poluwnumikă parembolă.

Sto kefĹlaio autì akoloujoÔme, kurÐwc, tic shmeiÿseic paradìsewn twn S. NotĹrh, [7], kai to biblÐo twn G. AkrÐbh kai B. Dougală, [2].

5.1 Poluwnumikă parembolă Lagrange.

O stìqoc sthn poluwnumikă parembolă Lagrange eÐnai na proseggÐsoume mia sunĹrthsh m’ èna poluÿnumo me tètoio trìpo ÿste h sunĹrthsh kai to poluÿnumo na paÐrnoun tic Ðdiec timèc se dedomèna shmeÐa. To prìblhma loipìn thc parembolăc ja mporoÔse na diatupwjeÐ wc exăc: Dojèntwn n + 1 diaforetikÿn ana dÔo shmeÐwn x_0, x_1, . . . , x_n kai twn timÿn f(x_i), i = 0, 1, . . . , n, miac sunĹrthshc f sta shmeÐa autĹ, na brejeÐ poluÿnumo p ∈ P_n, tètoio ÿste p(x_i) = f(x_i), i = 0, 1, . . . , n. MerikĹ erwtămata pou prokÔptoun fusiologikĹ eÐnai ta akìlouja: a) UpĹrqei tètoio poluÿnumo, kai an nai, eÐnai monadikì? b) poioÐ trìpoi upologismoÔ kai parĹstashc tou poluwnÔmou upĹrqoun? g) mporoÔme na broÔme ektimăseic gia to sfĹlma thc parembolăc e(x) = f(x) − p(x), ìtan x ≠ x_i, i = 0, 1, . . . , n? kai d) mporoÔme na broÔme frĹgmata gia thn poiìthta thc prosèggishc thc f apì to p, kajÿc o arijmìc twn shmeÐwn (kai Ĺra kai o bajmìc tou poluwnÔmou) auxĹnei?

To aploÔstero parĹdeigma parembolăc eÐnai h grammikă parembolă, dhladă h perÐptwsh n = 1. ’Opwc faÐnetai Ĺmesa apì to Sqăma 5.1, to prìblhma thc grammikăc parembolăc èqei monadikă lÔsh. EÐnai epÐshc profanèc ìti an den gnwrÐzoume tÐpota gia th sunĹrthsh f ektìc apì tic timèc thc sta shmeÐa a kai b, tìte to sfĹlma e(x) := f(x) − p(x) mporeÐ na gÐnei polÔ megĹlo.

’Enac trìpoc upologismoÔ tou p eÐnai na to grĹyoume wc èna stajmhtì mèso twn f(a) kai f(b),

p(x) = x − b a − b f(a) + x − a b − a f(b).

(Autìc eÐnai o trìpoc parĹstashc tou poluwnÔmou parembolăc katĹ Lagrange.)

’Enac Ĺlloc trìpoc gia na grĹyoume to p prokÔptei me th boăjeia thc exÐswshc thc eujeÐac pou dièrqetai apì ta shmeÐa (a, f(a)) kai (b, f(b)),

p(x) = f(a) + f(b) − f(a) b − a

(x − a).

(Aută eÐnai h èkfrash tou poluwnÔmou parembolăc sth morfă tou NeÔtwna.)

Sqăma 5.1: Grammikă parembolă.

Sth genikă perÐptwsh èqoume to akìloujo jeÿrhma

Jewrhma 5.1.1 ’Estw ta n + 1 diakritĹ shmeÐa x_0, x_1, . . . , x_n ∈ R kai oi timèc miac sunĹrthshc f sta shmeÐa autĹ f(x_0), f(x_1), . . . , f(x_n) ∈ R. Tìte upĹrqei akribÿc èna poluÿnumo p bajmoÔ to polÔ n tètoio ÿste p(x_i) = f(x_i), i = 0, 1, . . . , n. (5.1)

Apìdeixh. Gia thn apìdeixh thc Ôparxhc enìc poluwnÔmou p ∈ P_n pou ikanopoieÐ tic (5.1) arkeÐ na kataskeuĹsoume èna tètoio poluÿnumo. Gia to skopì autì jewroÔme ta poluÿnuma Lagrange pou orÐzontai wc exăc L_i(x) := n� j=0 j≠i

x − x_j x − x_i

, i = 0, 1, . . . , n.

