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Kegpdiowo 1

Eiwoaywyr - Baocweg €vvolec.

1.1 Awvuopatixoi xohpeotl (Vector spaces).

OpzMoz 1.1.1 Evag Swavvopatikog 1) ypaupkos ywpos X elvar éva un kevé avvolo otoiyeiwv oo

omoio
1. Ta kdie Levyog aroryeior x,y € X opilovue to dipoioud tovg  +y € X.

2. Ia kdOe otoeio x € X ka1 ya kdOe Palpwté péyedos a evés odpatos K, opilovue to
ywipevo ax € X. (H npdén avtrj ovopdletar faluntds toAkartAaoiaouds.)

3. On 8Vo avtés mpdées akodovdoly Ti§ Tapakdtw 1010TnTeS:

(i) Ve,ye X: x+y=y+x.
(i) Vo,y,z € X: o+ (y+2) = (x +y) + 2.
(iii) Yrdpyer éva ovoeio tov X, mov aupfodilovue pe 0, térow dote v+ 0 =x, Vo € X.
(iv) Vx € X vrndpyer éva otoryeio tov X, mov ovpforilovue pe —x, térowo dote v+ (—x) = 0.
(v) a(fz) = (af)x, Vo, € K, z € X.
(vi) lx =z, Vo € X.
(vit) (a+ B)x =ax + Pz, Vo, € K,z € X.
(viii) a(x +y) =ax+ ay, Va € K, z,y € X.

(Aépe 6t o X elvar évag Savvouatikds 1§ ypaupukdés yopos eni tov odpatog K. Av o K = R
(avtior. K = C) Aéue éri o X etvar évag npaypatikds (avtiot. piyadikés) davvopatikés xépos.)



IMTopadeiypata SLAVUOUATIXOY X OEWV.

1. To anhobotepo mapdderypa evog mpaypatixol dravuouatixol yweou eivar to R. Ilpogavog 1o
dpotopa BUO TEAYUATIXDY Vol TEAYUATIXOS, XL, PUOLXA, XL TO YIWVOUEVO BUO TEAYUATIXDY

2 4 7 7 : 2 /7 7 /4 7 ’ 4
elvar mparypatxde. Enlong, ov diétnree (i)—(viil) woybouv xatd npogavi| tpbéno. Apeca PAé-

moupe 6Tt xou T0 60Voho C twv wryadxdy apriumy eivon €vag Ypagmuxos ympoq.

2. To obvoho K" (énov K = R f K = C) nou éyet ¢ otoryela tic datetarypéves n-ddeg

(a1,a2,...,a,), a; € K, eivan évag ypauuxde ywpog ent tou K.
3. To olbvoho Cla,b] HAwV TV GUVEXGY TEAYUATIXGY cLVAPTACEWY. Anhady
Cla,bl ={f: f :[a,b] — R ouveyhc}.

Mpdypat av f,g € Cla,b] xu a € R, opilovpe Vz € [a,b]: (f + g)(x) = f(z) + g(x)
xu (af)(xz) = o f(x). Ovoudfouvpe undevixf) cuvdptnon auth mou undeviletour TauToTIXS
oto [a,b], xa opiloupe (—f)(x) = —f(z), Yz € [a,b]. Téte o Wrbtnree (i)—(viil) Tou

Optopot 1.1.1 mpoxintouy dueoa.

OpzMOs 1.1.2 Eva pn kevé vnootvolo V' evds ypapuikol ydpov X Oa Aéyetar (ypappkds) vrd-
xwpos tov X, avVe,y e X kma € K wytax+yeV kmaxeV.

Ané tov Opioud 1.1.2 ebvon mpogavég 6Tt xdde ypauwixde undyweog eivar ypauwixdg Y®eog.
Hpogavae to undevind otowyeio avixer oe xdie undywpo tou X. To cldvoro {0} eivan undywpog
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(o tetpupévoc). Erniong, n toun onowwvdfnote unoydpwv tou X eivon unbdywpos tou X.
Mopdderypa. To unocivoho tou R3 nou amoteheitar anéd ta daviopata (z,y,0) elvar évac und-
ywpos. Iewyetpind, propolyue va modue 6Tl o eninedo twv x,y eivon évag UTdYwWEOS Tou TEIdL-
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otatou ywpou. Eriong, xdie eudeio mou diépyetan and v apyn twv afdvwv anotelel undyweo.
‘Opoe wa evdeia mou dev diépyeton and v apy” twv alovev dev anotelel undywpo (enedr xdde

undywpPOC TEETEL Vo TEPIEYEL TO UNdEVIXG drtdvuopa).

OpMmos 1.1.3 Mia mapdotaon tng popens ai1xi + aoXa + -+ + apZy, o € K, z; € X, i =

1,2,...,n, Aéyetar ypauuikos ovvovaouos Twv i, T2, . .., Tn.
OpMmos 1.1.4 Eva olvodo otoeiowv {x1,29,...,2,} Ua Aéyetar ypapkd ekaptnuévo av vndp-
xovy BaOuwtd peyéin oy, an, . .., apn € K, dy1 0Aa unoér, térowa dote oz +ogxra+- - +anty, = 0.

‘Eva otvolo mov bev elvar ypaupukd efaptnuévo Aéyetar ypaupkd avekdptnro.

O Opioude 1.1.4 propet va avadratunwiet wg e€hc: "Eva abvolo ototyelwy evog ypopuxol yweov X

etvan ypopuxd e€apTnUévo €4V xou pOVov av €va amd auTtd UTopel Vo ypapel w¢ Yoouuwixdg ouvduaoudg



Ty urohoinwy. Iapatnerote dtt 10 undevind otoiyelo eivon Ypauuixdg ouVBLACUOS OTOILBHTOTE
dedoyévou ouvdhou ototyeiwy (ndpe Oha ta o = 0 otov Optoud 1.1.3), enopévwe xdde ohvolo Tou

TepLéyet To Undevixd ototyelo elvon yYpopuxd e€aptnuévo.

OrxMmoz 1.1.5 Eva ovrodo otoiyeiwy €vis ypapuikol xapov Aéyetar Bdon tov ypauuikol xopov
av ta otoele avtd efvar ypaupukd aveEdptnra kai, emnAéor, napdyovr to xydpo (6nA. kdle oroyeio

TOU Ypap kol Ydpov umopel va ypagel o§ ypaupikés ovwvdvaouds otoyeinv tng fdong).

OpzMOE 1.1.6 Eva ovvodo {x1,x2,...,T,} Aéyetar nenepaouévn fdon evés ypaupukol yopov X
av etvar ypappukd aveEdptnro kar napdyer to xywpo X. Oa Aéue on évag ypaupikos xwpos éyel

didotaon n av éyea pa menepacuévn fdon mov aroteAeitar ané n oroiyeia.
IMapatnprosis:
1. Kéde undywpoc evéc ypaupixol ywpou ddotacne n Ya tpénet va éyet didotaon < n.

2. Av évag ypopuxdg yweog Exet dldotaom n, ToTe onotadrote n+ 1 ototyela Tou eivon Ypauutxd

eCaptnuéva. Eniong, dev undpyouvy n — 1 otouyeia Tou mou anoteholyv Bdo.
IMapadeiypoto:

1. ¥tov R" ta n davbopata (1,0,...,0), (0,1,...,0),...,(0,0,...,1) etvon ypouuxd aveEdptn-
o (yrorel;) xon anoteloly Bdor. Autd onpaiver 6t xdde ototyeio tou R™ unopel vo ypagel w¢
Yeopuxde ouvduaoude twv dravuoudtwy autdy. Medypat (z1,x2,...,2,) = 21(1,0,...,0)+

<-4+ x,(0,0,...,1). Enopévec o R™ eivon évac ypopuxde ydpos didotaong n.

2. Ac Yewpriooupe 10 y®po P, 1wy moduwvipny Baduod < n. Edxoka uropolye va dolue 6T ot
ouvapthoeic (povdvupa) 1z, 22, ... 2™ evan yoouuxd aveZdptntee (doxmomn) xat, puoixd,

Tapdyouy to Yweo P,. Apa o P, et Sidotaon n + 1.

3. Ag dewproouue 10 wEo OAwY TV ToALLVINLY. O y®pog autdg elvor TpoPaveg évag Ypou-
wxde yopeoc. Aev unopel duwe va Exel didotaon n, yio onolodRroTe Yuoxd n, apol Ta N+ 1
rohuovupa 20, 2t 22 L 2™ elvan ypopuxde aveEdpTNTa, Xou 0TIV TPOTYOVUEVN TapaTAENOY
eldape 6Tt dev elvar Buvatdy e Eva ypauwxd Yoo didoTaong 1 Vo UTdEYouv 1+ 1 Ypouuixdg
ave&dptnta ototyela Tou. ‘Apa 0 YWOEOS OAWY TWV TOALWVIUWY Efval €Vag YRUUUXOS YWeOg

drelpne dido TaoTS.

4. O yopoc v ouveyodv ouvapthoewy Cla, b] eivor évag yhpog dnepne didotaons. (Apxel va

ToPATNEHOOVE OTL 0 YWPOE GAWY TwY ToAWYIRLY Elvor évac uTdywpos drepne didotaong.)



Y10 onueio autd OAOXATPOVOUUE TN GUVTOUY AVUXEPUANIWOY TWV AMOTEAEOUATOV TNG YRUUUXNG
dhyePpag mou Vo ypelaoTolPE 0T GUVEYEL, Xai VA TPOYWEHOOUPE GTNV EVVOLL TWV YOPWV UE

vopUaL.