Ta L_i eÐnai profanÿc poluÿnuma bajmoÔ n kai èqoun th qarakthristikă idiìthta

L_i(x_k) = δ_{ik} = � � � 1, an i = k 0, an i ≠ k.

OrÐzoume tÿra to poluÿnumo p wc exăc:

p(x) := n� i=0 f(x_i) L_i(x). (5.2)

Profanÿc to p ∈ P_n kai, epiplèon, p(x_k) =

�_n i=0 f(x_i)L_i(x_k) = f(x_k), k = 0, 1, . . . , n, opìte to p eÐnai to zhtoÔmeno poluÿnumo. H sqèsh (5.2) anafèretai wc h morfă Lagrange tou poluwnÔmou parembolăc.

Gia th monadikìthta tou poluwnÔmou parembolăc, ac upojèsoume ìti upĹrqei kai èna Ĺllo poluÿnumo q ∈ P_n, tètoio ÿste q(x_i) = f(x_i), i = 0, 1, . . . , n. An r(x) := p(x) − q(x), tìte to r ∈ P_n kai r(x_i) = p(x_i) − q(x_i) = f(x_i) − f(x_i) = 0, gia kĹje i = 0, 1, . . . , n. ’Ara to r eÐnai èna poluÿnumo bajmoÔ n kai èqei n + 1 diakritèc rÐzec, opìte to r ≡ 0, kai sunepÿc to p ≡ q. □ Sumbolismìc: Ja sumbìlÐzoume me p_n � f; {x_0, x_1, . . . , x_n}; x � thn timă s’ èna x ∈ R tou poluwnÔmou bajmoÔ to polÔ n, pou parembĹlletai stic timèc thc f sta n + 1 shmeÐa x_0, x_1, . . . , x_n. An eÐnai safèc poiĹ eÐnai ta shmeÐa thc parembolăc, tìte ja grĹfoume p_n(f; x).

EÔkola, apì ton orismì tou, blèpoume ìti to poluÿnumo parembolăc p_n(f; ·) ikanopoieÐ tic akìloujec idiìthtec p_n(f + g; ·) = p_n(f; ·) + p_n(g; ·), p_n(α f; ·) = α p_n(f; ·), ∀α ∈ R, (5.3) p_n(q; ·) = q, ∀q ∈ P_n.

Sth sunèqeia ja dÿsoume ènan analutikì tÔpo gia to sfĹlma thc parembolăc ìtan h f eÐnai mia omală sunĹrthsh Jewrhma 5.1.2 ’Estw n ∈ N, f ∈ C^{n+1}[a, b], x_0, x_1, . . . , x_n ∈ [a, b] diaforetikĹ anĹ dÔo shmeÐa kai p_n(f; ·) to poluÿnumo pou parembĹlletai sthn f sta shmeÐa x_0, x_1, . . . , x_n. Tìte isqÔoun

∀x ∈ [a, b] ∃ ξ = ξ(x) ∈ (a, b) : f(x) − p_n(f; x) = f^{(n+1)}(ξ) (n + 1)! n� i=0 (x − x_i), (5.4) kai ‖f − p_n(f; ·)‖_∞ ≦ max_{a≦x≦b} � � � n� i=0 (x − x_i) � � � ‖f^{(n+1)}‖_∞ (n + 1)!

(5.5)

Apìdeixh. DeÐte thn apìdeixh tou Jewr. 4.2 sto biblÐo twn G. AkrÐbh kai B. Dougală, [2]. □ Paratărhsh. Sth diatÔpwsh tou Jewrămatoc 5.1.2 anafèretai ìti to ξ eÐnai kĹpoio shmeÐo sto diĹsthma [a, b], qwrÐc ìmwc na gnwrÐzoume poiì eÐnai. H apaÐthsh f ∈ C^{n+1}[a, b] kai h adunamÐa gnÿshc tou ξ eÐnai dÔo lìgoi gia touc opoÐouc oi tÔpoi (5.4) kai (5.5) èqoun periorismènh praktikă shmasÐa.

ParadeÐgmata.

1) Grammikă parembolă (n = 1). ’Estw p_1(f; ·) to grammikì poluÿnumo pou parembĹlletai stic timèc f(a) kai f(b) miac sunĹrthshc f ∈ C^2[a, b]. Tìte apì tic (5.4) kai (5.5) ja èqoume f(x) − p_1(f; x) = (x − a)(x − b) f^{′′}(ξ) 2 , a < ξ < b kai ‖f − p_1(f; ·)‖_∞ ≦ max_{a≦x≦b} � �(x − a)(x − b) � � ‖f^{′′}‖^∞ 2 , opìte epeidă max_{a≦x≦b} � �(x − a)(x − b) � � =^{(b−a)2}_4 ,

‖f − p_1(f; ·)‖_∞ ≦

(b − a)^2 8 ‖f^{′′}‖_∞.

2) Tetragwnikă parembolă (n = 2) me isapèqonta shmeÐa x_i = a + ih, i = 0, 1, 2, h =^{b−a}_2 . An f ∈ C^3[a, b], èqoume gia x ∈ [a, b]

f(x) − p_2(f; x) = (x − x_0)(x − x_1)(x − x_2) f^{′′′}(ξ) 6 , , a < ξ < b

kai, parìmoia me to ParĹdeigma 1,

‖f − p_2(f; ·)‖_∞ ≦

(b − a)^3 96 ‖f^{′′′}‖_∞.

3) ’Estw f ∈ C^{n+1}[a, b] kai x_i = a + ih, i = 0, 1, . . . , n, ìpou h =^{b−a}_n , ta n + 1 shmeÐa enìc omoiìmorfou diamerismoÔ tou diastămatoc [a, b]. Tìte mporeÐ kaneÐc na deÐxei (Ĺskhsh) ìti max a≦x≦b � � � n� i=0 (x − x_i) � � � ≦ n! 4 h^{n+1},

opìte ‖f − p_n(f; ·)‖_∞ ≦ h^{n+1} 4(n + 1)

‖f^{(n+1)}‖_∞.

Apì thn ektÐmhsh aută sumperaÐnoume ìti gia pollèc sunartăseic to sfĹlma thc poluwnumikăc parembolăc se isapèqonta shmeÐa teÐnei omoiìmorfa proc to mhdèn, kajÿc to n → ∞. Mia tètoia kathgorÐa eÐnai sunartăseic pou èqoun paragÿgouc opoiasdăpote tĹxhc sto [a, b], gia tic opoÐec upĹrqei M > 0, tètoioc ÿste ‖f^{(n)}‖_∞ ≦ M^n, n = 1, 2, . . . (Ĺskhsh).

Ja upèjete loipìn kaneÐc ìti sthn perÐptwsh omoiìmorfou diamerismoÔ, kai kajÿc to plăjoc twn shmeÐwn parembolăc teÐnei proc to Ĺpeiro, h akoloujÐa twn poluwnÔmwn miac opoiasdăpote suneqoÔc sunĹrthshc f sugklÐnei omoiìmorfa proc thn f. ’Omwc apodeÐqjhke ìti autì den eÐnai swstì.

ParadeÐgmata.

1) O prÿtoc pou èdwse èna arnhtikì parĹdeigma ătan o Runge, to 1901, me th sunĹrthsh

f(x) := 1 1 + x^2

, −5 ≦ x ≦ 5.

H sunĹrthsh aută eÐnai Ĺpeirec forèc paragwgÐsimh sto [-5,5]. Efarmìzontac parembolă me isapèqonta shmeÐa x_i = −5 + i^{10}_n , i = 0, 1, . . . , n, o Runge katĹfere na deÐxei ìti

lim_{n→∞} |f(x) − p_n(f; x)| = � � � 0, an |x| < 3.633 . . . ∞, an |x| > 3.633 . . . .

Sqăma 5.2: Poluÿnumo parembolăc p_{20}, gia th sunĹrthsh tou Runge. Omoiìmorfoc diamerismìc.

Sto Sqăma 5.2 blèpoume th grafikă parĹstash thc sunĹrthshc tou Runge, kajÿc kai tou poluwnÔmou parembolăc p_n(f; ·) gia ton omoiìmorfo diamerismì tou [-5,5] me n = 20.