1.2 Xopot pe vopua (Normed spaces).

OrzMox 1.2.1 Eotw X évag ypaupikos yapos eni evés oduatos K. Mia areikévion
- X =R, 2z
ovopdletar vépua, av 1w0xvovy o1 akéAovies 1016TnTeg:
(i) ||z 20 Ve € X ka1 ||z|| =0 =2 =0.
(ii) ||az|| = |af||z]], Vo € X ka1 € K.
(iii) ||z +y| < |zl + yll, Vz,y € X. (Tprywrixij aviodrnra)
IMapatrenon. Av X eivou évag ypopuxodg yweog ue voppa, téte Vo, y € X woylet
llall = iyl < llz =yl

Anddaln. Eotw x,y € X. Téte [lzf| = [[(z —y) +yll = [lz =yl + Iyl = ll=ll = [yl = [l= =yl
Ouolwce defyvoupe 6t |ly]| — [|z|| < ||lx — y||, ondte npoxinter To {nrolyuevo. O
ITpwv dolye oplopéva mapadelypata ywewy pe vopua Yo anodei&ovpe opiopéva Ponintind anoteAé-

opoTa Tou Yo YEMNOILOTOIJCOUUE O T CUVEYELX.

AHMMA 1.2.1 (ANIZOTHTA CAUCHY-SCHWARZ) Av x1,%9,...,2, € C ka1 y1,y2,...,yn € C, tdre

> _wT| = (Z Ia:i\2> (Z\yﬁ), (1.1)

(6mov pe z ovpBorilovpe to ovluyry tov piyadikot apiduo? z.)

Arndoaén. T xdde a € C éyouue 6Tt

n

> (@i — o) (@i —am) 2 0
1

n n

n n
= D |wl—ad Tyi—ay T+ lal ) |ulF =0 (1.2)
i=1 i=1 i=1 i=1

Av YD |yil?=0,t6te y; =0, Vi =1,2,...,n, xou 10 Mppa 1oy Vel TPoQAvAC.

3

Av 3% wil? # 0, téte Yétoupe ot oxéon (1.2) a = (0, @i 5) /(O [vil?) xu (uetd amd

ueptxéc mpdEelc, Tou aPAVOVTOL Yo TOV avary Vo tr) xatodfyouue otny aviodtnta (1.1). O
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ABMMA 1.2.2 (ANIOTHTA CAUCHY-SCHWARZ) (y1a odokAnpduata)

< (/ab\f(x)l2d:r> (/b o) ds).

émov o1 ouvaptioes [ kail g elvar Tétoie§ ddote va opilovtar Ta odokAnpdpata.

[ rwi@a

Arnddeadn. Avahoyn autic Tou Afupatog 1.2.1. O

AHMMA 1.2.3 (ANIZOTHTA TOT YOUNG) FEotw apiiluoi p kai q térowr dote 1 < p < 00,1 < ¢ < 00
Kai %—l—% = 1. (Avo téroior aprdpoi Aéyovtar ov{uyeis extéreg.) Tére ya kdde npayparikodsa,b = 0
1wy Vel

al b9

ab < — + —.
p q

(Tha p = q = 2 efvar ) yvwotr avoénra apripnTikot-yeopetpikot péoov: ab < 1(a? +b?).)

Anédaén. Tewpetpind, oc Yewphoovue T ypupxh Tapdotaon g xeuriing y = 2P~ L (f z =
y/P=) B, Syfpa 1.1.

y
e
b
Ej
Eq
0 a X
Eyhuo 1.1:
a v b 1 i ] pPoT
Tote By = [ aPlde = % xou By = [ y /gy = [ L2 = -
p 1+pj 0 p—1
’ 1_1_1 — b £ — b
Ouwg 7 =1 p:>q—p_1,onorsE2— T

; < <@
[Tpogavag ab = By + Eo = ab = v + T
(H nepintwon e 10btntoc npoxintet xou néht edxoha and 0 ypapxh mopdotaon e y = 2P~

apot Yo npéner b = aP~! = aP/1 = aP = b9.) O

AHMMA 1.2.4 (ANIZOTHTA TOT HOLDER) (ye efpoiopata). Eotw 1 < p < oo ka1 1 < q < oo,

TéTo1a HOTE %D + L = 1. Tére ya kdOe 21, 29,...,2, € C ka1 yy,ys,...,yn € C, éxovue

q
n n 1/p n 1/q
D il £ (Z |xi|1’> (Z |y2-|q> :
i=1 i=1 i=1
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(Iapaztnpriote 6u ya p = q = 2 efvar n aviodenra Cauchy-Schwarz.)

Andbeaén. Eow A:= (D", |2;[P) P e B = >y lys| ). Mrnopolpe va urodéooupe bt A

xou B # 0 (ytl;) xan va egoppdoovpe v aviodtnta tou Young yto Toug aprduoie ‘fj' xou %'.

Téte éyouue
i yil o |zil? |yl
AB T pAr  ¢qBY’

Adpoilovrac yia 7 = 1,...,n, éyouue
AB Z|$Zyl| = Ap Z| Z| + Z|y2|q_ _:1'
Apa, D3I ziyil = AB. O

AHMMA 1.2.5 (ANISOTHTA TOT MINKOWSKI) (yia afpoiopata). Eotw 1 < p < 00 ka1 x1,Z2,...,T, €

(C; Y1,Y2, .- -, Yn S C. Té‘L'G

n 1/p n 1/p n 1/p
(ZW +yi|p> = <Z|ﬂfz|p) + <Z|yz|p) .
i=1 i=1 i=1

£ z I 4 4 2 4 7, 1 1 —
Arnédaén. ApXonc, ponddet va mapampricoupe 6t av 1 < p < oo xau g elvon t€to10 WoTE 5+ 4 =1,

t61€ ¢ = 25, onbre
n 1/q n 1/q n %
(z (|ci|p—1>q> _ (z |cz.|p> - (z |cz-|p> | 03
i=1 i=1 i=1
Taopa
n n n n
DlmitwilP = D lmitwillw +wlP T 2wl eyl D (il | il
= i=1 i=1 i=1
n 1/p n 1/q n 1/p n 1/q
= () (mrnte ) () (S o)
i=1 i=1 i=1 i=1
(13) n 1/p n 1/p n %
2 (S )+ ()| (Swenr)
i=1 i=1 i=1
Enopévac

p—1

n l_T n 1/p n 1/p
(Sctut) () (Smr) -
=1 =1 =1

n 1/p n 1/p n 1/p

(Srnr) = (L)« (Swe)

=1 =1 =1

A

A



AHMMA 1.2.6 Eotw 1 <p < oo ka1 1 < g < 00, téroia tote % + % = 1. Téze wyve n avicétnra

wov Holder y1a odokAnpouara

[ 1rawia = ([ 1) |pda:)1/p ([ towear) "

ka1 1) avioétnta tov Minkowski yia odokAnpaduata

(/ab|f(w) +9(@)[ d:r>1/p < (/ab|f(x),pdm>l/p+ </ab |g(q;)|de> 1/p'

Z /. z / 7 /
(Or ovvaptijoers f ka1 g efvar téroieg dote va opilovTar ta odokAnpduata.)

Anédaln. Etvon eviehog avdhoyr exclvoy tov Anpudteoy 1.2.4 o 1.2.5. 0
IMopadeiypata voprov.

1. 1o yopo R™ (1 oo yodpo C"), opilovye i xdde x = (z1,22,...,Zn),
" 1/2
[z := (Zlﬂ«“ﬂz) :
i=1
Ov Wibtnree (i) xan (ii) tou Opiopod 1.2.1 npoxdntouy duecd, €Vd 1 TELyWVIXY aviodTnT
anodetxvietar pe 1 Pordeta e aviodtntag Cauchy-Schwarz, BX. Afupa 1.2.1.)

Ernlong optlouye

n
el = e,
=1

xou
lzlloo := rmax f:l-
Edxoha anodetxvietar 6t ot || - [|1 xou || - ||oo Elvon mpdrypartt vépuec.

2. Yo ypopuxd xhpo twv ouvexmv ouvapthoewy Cla,b] (enl Tou COUATOC TWY TEAYUATIXGDV
aprdudyv) opiloupe
I lloo = Cla,b] = R, [| flloo := sup [f(x)].

aZz<b

('Aoxnomn: Anodeilte 6t 1 | - || €lvar vépua.)

3. Y10 ypauuxd Ympo twv ouveywy ouvapthoewy Cla, b] el Tou oMUATOC TwY TPaYUATIX®Y (1

TV wyadixdv) oprdudy, opiloupe

11> = </b |f(x)|2da:> "

O Wbt (ii) touv Optopot 1.2.1 eivanr tpogavic, eved 1 bty (i) (tprywvied aviodtnta)

npoxinte and v aviodtnta Cauchy-Schwarz (BA. Afupa 1.2.2). Enione eivon npogavéc Tt

7



| fll2 2 0. Opwe to mb Aentd LRtmua 610 mopdderypa autd agopd v Wibtnta || fll2 = 0 =
f =0. To undevix6 orotyeio tou ydpou Cla,b] eivar 1 ouvdptnon tou undevileta Tautotxd

oe oh6xhnpo To [a, b].

Av Bev TEPLOPIOTOVUE OTO YWEO TWV GUVEYXWY GUVIPTACEWY BEV elvar €V YEVEL 0WOTH OTL
x&de pn undevixh ocuvdptnon f nou opiletar o€ éva xhetoté ddotnua [a, b] €xer ohoxhfpwua

0, 1

fab |f(z)|? dx # 0. Tépte, yia nopdderypa, T ouvdptnon f(z) = vF Mpogavae 1
1, z=1

f dev eivon n undevixr; ouvdptnon oto [0,2], buwe f02 |f(z)]? dz = 0.