2) ’Ena deÔtero arnhtikì parĹdeigma dìjhke apì ton Bernstein gia th sunĹrthsh f(x) = |x|, −1 ≦ x ≦ 1. An efarmìsoume parembolă me isapèqonta shmeÐa x_i = −1+i^2_n , i = 0, 1, . . . , n, mporoÔme na deÐxoume ìti lim_{n→∞} |f(x) − p_n(f; x)| = ∞ gia kĹje x ∈ [−1, 1], ektìc apì x = −1, 0 kai 1.

Ja mporoÔse loipìn kaneÐc na upojèsei ìti to prìblhma brÐsketai sthn epilogă twn shmeÐwn parembolăc kai eidikìtera sthn epilogă omoiìmorfwn diamerismÿn. Koitÿntac, gia parĹdeigma, th sqèsh (5.5) faÐnetai logikì na prospajăsoume na epilèxoume ta shmeÐa parembolăc ètsi ÿste na elaqistopoioÔn thn posìthta max_{a≦x≦b}

�^n� i=0 (x − x_i) � . Parathrăste ìmwc ìti to n� i=0 (x − x_i) eÐnai èna poluÿnumo bajmoÔ n+1 me suntelestă megistobĹjmiou ìrou 1. Apì to Pìrisma 4.3.1 gnwrÐzoume ìti to poluÿnumo bajmoÔ n + 1 me suntelestă megistobĹjmiou ìrou monĹda pou èqei thn elĹqisth ‖·‖_∞ nìrma ston C[a, b] eÐnai to p(x) =^{(b−a)n+1}_{2n 2n+1} T_{n+1}

�_{2x−b−a} b−a � , ìpou to T_{n+1} eÐnai to poluÿnumo Chebyshev bajmoÔ n + 1. Epomènwc ja elaqistopoiăsoume to ginìmeno | � (x − x_i)| an epilèxoume wc shmeÐa parembolăc tic rÐzec tou poluwnÔmou Chebyshev bajmoÔ n + 1 sto diĹsthma [a, b].

MporoÔme na elègxoume ìti ta shmeÐa autĹ dÐnontai apì ton tÔpo

x_i = a + b 2 + b − a 2 cos � 2i + 1 2(n + 1) π � , i = 0, 1, . . . , n. (5.6)

Sto Sqăma 5.3 dÐnetai h grafikă parĹstash thc sunĹrthshc tou Runge, kajÿc kai tou poluwnÔmou parembolăc p_n(f; ·) sta shmeÐa tou Chebyshev gia n = 20.

Sqăma 5.3: Poluÿnumo parembolăc p_{20}, gia th sunĹrthsh tou Runge sta shmeÐa tou Chebyshev.

Ja prospajăsoume sth sunèqeia na dÿsoume merikĹ akìma stoiqeÐa sqetikĹ me th sÔgklish twn poluwnÔmwn parembolăc. ’Estw, loipìn, f ∈ C[a, b] kai x_i, i = 0, 1, . . . , n, diaforetikĹ anĹ dÔo shmeÐa tou [a, b]. Me th boăjeia tou tÔpou (5.2) mporoÔme na upologÐsoume thn ‖ · ‖_∞ tou poluwnÔmou parembolăc p_n(f; ·). Ja èqoume

‖p_n(f; ·)‖_∞ = max_{a≦x≦b}

�^n� i=0 f(x_i) L_i(x) � ≦ max

a≦x≦b n� i=0 |f(x_i)| |L_i(x)|

≦ max_{a≦x≦b} |f(x)| max_{a≦x≦b} n� i=0 |L_i(x)|.

H sunĹrthsh λ_n(x) := n� i=0 |L_i(x)| (5.7)

lègetai sunĹrthsh tou Lebesgue gia thn parembolă Lagrange, kai h mègisth timă thc

Λ_n := ‖λ_n‖_∞ = max_{a≦x≦b} λ_n(x), (5.8)

lègetai stajerĹ tou Lebesgue.