Yy nepintwon Sung TV owreydy cuvapTAoewy dev ypetdletar va avnouyolue wiaitepa. To
axbhoudo Mppa eCacpahilet 61t o yodpoc Cla,b] epodiaouévoc pe ) vopua || - |2 txavornotel

v Wt || flle =0= f =0, xou dpan || - |2 elvon vopua.

AHMMA 1.2.7 Ay [ efvar pa ovvexns avvdptnon kai f; |f(z)]?dz = 0, tére f(z) = 0 ya

kdle x € [a,b].

Arndbeén. Ac urodéooupe b1 undpyer xdroto xy € [a,b] tétowo wote |f(xg)] = M, M > 0.
Enedd n f eivon ouveytic, undpyer éva Sidotnua, éotw (c,d) ye a = ¢ < d = b, mou nepiéye

10 T, XAl G6TO Onolo ‘|f(a;)] - M‘ < . Tére yia xéde z € (c,d): |f(z)] > &L, xen dpo

/ab\f(x)|2dx§/cd|f(x)]2da:>/cd <%>2dx:(d—c)MTQ>0.

"Atomo, agol and v unddeon éyoupe bt f; |f(z)]? dz = 0. O

. Xtov R" opiCouye 10 véppa

n 1/p
||':U||P = <Z |$Z|p> ; r = (xl)m% s 7$n)'
i=1

Ovwidtnrec (i) xou (ii) Tou Optopot 1.2.1 ebvon tpogaveic, eved 1) TErywVIXY avio ST T AmodELXVE-

Tou pe Tt Pordela g aviedtnTag Tou Minkowski, BA. Afupa 1.2.5.

. Xtov Cla, b] opiloupe v anexdvion

b 1/p
by Clatl =& Wl= [P a)
('Aoxnon: Anodeilte bt efvar vépua.)

. 210 ypopuxd Ywpeo v ouvexwyv ouvapthoewy Cla,b] enl ToU COUATOC TV TEOYUATIXGY

aprduddy Yewpd wot ouvdptnon w , 1 onofa efvar Yetxh 6710 [a, b] (extéc iowe and pepovouéva



onueio oto omofor undeviletar) xar v Ty onoia opiletar 10 ohoxAfpwua f:w(:n) dx. Téte

optlouye TNV amexévion

b 1/2
Il Clat] = B, || fl = (/ |f<w>12w<x>da:) |

7 4 4 4 7 4 z z z I
Anodewvietoa bt 1 || - [|2,w ebvar vépua. H ouvdpmon w Ayeton auvdptnon Bdpous, 1 anhd

Bdpos.
e Ypopuxolg yweoug HE vopua utopolue va opiooupe xon TV évvola tng olyxMong.

OrzMor 1.2.2 Eotw (X, ||-||) évag ypappikds ydpos pe vépua. Aépe 6t n axolovidia (x,)neny C X

ovykdiver tpog éva otoyeio v € X, av wyve ||z, — || — 0, kaldgn — oo.
IMapadelypoto.

1. Ztov (R™, || - [|2)-

Oewpd pra axohoudio 2™ croyeiwy tou R™. (Anh. av k € N, z(*) = (azgk), a:gk), e ,mf{“)) )
‘Eyoupe 6Tt
2™ Sz zeRY s |20 — zlly — 0, xadde m — oco.

2 2
Téte Vi = 1,2,...,n, (acgm) —azi) <> (acgm) —:EZ') — 0, m — oco. Anhad¥, wa
axohoudia (™) Growyeiwy Tou R™ cuyxhiver o’ éva Sidvuopa 2 € R™ edv xar wbvoy edv xdde
(m

axohouvdio (a:

) ’, )\/ ( )\ ’ﬂ, ’ 'ﬂ ’ )
i TWY OUVIOTOOWY OUYXALVEL (0OC AXOAOQUULX TTRAYUATIXWY AQUUWY) OTNY

avtioToyn CUVIOTOON ;.

2. Ztov Cla,b] pe ™ vopua || - |loo, ot axohouvdia (fy), oy ouvapthoewy tou Cla,b] ouyxhiver
oe woa ouvdptnon f € Cla, b], av

sup |fu(z) — f(2)] — 0, xadidg n — oo.
aZlz<b

3. Av egobdidoouye tov Cla, b] ye ™ vépua || - ||2, téte

b
fn—>f<:>/ |fu(z) = f(x)]Pdz — 0, xadde n — oco.
4. Oewpolpe Tic ouvopthoes fp(z) = e ™, n = 1,2,.... Eiva npogavéc 6t f, € CI0,1].
’ ’ ’ / / z 07 T € (07 ]‘]
Eriong, edxoha propotye va dolpe bty xdde x € [0, 1], fr(z) — f(z) == ,
1, =0
xadde n — oo. [apatnpriote dtt €8 avapepduaote aTn olyXhon TG axohovdiog Twy aprd-

wov frn(z) Y omoodhitote & € [0, 1], xou 6yt 611 60YyxMon g axoloudiag Twy ouVIPTHCEWY



frn av ™ Solue wg axohovdio GTOLEIWY EVOS YOPOU CUVAPTACERY EPOBIACUEVOL UE Wit VOP-
wo. AxpiBéotepa, evvoolue ot 1 f,, — f xatd onueio. Edxola duws unopolue va dolye 6Tt
fn — [ o¢ mpog ™ vépua || - [|2. Opowe f & C0,1] wag xou etvor acuveyhc.

Oewpolpe thpa ) ouvdptnon fo(z) = 0, Vo € [0, 1], nou mpogavie avixer otov C0, 1].
Evdiogepbpacte va e€etdoouye xatd néoov f,, — fo UE TNV évvola TG oUYXALONG GTO YOEO
C10,1]. H andvtnon e&aptdron and tn vépua pe v onoia Yo egodidoouye to yohpo C[0, 1]. Av
xpnoonotiooupe ) vopud || - ||oo, t6TE fr /4 fo, 2ol | fr,(0) — fo(0)] = 1, Vn, xat entopévee
supg<z<i | fn(z) — fo(z)| 7 0. Ard v dhkn pepid, av Yewpriooupe 10 yopo C0, 1] pe

VéPW H : ||2a 1é1E ||fn - f0||2 = fol e 2Ty — 0, n — oo.

Apa mapatnpolue 6Tl ol axolovdia CUVEYWY GUVIPTACEWY UTOPE! Vo GUYXAIVEL WC TTPOS TN
vépua || - [|2 oe wo aouveyr ocuvdptnom, av xar Sev pmopel va cuyxAIVEL OUOLOUOPPA OE WLl
aovveyr ouvdptnon. Eniong, eidaye 61t 10 dpro we mpog ) vopua ||-||2 dev ebvor povadixd, agpot
N T VOGS ONOXANPOPATOC BEV UETHBAAAETAL oy AAAGEOUPE TNV TN TNG TPOS OAOXATPWOT)

ouvdptnong o éva menepaouévo thfdog onpeiny.

OrpzMOE 1.2.3 Eotw X évas ypaupxds xapos kar || - ||, ||| - ||| 6V vépues oror X. Or vipueg

avtés Oa Aéyovzar 10000vaues av vrdpyovy Jetikés otalepés m kar M, téroies dote
Ve e X m |zl < [[Jzf]| = M|

OpzMoz 1.24 Eotw (X, || - ||) évas ypaupuxds xdpog pe vépua kar (x,)nen pia axodovdia ooy
X, Oa Aéue én n (xy,) evar akodovdia Cauchy (wg mpog tn || - ||) av

Ve >0 IN €N, térow dote ||xy, —zp| <&, Vm,n = N.

OrzMOE 1.2.5 Evag ypappikds yapos pe vépua (X, ||-||) Aéyetar mArpns av kdde axolovdia Cauchy
(ws mpog Tn || - ||) ovor X ovykdivar (ws mpog T || - ).

OrpzMor 1.2.6 Eotw (X, || - ||) xar (Y,]|] - |||) 6%0 xdpor pe vépua. Mia anaxévion T : M — Y,
M C X, Aéyetar ovveyxrisc oto x € M, av ye kdOe¢ axodovdia (x,)nen oTOWElY TOU M e
Ty — x = T(x,) — T(z). (Ankedn ||z, — x| — 0 = |||T(z,) — T(z)||| — 0.) HT Aéyetar

ovrexns o’ éva avvoro My C M, av elvar ovveyng o€ kdle x € M.

Y1 ovvéyewa Ya napouctdooupe ywplc anddellr optopéva anoteAéopata Tou Yo UaS YPEWT TOUY

O CUVEYELL.

ITroTAsH 1.2.1 Ye éva ypappixd ydpo merepacuérng d1dotaons 6Aes o1 vépues elval 0odvape.

10



OrpzMoz 1.2.7 Eotw (X, | - ||) évas xdpos pe vépua kar K C X.

(i) To K Aéyetar kA€ot av ya kdOe akodovdia otoyeiwv (xy)neny C K pe z, — v =z € K.

(AnAadn} av to dpio kdde ovykAivovoas akodoviliag tov K avikel oto K .)

(i) To K Aéyerar gpaypévo av vndpyer Jetikrj oradepd M térowa dove ||z|| < M, ya kdle
r e K.

(iii) To K Aéyetar ouunayés, av kdde akodoviia otoryeimv tov K éyer pua ovykAivovoa vrakodov-

Uia mov to 6p16 g avijker oo K.

IMopdderypa. Ytov (R,]-|) 10 obvoro [a,b] ye —oo < a < b < 0o eivar xheto 6, Pporyuévo xa
ovunayéc. To oOvoho [a,b) eivor ppaypévo ahhd dev elvar xhetotd, evd 0 R eivon xhetotd ahhd

oev etvor ppayuévo.

ArMMA 1.2.8 Eoto (X, || - ||) évas xdpog pe vépua ket K C X ovurayés. Av M C K kAewotd,

Z z V4
téte to M efvar ovunayés.

[TpoTATH 1.2.2 Eotw (X, | - ||) ka (Y, ||| - |||) 600 xdpor pe vépua kar T : X — Y i owvexrig
aneikérion. Av K C X efvai ovunayés, tote kammto M :=T(K)={ye€Y : 3z € X pey=T(x)}
etvar ovunayés. (Ankadn n eikdra evés ovunayods owdlov péow pag ovvexols areikérions eiva

ouurayés advolo.)

I'voptloupe 6t av f: [a,b] — R elvou ouveyhc ouvdptnom, téte hapBdver oo [a,b] 10 péyioTto xou

10 eAdytotd g. To anotéleopa autd yevixeleton otny axdiovidn npdtao).

ITroTAsH 1.2.3 Eotw (X, | - ||) évas xdpos pe vépue, K C X ouvunayés ka1 f : K — R

z z z 7 * ’ 7
owvexns ovvdptnon. Tére vrdpyovr x* ka1 x, € K, téroie wote

f(zs) = inf f(z), f(z7) = sup f(z).

zeK zeK
(Anhadnj a ovvexris ovvdpTnon AapuBdver oe kdle ovunayés odvodo to uéywoto kar to eAdyoTd
ws:)
To axdéhovdto Muua diver wa avaryxator cuvixn Yo va etvan €va UTOGUVORO EVOG YWEOU UE VORUA

ouunayéc.

ABMMA 1.2.9 Eoto (X, | -||) évag xdpog pe vépua kar K C X. Av to K efvar ovurayés, tdte to

K elvar kAewotd kar gpaypévo.

OEQPHMA 1.2.1 Eoto (X, || -||) éras xdpos pe vépua nenepaouévng didotaons. Av K C X elvar

/7 / Z Z /
KA€10T6 ka1 ppayuévo, tote to K eivar ovunayés.
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1.3 Xdpot pe ecwtepixd ywvouevo (Inner product spaces).

Yy nopdypago aut Yo TEPLOPIO TOVUE OE YRUUULXOUS YWEOUS ETL TOU COUITOS TWV TEAYHATIXDY
7, 4 4 z /. /. I3 7 7
aprduodv. (Ta nepiocdtepa and autd nov Ya molue yevixebovio ywpic iaitepn Suoxohia xo yio

TNV TEPITTWON TWV UYANKDY YPAUUADY YOPWY.)

OrzMor 1.3.1 Eoww X évas mpaypatikds ypapuikds xapos. M araxdévion (-,-) : X x X — R
Aéyetar eawtepixé ywiuevo otov X, av elvar ypauuikn ws npog kdle petaPAntni tng, ouppeTpikn

ka1 Oetikd opiopévn, dnAadn
(i) (x+y,2) = (z,2) + (y,2), Vo,y,2 € X.
(i) (Ax,y) = XNz,y), VAER, z,y € X.

(iii) (z,y) = (y,x), Va,y € X.

(iv) (z,z) >0,Vre X\ {0}

Téte 0 X Aéyetar Ydpos e eawTEPIKS YvOUevo.

OrzMOE 1.3.2 Eoww X évas ypaupukds xdpos pe eowtepiké ywipevo (-,-). Tae z,y € X Ua
Aéyovrar oploydvia av (x,y) = 0. (XuvpuPohouds: = L y.)

AHMMA 1.3.1 Ye éva yopo pe eowtepikd ywouevo wyve n avwdétnre wwv Cauchy-Schwarz

Ve,ye X [(z,9)] = V(z,2) v/ (y,9)-

Anédaén. 'Eotww z,y € X xau A € R. Ipogavae (z — Ay,z — Ay) = 0 (&émta (iv) otov
Opioué 1.3.1). Xpnowonoidvtag Tic IBLOTNTES TOU EOWTEPIXOU YIVOUEVOL 1) aVIGOTNTA AUTY| YPAPETAL

e

(v, Y)A? = 2(z, )\ + (z, ) = 0.

H tehevtala oviodtna toy et yio xdde A € R av 7 Sraxpivouoa tou tpiwvipou etvon un Ve, dnA.

av 4(z,y)? — 4(y,y)(z,2) L 0. O

ITrotasH 1.3.1 Eoww (X, (-,-)) évag xdpos pe eootepiké ywipevo. Tote pe ||z|| == /(x,x),

x € X, opiletar pua vépua ovov X, n omoia Aépe 6t napdyetar ané to €0wTEPIKO YwOUEVO.
Arnddeaén. Aphvetou wg doxnon. O
AHMMA 1.3.2 Fotww (X, (-,-)) évag xdpog pe eawtepiké ywiouevo. Tdte

(i) Yo,y € X: o+ gl + llo - yll2 = 2] + 2]y|*. (Kavévas zov rapaldmhoypdnyiov)

12



(ii) Yo,y € X pe (z,y) =0 = [z +y[* = ||=]]* + [lyl]*. ([Tvdaydpeo dedpnua)

Arnddaén. ‘Eow z,y € X. Téte

lz+yl? = (@+ya+y) = =) +20y) + |yl (1.4)

lz —yl* = (z—y.x—y)=z® - 2(x,y) + |y|*. (1.5)

Mpoodétouvpe tic (1.4) xan (1.5) xatd uéhn xou npoxdnter apéons 1 (i).

Av (z,y) =0, té1e and my (1.4) éyoupe dueoa to Tudaydpeto Vedpnua. O
IMapatrpnon.
1. Ebxola unopel xavels va amodelZel enaywyxd 6t av x1,Z2,...,2T, € X pe (z4,2;) = 0 e

i 7 J, 0t lor az o wnlP = (e + ol 4 4l

2. Eidape 611 xdie voppa Tou TapdyeTon and £V EGWTEPIXO YIVOUEVO IXAVOTOLEL TOV XAVOVA TOU
7 7 4 4 4 4 4 7

nopahhnhoypdupov. Avtiotpogpa, unopel vo amodetydel 6t xdde vépua mou txavornolel tov

XAVOVOL TOU TAPAAANAOYPAUUOU TTapdyeTon amd EVa ECWTERPLXO YIVOUEVO, CUYXEXPWEVA, and TO

4 4 4
axdérovdo EOWTEPLXO YLVOUEVO

Veye X (z,y) = (le+yl* —llz —yl?).

-

IMapadelypata YWEwY UE ECWTERIXO YIWOUEVO.

1. ¥tov R"™ opiloupe 10 (euxheidelo) ecwtepind YvOUEVO
n

(:1:7y) = (flf,y)g = le Yis
i=1

Vm,yER”, T = (wIJxQJ"'7$n)J Yy = (y17y27"'7yn)-

2. Ytov Cla,b] pe (-,-) : Cla,b] x Cla,b] — R,

b
(1.9) = [ (o) do
opiletar éva ecwteptnd YIvOUEVO.

3. Eotw w: [a,b] — R wo Yetnh| xou ohoxhnpdoryrn ouvdptnor Bdpouve. Téte pe

b
U@wz/ﬂMMW@M,

/c 4 4 4 4 C b
opiletar eniong évav ecwteptxd yvépevo otov Cla, b].
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IMapatrenon. Edaue 61t oe éva yodpo ue eowtepind Yivouevo opileton mdvta ma vopua, 1 omola
TORAYETOL UG TO ECWTEPIXS YIVOUEVO Xal IXavoToLel Tov xavéva tou mapalinhoyeduuou. Ilpocoyt
ouwg: Aev eivon 6Aot oL Yot UE VOpUA, YWEOL ECHTEPLXOV YIVOUEVOU.

ITy. Yewphiote tov C[0,1] pe t vopua || fllo = max,ep1) [f(z)]. Oa Seifoupe 61t 1 vdpua
auty) dev umopel va mopayvel and éva eoWTEPIXG YIVOUEVO, DLOTL DEV IXAVOTOLEl TOV XAVOVAL TOU
rapadnhoypdupou. Ildpte, v napdderypa, f(x) = 1 xa g(z) = z. Ipogavee f,g € C[0,1].
Eyovpe |flloo = 1 xat ||g]|loc = 1. Opoc f(z) + g(xz) = 1+ 2z, xou dpa ||f + glloc = 2, eV
f@) = g(@) = 1 -, enopévac [If — gl = 1. Buverdc [If +gll5 + [If — gl = 5,
27112, +2llglZ, = 4.

AHMMA 1.3.3 Eoww (X, (")) évag xdpos pe eowtepikd ywiluevo kar x, — T, Yp — Y, TOTE

(Tny Yn) — (x,y). (Zuvéyea tov eowtepikol ywopévouv.)

Anédoeaén.

A

[(@n,yn) — (2, 9)] [(@nsyn) = (T, ) + (20, y) — (2, 9)]

S @ Yn — Y+ (@0 —2,9)] = zall lyn — yll + lzn — 2| ly]| — 0.
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Kepdiowo 2

BeATtioteg npooeyylosic o ywpoug

UE VOpUAL.

Y10 xe@dhono autd oxohovdolue xuplwg Tig onpelwoelg tapaddoewy tTou I'. AL Axpifin, BA. 1] ot

BiBhoypagpia.

2.1 Béktioteg npooeyyloelg - 'Tropdn.

OpMmox 2.1.1 Eotw (X, ||-]|) xdpos pe vépua, Y C X, xz € X. Eva ovoeio y* € Y (av vrdpyer)
TéT010 HoTE

le =yl = llz—yl VyeY,
Aéyetar fénioTn mpooéyywon tov x and o Y.