’Ara deÐxame ìti an f ∈ C[a, b], tìte

‖p_n(f; ·)‖_∞ ≦ Λ_n ‖f‖_∞. (5.9)

Me th boăjeia thc (5.9) kai twn idiotătwn (5.3) mporoÔme na broÔme mia ektÐmhsh gia to sfĹlma thc parembolăc. ’Estw p^∗_n h bèltisth omoiìmorfh prosèggish thc f apì ton P_n, kai E_n � f; [a, b] � = min_{p∈Pn} ‖f − p‖_∞ = ‖f − p^∗_n‖_∞ to sfĹlma thc bèltisthc omoiìmorfhc prosèggishc. Tìte

‖f − p_n(f; ·)‖_∞ = ‖f − p^∗_n + p^∗_n − p_n(f; ·)‖_∞ = ‖f − p^∗_n + p_n(p^∗_n; ·) − p_n(f; ·)‖_∞ ≦ ‖f − p^∗_n‖_∞ + ‖p_n(p^∗_n − f; ·)‖_∞ ≦ ‖f − p^∗_n‖_∞ + Λ_n‖f − p^∗_n‖_∞.

Sunepÿc ‖f − p_n(f; ·)‖_∞ ≦ � 1 + Λ_n � ‖f − p^∗_n‖_∞ = � 1 + Λ_n � E_n � f; [a, b] � . (5.10) (Dhladă to sfĹlma thc poluwnumikăc parembolăc eÐnai qeirìtero apì ekeÐno thc bèltisthc omoiìmorfhc prosèggishc to polÔ katĹ èna parĹgonta � 1 + Λ_n � .) Lìgw tou PorÐsmatoc 4.1.1 (tou Jewr. tou Jackson) blèpoume ìti

‖f − p_n(f; ·)‖_∞ ≦ 6 � 1 + Λ_n � ω � b − a 2n � , opìte dedomènhc miac f ∈ C[a, b] h akoloujÐa twn poluwnÔmwn parembolăc ja sugklÐnei omoiìmorfa proc thn f an Λ_n ω

�_{b−a} 2n � → 0, kajÿc n → ∞. ’Ara ja prèpei na elègxoume th sumperiforĹ thc stajerĹc Λ_n. Dustuqÿc to Λ_n den eÐnai omoiìmorfa fragmèno. Sthn perÐptwsh p.q. isapèqontwn shmeÐwn parembolăc mporeÐ na apodeiqjeÐ ìti h stajerĹ tou Lebesgue auxĹnetai ekjetikĹ, Sugkekrimèna isqÔei h akìloujh asumptwtikă ektÐmhsh

Λ_n ∼

2^{n+1} en log n

, n → ∞.

Apì thn Ĺllh meriĹ an qrhsimopoihjoÔn wc shmeÐa parembolăc ta shmeÐa tou Chebyshev, tìte isqÔei h akoloujh ektÐmhsh 2 π log(n + 1) + α < Λ_n < 2 π log(n + 1) + 4, gia kĹpoia stajerĹ α,

dhladă h aÔxhsh eÐnai logarijmikă. (Gia thn apìdeixh mporeÐ kaneÐc na anatrèxei sto biblÐo tou Rivlin, [9].) Ston akìloujo pÐnaka mporeÐ kaneÐc na dei thn aÔxhsh thc stajerĹc tou Lebesgue Λ_n, bl. (5.8), gia thn parembolă Lagrange ston P_n kajÿc to n auxĹnei, gia ènan omoiìmorfo diamerismì kai gia ènan diamerismì me ta shmeÐa tou Chebyshev. n Λ_n ` Omoiìmorfoc Λ_n ` Chebyshev 2 1.25 1.67 4 2.21 1.99 8 11.0 2.36 12 89.3 2.60 16 935 2.77 20 11000 2.90

MporeÐ na apodeiqjeÐ ìti anexĹrthta thc epilogăc twn shmeÐwn parembolăc x_i = x^{(n)}_i , i = 0, 1, . . . , n, isqÔei pĹnta ìti Λ_n > O(log n), kajÿc n → ∞. Epiplèon, isqÔei to akìloujo arnhtikì apotèlesma pou apodeÐqjhke apì ton Faber to 1914.