OrpzMor 2.1.2 Eoww (X, || -||) xdpos pe vépua, Y C X, x € X. Opilovue wg anéoraon tov x and
0 Y tny moodtnta

d(z,Y) := inf ||z —y|.
(2, Y) = Inf [|lz =y
Ernopévag éva aroryeio y* € Y Aéyetar Bédniotn mpooéyyon tov x and to Y edv
[ =y*|| = d(=z,Y).

Y1 ovvéyela Yo anodei€oupe v Omapén PéAtioTwy npoceyyioewy dtav o clvoho and 1o onolo

mpooeyYiCoupe elvar €vag UTOYWEOS TETEPACUEVNS BLAo TAONG.

OEQPHMA 2.1.1 (OEMEAIQAES OEQPHMA OEQPIAY NPOSEITISEON.) Eotw Y undywpog tetepacuérng

didotaong evis yapov pe vépua (X, || - ||) ke x € X. Tére vndpye y* € Y térow dote
x —y*|| = inf [z —y].
lz ="l = inf f|lz =y
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AnA. vndpyer BértioTn mpooéyyon tov x and ooiyeia Tov Y.

Arnddadn. Emedr) 1o Y elvan undywpog tou X éneton 61t 10 0 € Y. "Apa av y* elvon PéhtioTn
npooéyyion, téte ||z — y*|| £ ||z — 0| = ||z||. Enopéve apxel va avalntiooupe 1o y* avdyeoa oe
otoyeia y tou Y yia ta onola ||z — y|| £ [|z||. Eivon dpwe Bohixd vo peyahdooupe Myo to odvoro

autd. IMapatnpolye howmdy b av y € Y pe ||z —y|| < [|z||, téte Do éxoupe:
Iyl = lly =z + =l = llz — yll + [lz] = ll=ll + ]l = 2[l]-

Oewpoiye emopévag 1o ohvoho S = {y € Y : |y|| = 2||z||}. To S eivor xhetot6 xou gpaypévo
UTOGUVOAO EVOC YRopUIX0U YOPOU TENEQUCUEVNS DIACTAONC, ot P EIVOL CUUTAYEG.

Oewpolpe ) ouvdptnon f: S — Rpe f(y) == ||z —y||. H f eivon ouveync, agoi
F@) = f@) = |llz =yl = llz =2l = lz =y + 2z = zl| = [ly = =[]
Enopévwe 1 f hayfBdver ato S ehdyioto, dnh. umdpyet y* € S, t€t010 HOTE
o=y = inf o — .
Emunhéov, av y € Y\ S, t67¢ ||y|| > 2|z, ondre
ly =zl 2 llyll = ll=ll > 2l|zl] — [l«] = ||zl = lz = Ol = llz — y"[],

agol 0 € S. O

IMapathenon. H unddeon 6t o Y elvar undywpog nenepacuévng ddotaong etvon Bacuxr]. Ocwpn-

ote, Yo mapdderypa, 10 xHpo (C [0, 3], - [lso), ot éotw P 0 unbywpoc Ghwv TV TOMNGVILGY.

Botw axéun f(z) == 1. Tpogavix f € C [0, 3]. Ocwpfiote tipa v axohoudia py, (z) = ka
k=0

Téte lim p,(z) = f(z), dnh. f(z) = Z ¥ o 1) oe1pd ouyrMiver opotbpoppa. Ank. Ve > 03N €

k=0
N:|f(z)—(Q+z+-+2V)| <e 0 <2 <1/2. Enopévec av undpyet BEATIOTN Tp0cEYYION TNG

f anb tov P, éow p*, Yo npéner va xavorotel || f —p*|| =0 = f = p* = p*(z) = == ¢ P, dromo.

2.2 Movadixotnta BEATICTWY TpooeYYioEWY

Edw Yo ayorndolue ye v nepintwon npocéyylong and undywpoug xot Yo ddoouue ocuviixeg und
Tic omoleg 1 BéATIo TN mpooéyyion elvan povadixy.

Ou Eextviiooupe pe 60O oplopole.

OrpzMor 2.2.1 Eoww (X, || - ||) xdpos pe vépua. Ovopdlovue to ovvoro S := {x € X : ||z|| = 1}
povadaia opaipa tov X (g mpos tn vépua || - ||).
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OrMmoz 2.2.2 Eva vrootvolo K evés ypaupikot yapov X Aéyetar kupté av ya kdbe x,y € K
kar yia kde A € (0,1) : Az + (1 — Ny € K.

IMopdderypa. Yto Uyfua 2.1 ta A, B ebvor xuptd, eved ta C, D elvar un xvptd.

Yyfuo 2.1: TMapadelypota XUPTWY XAl U1 XVETWY CUVOAWY
ITPOTASH 2.2.1 Eotw Y évag vndywpos evds xdipov pe vépua (X, | - ||) ka1 x € X. Eotw B o
oUrodo twv Béltiotwr mpooeyyioewy tov x ané tov Y. Tdte to B elvar kupté.

Arnédaén. Av 1o B = (), t61e 0 wyvpopds eivar mpogavae odndfc. Eotw tdpa y1,y2 € B.
Anh. Yo woylel ||z — ]| = ||z — y2f| = d(z,Y). Eow A € (0,1). ©éhouye va deiZoupe Ot
Ay + (1= Ny € B.

|2 — (Ay1 + (1 = Nya)||

Mz = 1) + (1 =A@ —g2)|l

S AMlz=wmll+ 0 =Mz =y
= Md@,Y)+ (1 -Nd(=Y)=d(Y).
Yuvende 10 Ayp + (1 — N)ya € B, xou dpa to B efvar xuptd. O

IMapatrenon. Lopgeva pe v Mpdtaon 2.2.1, napatneoliye 61t dtav tpoceyyiloupe and undyweo,
té1E 1) Bev undpyel PéNTioTn TpoaEYYion, 1) uTdpyet axpBag uia, 1 undpyouv dnetpeg.

Y ovvéyeta Yo e€etdooupe yhpoug otoug omoloug 1 BEATio T Tpocéyyion yia xdde oTotyeio
TOU YOPou o amd xdde LTdYwEd Tou TEmepacuévng didotaong opileton XaTd Lovadixd TEOTO.

Téotol elvar o1 auoTnEd xupTol YdeoL.

OpMox 2.2.3 FEotw (X, || -|]) xdpos pe vépua. Aéue 6t n povadiaia ogaipa tov X efvar avotnpd
KupTh av 1oy vel

nyeX, 1iy, ||mu=|ry||=1:'

T+Y
— || < L
Tére Aéue enions 6n n vépua || - || elvar avoTnpd kuptd, 1§ axdun dri o (X,| - ||) €var avoTnpd

KUPTOS XWPOS e vopua.
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IMopdderypa. Av dewphioovue 1 povaduida ogaipa 1o xdeo (R[] - [|l2) (BX. (i) ot0 Syhua 2.2)
evar mpogavée bt av = # vy, |zl = |yl = 1 = HITWHQ < 1. Av bpwg VYewproouue
povadradar ogaipa oo xbpo (R, ||« [loo) (BA. (ii) ot0 Syfua 2.2), 161€ [|2]l0c = [|ylloc = 1, ehR&

o HHyH =1.

lixl} =1 lIxl= 1

K X x x4y)2 y
+y)I2 \\
y
_1!/1 -1 0 1

() (ii)

Yyfuo 2.2:

IMapathenon. Fewpetpixd, n povadiaio opalpa Va etvar auoned xupth av dev teptéyet euvdiypauua

TUAROLTAL.
AHMMA 2.2.1 Eowo (X, | - ||) xdpos pe vépua. Ta axélovia eivar iwwoddvapa:
(i) O (X,| -]|) evar avoTnpd kuptds xdpog.
(i) Av z,y € X pe ||z +y| = ||zl + ||y|l, tdre ta z,y elvar ypaupikds ekaptnuéva.

Arnddeén.

(ii)=(i) Eotww 6t wyber n (ii). Téte énetan dueoa ot av ta z,y ebvon ypoauuxds aveldptnta, tdte
Iz +yll < llzll + llyll-
Eotw z,y € X, x #y e ||z = |ly|| = 1. Eotw o, 5 € R ye ax + By = 0. Tére

0 = llaw + Byl 2 [laall = I18y1l| = |lol 2]l = 181 1lyll| = |lal - 15
= |o|=10] = a==£4.

Apa o £ y) = 0, xan ouvend eite v = § = 0, onbte 1 x,y eivon ypoup. aveldptnta, f o = —y.
Av 1o @,y etvan ypapp. aveldpnra, t6te || || = Lz +yl < 3 (2| + [ly]) = 1.
Av z = —y, 161 TPOYavire || || =0 < 1.

(i)=(ii) Apxel va dei€oupe 6Tt av dev oyler 1 (ii), téte dev woyder 1 (). Av dev woyle 1 (ii), téte

Yo undpyouy .,y yeauwxds aveddptnta tétow Mo te ||z + y|| = ||z|| + ||lyll. Ac unodéooupe ywpic
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BAEBY e yevixdtnroag 6 [|z]| = [lyl|. Opilouye

* x *
= xou Y= .
] [yl
Téte npogavac ||z*]| = [|y*|| = 1 xou (emetdf ta T z, y elvan ypopy. aveldptnta) o* # y*.
Apa apxei va deifouye 61t ‘ s
* * €z Y Y Y
P
Tl Tl " Tell ~ \Tial ~ Tl
1 1
2 lz+yll - [yl
[l || =l Tyl
1 1
— e el 1) = (o = or ) ol =
H I i Myl

(]
Apa abpgwva ye 1o Afuua 2.2.1 unopodyue evolhaxTixd Vo SOGOVUE xat ToV axdhoudo oploud

NS AUOTNENEC XVPTOTNTAG.