Jewrhma 5.1.3 Gia kĹje pÐnaka shmeÐwn parembolăc x^{(n)}_i ∈ [−1, 1], i = 0, 1, . . . , n, upĹrqei sunĹrthsh f ∈ C[−1, 1], tètoia ÿste an p_n(f; ·) eÐnai to poluÿnumo pou parembĹlletai sthn f sta shmeÐa x^{(n)}_0 , x^{(n)}_1 , . . . , x^{(n)}_n , tìte isqÔei

lim sup n→∞ ‖f − p_n(f; ·)‖_∞ = ∞.

Ston antÐpoda tou Jewrămatoc 5.1.3 brÐsketai èna jetikì apotèlesma genikoÔ qaraktăra.

Jewrhma 5.1.4 An f ∈ C[a, b], tìte upĹrqei ènac pÐnakac shmeÐwn parembolăc x^{(n)}_i , i = 0, 1, . . . , n, tètoioc ÿste h akoloujÐa twn poluwnÔmwn parembolăc p_n(f; ·) na sugklÐnei omoiìmorfa sthn f.

Apìdeixh. EÐnai profanèc ìti an (p^∗_n) eÐnai h akoloujÐa twn poluwnÔmwn twn bèltistwn omoiìmorfwn proseggÐsewn, tìte lìgw tou Jewrămatoc tou Weierstrass (Jeÿrhma 4.1.1) h akoloujÐa aută ja sugklÐnei sthn f omoiìmorfa. ’Estw loipìn p^∗_n ∈ P_n h bèltisth omoiìmorfh prosèggish thc f sto [a, b]. SÔmfwna loipìn me to Jeÿrhma 4.2.1 upĹrqoun n + 2 shmeÐa tou [a, b] me thn idiìthta h f −p^∗_n na enallĹsei to prìshmì thc diadoqikĹ sta shmeÐa autĹ. Epomènwc, h f −p^∗_n èqei n+1 rÐzec sto [a, b], pou ac tic sumbolÐsoume x^{(n)}_0 , x^{(n)}_1 , . . . , x^{(n)}_n . An jewrăsoume ton pÐnaka twn shmeÐwn parembolăc pou apoteleÐtai apì tic rÐzec autèc, ja èqoume ìti p_n � f; x^{(n)}_0 , x^{(n)}_1 , . . . , x^{(n)}_n ; · � = p^∗_n, dhladă to poluÿnumo parembolăc sumpÐptei me th bèltisth omoiìmorfh prosèggish, opìte to zhtoÔmeno prokÔptei Ĺmesa. □

5.1.1 ParĹstash tou poluwnÔmou parembolăc sth morfă tou NeÔtwna. SelÐdec 144-145 tou biblÐou twn G. AkrÐbh kai B. Dougală, [2].

5.2 Poluwnumikă parembolă tÔpou Hermite.

SelÐdec 155-157 tou biblÐou twn G. AkrÐbh kai B. Dougală, [2].

5.3 Parembolă me splines.

SelÐdec 158-168 tou biblÐou twn G. AkrÐbh kai B. Dougală, [2].

BibliografÐa

[1] G. D. AkrÐbhc, JewrÐa ProseggÐsewn (ShmeÐwseic Paradìsewn), Majhmatikì Tmăma, Panepistămio Krăthc, HrĹkleio 1987.

[2] G. D. AkrÐbhc, B. A. Dougalăc, Eisagwgă sthn Arijmhtikă AnĹlush (pèmpth èkdosh), P.E.K., HrĹkleio 2004.

[3] N. L. Carothers, A Short Course on Approximation Theory, (Lecture Notes)

http://personal.bgsu.edu/^∼carother/Approx.html .

[4] E. W. Cheney, Introduction to Approximation Theory, McGraw-Hill, 1966. [5] D. H. Griffel, Applied Functional Analysis, Dover, 2002.

[6] E. Kreyszig, Introductory Functional Analysis with Applications, Wiley, 1978. [7] S. E. NotĹrhc, Shmeiÿseic sth JewrÐa Prosèggishc (ShmeÐwseic Paradìsewn), Majhmatikì Tmăma, Panepistămio Ajhnÿn, Ajăna 2001.

[8] M. J. D. Powell, Approximation Theory and Methods, Cambridge University Press, 1981. [9] T. J. Rivlin, An Introduction to the Approximation of Functions, Dover, 1981.