OrzMOr 2.24 Eoww (X, || - ||) xdpos pe vépua. Aéue éni n vépua || - || eivar avotnpd xupth (n

povadiaia ogaipa tov (X, | - ||) evar avotnpd xupth, o (X, || - ||) evar avotnpd kuptdg) av wxle
z,y € Xt lw+yll = llzll + [yl = =,y ypappuxd efaprnpéva.
Oa anodeifovye TpA TN povaddTTA TG BEATIOTNG TPOCEYYLIONG OE AUG TNEd XVETOUE YWEOUS.

OEQPHMA 2.2.1 Eoto (X, ||-||) évas avotnpd kuptds xdpos e vépua. Av oY eivai évag vndywpog

tov X, tdte Vo € X undpyer to moAv pia PédtioTn mpooéyyon tov x and tov Y.

Andoaén. Av x € Y, t61e 1 povadu Béhtiotn mpooéyyion tou T and tov Y elvon mpogaves to
(B0 o .
‘Eotw howdy = € Y xou y1, y2 Péltiotec npooeyyioec tou = and tov Y. Anhadd ||z — y1|| =

|z = y2|| = d(z,Y). Tére

Y1 + Y2 T — Y T — Yo 1
Hx_ 2 s+ || £ 5Ule = vl + e = p2l) = d(,Y)

= @ —y) + (@ —w)l =2d=Y) = [lz -yl + |z — g2

Enedr] o X elvon auotnpd xuptde, €netal 6Tl & — Y1 XU T — Yo EVOL YPOUU. EEUQTNUEVA, Gpol UTAPYEL
ANeRiz—yr=NMoe—y2) =1 -Nzxz=y1 — Ay2. Enedfy1 —Ay2 € Y xou 2 €Y, Yo npéner
AvaYXUoTIXE A = 1 = y1 = 1. O

Agtyvouye twpa xat 10 avTioTEOPOo TOU TEONYOVUEVOU VEWPRUATOC.
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OeQPHMA 2.2.2 Eoto (X, | - ||) évas un avotnpd kuptés xawpos pe vépua. Tére vndpyer évag
undywpos Y tov X kar éva x € X, térowa dote va vrdpyovy 6o (ka1 ovvends dreipes) PéXTioTeS

Tpooeyyloes tov x and tov Y.

Anédaén. Agol o (X, || -||) dev eivor avotned xvptde Yo undpyovy u,v € X, u # v, xau [jul| =
o]l = || 2] =1 (BA. Opropé 2.2.3).

Oétovpe Y = span(u — v) = {AMu —v), A € R} xou x := —v. Ou deifouvye 6t 10 Y1 := 0
xa 10 Y2 = u — v elvar BéATIoTEC TPOTEYYioES Tou T and Tov V. Oftoupe axdun y = 52, (BA.

Eyfua 2.3), xou Yo deifoupe ot

2 = yill = llz — w2l = [l= — yll.
o X
Y
0=y, y ¥,
Eyfuo 2.3:
Mpdrypatt,
o = yull = llzll = | = vl = [lvll = 1,
o —woll = —v—(u—=2) = | —ull = |ul =1,
uU—v U+ v u—+v
lz =yl = ||—v - = |- =1
2 2 2

Troétoupe tdpa 6Tt undpyet y* € Y tétowo dote ||z —y*|| < ||z —y||. Enedd v* € Y\ {y1,v2,y}
Yo éyovpe 6t undpyer deixtne k € {1,2} xu A € (0,1): y = Ayx + (1 — N)y*. (Hpdypar,
y* €Y = y* = pys. Enopévwc, av p > 1/2, 161€ 10 ¥ Ypdpetol ¢ XxUPTOS GUVBUAOUOS TV Y1

xon ¥, eved av 11 < 1/2, t61€ 10 Y Ypdyetar w¢ xuptde cuvdLacudie TwV Yo X y*.) Ondbte

Iz —yll = llz—Qye+ 0 =Ny)ll =Mz —yr) + (1 =N (z -y
S Az =yl + (1 =Mz =y
< Az =yl + 0 =Nz -yl = llz -yl
dtomo. XUVET®S TO Y1 xou To Yo ebvar BéATIOTEC TpooeyYioelc Tou  and Tov Y. O

IMapatrenon. Eidoye 1t 1o npdfinua tne mpooéyylong and évay undyweo AOvETal LOVOoHUAYTA

6tav Bproxbpaote o évay auotned xuptd Ywpo ue vépua (undpyer dnhadt yio xdde x o mOAU uia
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BérTiotn npooéyyion and évay undywpo). ‘Ouwe LTdEYOUY UTGYWEOL XAt GE W AUOTNEd XUPTOUC
Yhpoue Yt toug omofoug 1o TEéBAnua Advetar povoohuavta. (Ot autd dev oupPaiver ya kdle

undywpo xau Y kdle x to anodeifouye oto Oedpnua 2.2.2.)

Oa BOOOVYE TWEA UEPIXA TUPADELYUATH AU TNEE XUPTWVY X0 W] AUCTNEY XVPTWV YOPWYV.

IMapadeiypota.

1. Eoww 1 < p < oo. Téte ot ydpor e vépua (Cla,b], | - Ip), (Cla,b], || - lw,p) xou (R™, [ - [p)

elvon auoTned xupTol.

2. O ydpot (Cla,b], || - |loo) xou (Cla,b], || - ||1) dev eivar avotned xuptof.
Mépte m.y. Tic ouvapthoeic f(z) = = xou g(z) = 22 670 [0,1]. Ot f xou g ebvor ypopuuxd
aveZdptntec (yvorels), bpec [|f + gllo = maxyeqo |2 + 2% = 2, [|fllo = 1 %t [lglloc = 1.
Apa [|f + glloo = [ flloc + [9lloo-

Opoiwc xot yro tov (C[0,1], || - |I1)-
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Kegpdiowo 3

BeATtioteg npooeyylosic o ywpoug

UE ECWTERLXO YLVOUEVO.

Avatpé€te otig Iopaypdpoug 5.1 xar 5.2 tou Kegahaiou 5 tou Pifhiou: T'. A. Axpifing, B. A.
Aovyalic, Ewaywyn otnr Apiunuixn Avdlvon (néunty éxdoor), ILE.K., Hpdxheo 2004.
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Kegpdiowo 4

Ouolopoppeg pooeyyloelg

CULUVOETNCEWV.

Y10 xepdhouo autd axohoudolue, xuplng, Tic onuetdoels tapaddoewy twv L. Notden, [7], xou N.

L. Carothers, [3].

4.1 Opoiduopyeg npooceyyloelc CUVAPTACEWV.

Y10 xepdhouo autd Yo EETACOVYE TNV OUOLOUOPYPY TPOCEYYIOT CUVORTHOEWY, Tovu opilovtan 6" éva
didotnua [a,b], and otoryeia Tou P, (Tou xdpou v moAvwvipwy Paduod = n). Ou epyaoTolue
dnhadh oto yweo (Cla,bl, | - ||eo), xou doveione wag ouvdptnone f € Cla, b], Yo avalnticoupe éva

mohuwvupo p; € Py, mou va npooeyyilet tv f opotdpoppa xatd BéATIoTO TEéTO, dNAAdN

If = pallsc = 1If = pllec VP € P.

Yy nepintwon auth 1 Unapén Bétiotwy npooeyyioewy eEacpaliletar and To YeueAiddeg Vedpnua
¢ Vewplac npooeyyioewy (BA. Oedpnua 2.1.1). Avotuyde buwe v povadikdrnta dev eZoo@ohile-
ot omd AUTE TOU €YOUUE TEL PEYPL TWPA WS Xat 1) vOpua || - [[oo Oev elvon avotned xupth. Iapdha
aUTA Xt €8 EYOLUE pOVAdIXOTNTA, 6w Vo BolUe oTN CUVEYEL.

IMo va uroypapuicouye ) onpacioa TG OpOLOROPYPNG TEOCEYYIONS TAPATNEOVUE OTL OTaY T.).
lf — dlloc < €, t6t€ TPOYavie VYV € [a,b]: |f(z) — ¢(x)] < &, xu emnhéov yia x&de vopua
I+ llps we p 2 1 9o éxovpe | — ll, < ¥b—ae (apod Vg € Clabl, llgly = (U |g<x>|p)”” <
(b—a)"/?||g]l0). Apa «xahécr oporduopges TpooeYYioEl efvor <xalécr ot onotadrinote voppd || - ||,

p= 1l

YuuBohiowds. Av f € Cla,b] xa p; eivon wa Béhtiotn npooéyyon e f and tov P, da
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oupPorilouye o péyedoc ||f — p}lloo we En(f;[a,b]). Anhads
Vf e Cla,b E.(f;la,b]) := ;ﬂéﬁ»n lf = Plloo- (4.1)

Emnkéov, da ypdgpoupe E,(f) avti yia E,(f;[a,b]), étav eivor npogavés 6Tt avagepbuaoTte 610
didotnua [a, b].

Apa 10 Ey,(f) elvar ovotaotixd to o@dhua tne Béhtio e npooéyyions oty || - [leo. Eva onpo-
viixd epdTpa Tou Tpoxinter eivon: IIde ovunepipépeton to E,,(f;[a,b]) xadde n — oo; Emedn
P, C Ppi1, Vn, eivar npogavéc 61 E,(f) 2 Enyi1(f), Vn. Oa anodeifouvpe bt yia onotadrinote
ouveyn ouvdptnon f oto ddotnua [a,b] woyder E,(f;la,b]) — 0, xadde n — oco. Anhadf wa
OLVEYHC CLVAPTNOT OPIOUEVT] O €Val TETEPUOUEVO DLIC TN UTOPE! VoL TpooEYYLoUE! OUOLOUOPPI UE
mohuvuua pe dedopévn axpifeia. To anotéheopa autd datunwvetar 6T YVwotd Vewenuo Tou

Weierstrass.

OEQPHMA 4.1.1 (WEIERSTRASS) Eotw g € Cla,b] ka1 € > 0. Tdre vrdpyer moAvdvupo p térowo
WoTe

g — Pl <e.

ATno6de&n Ttou Bernstein.
Oa axohovirnoouvye Ty anddeln tou Bernstein mou xataoxevdler 1o {nroduevo Tohu@vuyo.
Kartapyhv, ywpic BAEBN tne yevixdtnroc, uropodue va nepoptotolpe otov C[0,1]. (pdypartt,
av 1ot = (b—a)x+a, xou 1o t xwvelton uetalld v a xa b, T61e 10 & Awveftoan petagd Tou 0 xa Tou
1. Etou g(t) = g((b — a)z + a) =: f(x) xou epboov 1 g elvan ouveyhc o710 [a,b] 1 f eivar cuveyhc
oto [0,1]. Apa apxef va anodeiZoupe to Yedpnua yia ouvaptioes f € C[0, 1].
Av f elvon wa gporyuévn ouvdptnon oto [0,1], opiCoupe v axoloudio Twv TOANGYIUWY TOU

Bernstein yia v f wg €€n¢:
- k N\ k n—k
B 0= f (%) (1)a-ort osest (42
k=0

Hoapatnpolpe 61 By, (f) € Py, xan dpeoa dramo tédver xavelc 6t (B (f)) (0) = f(0) xou (Br(f)) (1) =
7).

Oa deifoupe tdpa 6Tt yrae > 0 xar f € C[0, 1] urdpyet ng € N tétotoc dote || f— By (f)|leo < €.
Mo v anddedn anarteitar vo pehetiooupe xvping tic e€fg tpelg elxoheg nepintdoels: fo(z) = 1,

fi(z) = z xou fo(x) = 2. Auté elvan t0 TEpIESUEVO TOU axEhoudou Mupartoc.
AaMMA 4.1.1 (i) Bn(fo) = fo, Ba(f1) = f1.
(i) Byu(f2) = (1= 3) f2 + 5 f1, kar dpa || B (f2) — folloo — 0
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(iii) Sp_o (& - :E)2 (HaF1 —z)nF = zll-o) < &, av 2z €10,1].

n

(iv) Aotévrog 6 > 0 ka1 0 < x < 1, éotw F 1o ovvoro wwv k € {0,1,...,n} ya ta onoia

& — 2| 2 6. Téve Ypep ()b (1 — o) F < gl

Arnéddeaén. (i) [a 1o By(fo) éxovye (and tov tHno t0ou dwvipou):

n

(Bu(f0) (@) = <Z> Fl—a)" P =z +(1-2)]"=1= fola).

k=0

T to By (f1) apyixd mapatnpodye 6t yo k = 1

%(Z) - % /-c!(nni o (& —(?)!_(r?i DI <Z: D

Apa

(ii) T Tov unohoytoud tou By (f2) éxouye:
EN?(n\  k(n-1\ k-1+1/n-1
n k) n\k-1) n kE—1
k=1 (n-1 +l n—1
B n kE—1 n\k—1
n—1k—-1(n-1 1 /n-1
= — >1
n n—l(k—1>+n<k—1>’wak_

1 n—2 1 /n—1
N >
<1 n> <k—2> n<k—1>’ ok 2 2.
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Apa

(Bu(f2))(z) = ZO <§>2 <Z> - k=g ; (Z: 1) 2P — )k

k=0
:zn: E 2 n mk(l_x)n—k_zrznjﬁ n ;pk(l w)n k+$2§n: " (]_—.T) g
n k} n k k
k=0 k=0 w0
0, (@ 1 1 L
QA (1—_> B+ -z -2+ =—a2(l-1)< —.
n 4n

(iv) Av k € F, téte (£ — a:)2 > 6% wan dpa 1 < 55 (£ - x)2. Enopéveg

A

1
52

\_/
p_k
|
H
||/\
Bl =
|
7N
3=
|
> 8
N——
[\
N
> 3
N———
8
I
—~
—_
|
8
~—
1
=
A

II/\

Eonl
.. M
/T\
|
8
N—
(]
/—\
?TA
\_/
)
ol
—~
-
|
8
S~—
i
Bl
INE
§‘
s, -
(]

O

Topa elpacte o Véon va mpoywerooupe Ny anddelln tov Yewprjpartog tou Weierstrass.
Anédeaén tov Ocwprjparos 4.1.1. Eotww f € C[0,1] xau € > 0. Eredf n f eivar ouveyfic o0
(ouurmayée) ddotnua [0,1], eivon opotbuoppa cuveyhc. ‘Apa undpyet § > 0 tétol0 GOoTE

|f(x) = fly)l < %, brav |z —y| < 0.

Ou ypNnowonooovpe ThPA T0 TEONYOVUEVO Mupa Yia Vo eXTAGOVUE TV || f— By (f)||co. Hapoatneh-

ote 6Tt av x € [0, 1], t61e ot bpot (Z)a:k(l — )" * 20,y k=0,1,...,n, xou éyouv &dpotopa 1,
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oToTE:

k
k=0
1S @ (Mot -3 (B) ()t - ot
k n k

k=0 k=0
< Sl - (5)] ()0 - o
- n k

k=0

Lradeponoobye tpoc oTryphy 10 1, xu €0tw F 1o odvolo twv k mou avixouv oo {0,1,...,n},

yio o omoia ‘% — :17| > 9.

Téte av
k%Fi‘%—w‘ <5:>‘f(a:)—f<§>‘ <%,
EVR), OV
ke F = ‘f(:r) —f (%)‘ S 2| flleo  (amb Tprywyv. aviodt.).
Apa

|f(z) = (Bn gz( ( >‘<Z>xk(1_@n_k:
k=0

:;;‘f(:”) <S> < > k(1_$>n_k+,;‘f<w>—f<§>‘@x’fu_@"—’fg

§2|rfuooz<z> K1k S Z() —

keF 2 i
1 €
9 - 4=
<2flle gy + 5 <
av emthéZoupe n > || flloo/(€62). a

Y10 onuelo autd ag xdvouye peptxég mapatnerioeic. To moludvupa Bernstein npocgépouyv é-
v oo xar Pfolxd TeoTO UTOAOYIOUOU ToALYLULXAS Tpooéyyione oty f, oAAd ofyoupa dev
anoteholy Béltiotn npocéyyion. o mapdderypa, Yewprote tig ouvaptioes fi(z) = = xa fo(x) =
22, Téte By(f2) = (1 — %) fo+ %fl # fo. Ilpogavag, 1 Béltiotn mpocéyyion tng fo and tov Po,
v n = 2, Yo énpene va eivon 1 (Bt 1 fo. BeBaiwe 1 oxohovdia { B, (f)} ouyxhiver opotbpoppa o
ouveyn ouvdptnon f oto ddotnua [0,1], xa emnhéov woyder 6t En(f) S || f — Bn(f)|loo (Yrozis).
Apa, 10 embUEVO PuatohoYxd epdTNUa Tou TpoxUnTeL eivon: IIdco xahy elvon 1 Tpooéyyion auty;
H, adhdxe, ebvon duvatdy va Ppolue xdmoto gedyua yio 10 o@dhua || f — By (f)lloo;

IMa 1o oxond autd Va ypelaoTobue TEPIOCHTERES TANPOYOPIEG TYETIXd UE TIC CUVEYEIC CUVIPTH-

/4 7 7 4 4
oelg. Ou Eexwvoouye lodyovtag xdmolo axouo cuUBoMoud.
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OpzMmos 4.1.1 Eotw [ gpayuévn ovvdptnon oto sidotnue [a,b]. Ia kdbe 6 > 0 opilovue g
pérpo peyédovs tng ovvéyeas tng f oo [a,b], tny moodTnTa

wi(0) = wf<[a,b];5> = Sup{|f(w) — )| zy€lab], |z—y| < 5}. (4.3)

IL.y., av 1o ypdonua e f tapovsialer éva dhpa aouvéyetog ioo ue 1, téte wyr(6) 2 1. Tt ouvéyewa

TopUIETOVUE OPLOHEVES EUXONES WBLOTNTES Yid TO UETEO PEYEDOUS TNG CUVEYELIS.
AHMMA 4.1.2 (i) Av 0 < &1 < 09, Téte wy(61) = wy(d2).

(ii) H f etvar opoiduoppa ovvexijs av kair pdvov av wye(8) — 0, kadds § — 0.
H anédeiln agphivetar wg doxnomn.

AHMMA 4.1.3 Eotw f pa gpaypévn ovwvdptnon oto [a,b] ka1 6 > 0. Tére wr(nd) < nwys(d) ya
n=12,.... Suends, wr(Ad) < (1 + Nw(d), yia kdde X > 0.

Anddaén. Eotw x < y pe |z —y| < nd. Xwpilouye té1e 10 didotnua [z, y] o€ n utodac Thpata, T0
xodéva ufixoug < 0. Eidixdtepa, Oétouye 2, = x+k(y—x)/n, k=0,1,...,n, ondte |z — 251 £ 0

v x&de k = 1, o dpo
@) = ) = S0 (F) = Fla)| £ 3017 = Flan)] < nwy(o).
k=1 k=1

Enopévwe wr(nd) < nwy(9).

Topa, dedoyévou evée A > 0 undpyet guoxde n tétolog Gote n— 1 < X = n, onbte

wp(A0) € wy(nd) < nwyp(8) < (1+A)wy(6).

O
Mnopolye Thpa Vo BIATUTOCOVUE TO AN YIS ATOTEAECUA.
OEQPHMA 4.1.2 Ay f elvar yua gpayuévn ovvdptnon ovo [0, 1], tdre
17 = BaF)le < Ses (= ). (4.4
-2 vn

Anédaln. ‘Onwg eldope xar otny anddeln touv Yewprpatog tou Weierstrass

7() — (Balf)@)| = \kz; so- ()] (1) -

< ;(f(x) ()t
< kzzowf <‘:13 - %D <Z> 21— z)n k.
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Egapuéloupe tdhpa 10 Tponyoluevo AMuua, onote £Youue

o ) o (- 25) < (- 8) )

or () 2 (vl 21) (1) o

S (%) 1+ va éo‘x - %‘ (Z) 21— x)"—k] .

Arnoyéver va extipfioovye to ddpotopa S |z — E| () 2¥(1 — 2)"F. Auté emruyydveton pe

Apa

[f(z) = (Bn(f))()]

Bofdera tng aviodtntag Cauchy-Schwarz (apot xéde bpoc (7)) 2 (1 — )" = 0) xau éyoupe

- 8() -

n L2 /n /2 / p " 1/2
(-t G0

1/2
<(L)y oL
~ \4n 2y/n

‘Etot, tehxd, o €youye

A

IMapatnerosis:

1. Av n f eivou extéc and gpaypévn xon ouveyfic oto [0,1], (enedn 1o [0,1] efvar oupnayée) etvo
X0 OUOLOUOPPA oLUVEY TS ETOUEVWS, AOYw Tou Afupatog 4.1.2, wy (ﬁ) — 0, xaddg n — oo.

Téte 1o Oewpnua 4.1.2 moapéyel o dhAn anddelln Tou Oewpruatog tou Weierstrass.

2. Av wa ouvdpmon f wavorotel |f(z) — f(y)| = K |z — y|* vy x&de z,y € [a,b], K = 0 xa
a > 0, Mye 6t 1 f ixavorotel po ouvdvxn Lipschitz (4 Holder 6nwe Myetoa ahhide) téEewc
a pe otadepd K oo [a,b]. Oa oupBolilovpe pe Lip%k[a, b] To ohvolo twv cuvapThoewy tou
txavorotoly pat tétota ouvdfxn. Tapatneote b6t av f € Lipkla,b] ye a > 1, téte n f/
undpyeL 610 [a, b] xou efvan TavtoTnd undév. ‘Etor, dtav a > 1,  xhdon Lip% [a, b] anoteheitou
wévo ané otadepés, enopévwe 1 cuvdfxn Lipschitz napouotdlet evdiagépov dtav 0 < o < 1.
Tdpa, eivar ebxoro va dodue éu f € Lipk|a,b] & wr(d) < K% Luvende, av 1 ouvdptnon
f tou Oewphuatoc 4.1.2 avixer otov Lipk[a, b], t61e 1) oyéon (4.4) naipver 11 popen

=3

If = Balf)loe < 5 K078, (45)
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Ac urodéooupe tipa 61t f(z) = |z — §|. Edxola wtopo()pe va. def€oupe 61t f € Lipi[0, 1],
ométe Va éyoupe, Aoyw e (4.5), 61t || f — Bu(f)lloo < 307 2. Ac dolpe duwe T yiveton yia

=3
1
(Bal£) (1/2) = f(1/2) = >

S 0y
- () S G),

k=0
Av 10 n eivan dpTio, T6TE PTOPOLUE Var UTOAOYioOUPE TO dpotoua aUTS AVIAUTIXG

1| (n 2 n\ 1/n
ol ()22 G0 () -3 00n)

|(Bn(£)) (1/2) = f(1/2)] = 2/3

Xpnmponou&qu tov 1010 Tou Stirling: v2rnn"e ™ < nl < V2rnn"e ™" (1 + L) nafpvoupe

n

D

k=0

ondTE

ot (n/2) >in ; xou dpot

1 = BalPlloe 2 [(Ba(£) (1/2) = £(1/2)] > 103,

=

W

YUVETOGE, YENOWOTOIOVTAS To ToAuvuua Bernstein dev urnopolue vo meptuévoupe otL Yo

Behtidoouye to gpdypa (4.5), Touvkdytotov boov agopd tov exdéty Tou n

Mopdha avtd o D. Jackson xatdgepe va fedtidoet 1o @pdypa yio 1o opdhua By, (f;[a, b]) xo xupiwe

VoL BOOEL TN OWO T ACLUTTWTLXY CUUTERLPOEE xo®S TO 1 — 0O.
OEQPHMA 4.1.3 (JACKSON) Ay f € C[-1,1], tdte E,(f;[-1,1]) S 6w ().
ITorrzMmA 4.1.1 Ay f € Cla,b], téte E,(f;[a,b]) £ 6w (1’2_—”“)

IMoprsMA 4.1.2 Ay f € Lip%[—1,1], tdre E,(f;[-1,1]) S 6 K n™°.

4.2 Xapaxtnplopog BEATICTWY OUOLOUORPWY TEOCEYYICEWV.

Ou Zexwvfioouye elodyoviac tov axdroudo oupPolioud: Av f € Cla,b] xa p;, eivon wa BéAtiot
npooéyyton e f and tov P, oto didotnua [a,b], Yo ougBolilovue ) ouvdptnon opdhuatoc pe
e(r) = f(x) = pp(@). Apat [leflc = En(f;[a,0]).

AHMMA 4.2.1 Eoww f € Cla,b] kai p}, pa féAniotn npooéyywon tng f arnd tov P, ato didotnua

a,b]. Téte vndpyouvr tovddyiotov 6o onueia x1,x9 € [a,b] ue r1 # xo, térowa dote |e(x1)| =
PX! Y nu K

le(z2)| = En(f;[a,b]) xare(z1) = —e(w2).
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Anddaén. H ypapixf nopdotaon tne ouveyolc ouvdptnone e Yo elvan war xaunOAn y = e(x), mou
Vo Bploxeton et v evdedy y = tlell = £E,(f). H y = e(z) da npéret va epdntetar
TouldytoTov ot pia and Tic dUo autée evdeiec (yratl;). Oa anodelZouvpe bt Yo npéner va epdmteTan
xou 6Tig 000, YTt oe avtiietn nepintwon, 6nwg Yo dei€ouye, Yo undpyet xahbtepy TpocéyYion Tne f
and v p;,. Ac unotdéooupe howndy bt e(x1) = E,(f), yia xdnowo z1 € [a, b], ahhd e(x) > —E,(f)
Vo € [a,b], (B Zyfua 4.1). Tote m = minge(qp) e(x) > —En(f).

y=E,®
e S N y=E,(®H-c
E, y =e(x)
y=e(x)—-c
Yyfuo 4.1:
O¢étoupe
E,
c::w >0 %ot ¢ :=p) + c.
Téte mpogavas g, € Py, xon f(x) — gn(x) = e(x) — c. Enlone
E, m E, +m
B =) == (Bt - B ) - B

Se(x)—cS Ey(f)—c

= _(En(f) - C) g f(."L‘) - qn(x) é En(f) —Cc= Hf - QnHoo § En(f) —c< En(f)7
dtomo, Aéyw tou oplopol tou E,(f). O

OpmMmox 4.2.1 Av g € Cla,b], Oa Aépe 6u to onueio x € [a,b] efvar éva onueio (+) ya g
(avtior. éva onueio (—) ya tn g) av g(x) = ||9]leo (avTior. av g(x) = —||g]/c0)-

‘Eva ovvolo dagopetikdy avd d0o onueiov a < xo < 21 < -+ < x, < b Oa Aéyetar advoro
onueioy evaldayns tpoonuov ya tn g av ta x; elvar onpeia (+) kar onueta (—) evaAAdé. Anhadn,
av

lg(x)| = lglloo, ©=0,1,...,n, kaig(x;) =—g(x;11), i=0,1,...,n—1.

Xpnowonotdvtag 10 ouuBoiioud autd Ya elpacte o Véon 010 ENOUEVO VEWENUA VoL YARAX TN

ploouye To TOALGYUPO oL anotehel BEATIOTY TpOGEYYION.
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OEQPHMA 4.2.1 Av f € Cla,b] ka1 p}; efvar pa Béxniotn npooéyyon tng f oo [a,b] and oy Py,
Téte vmdpyer éva ovvolo onueiwr evaldayng mpoonuov ye tny e := f — p; mou aroteAeitar and

n + 2 onpueta.

Andédeaén. Av 1o f € Py, t61e T0 bho Hépa ebvar tetpiupévo. Eotw howndy 6t f & Py, xou emopéveg
E.(f)=|If —pyll > 0. Oewpolye hondy v (opotbpoppa) cuveyh ouvdptnon e = f — py,. Téte
uropolye va Bpolue éva dtapeptoud tou daothuatog [a,b], a =t) < t; < --- < tp_; <ty =0b, o
k unodiao Thuata apxoliviwe wxpd, €101 OO TE

En(f)
2 Y

O Aéyoc mou Yéhoupe va to xdvouue autd eivar o e&fc: Av 1o [t;, ti1] nepiéyel éva onueio (+) yia

le(z) —e(y)] < otav x,y € [ti, tiv1], 1 =0,1,...,k—1.

™y e, tétE 1 e elvar Yetuxh 6 ohdxAnpo o [t;, tit1], agol av x,y € [ti, tit1] xou e(z) = E,(f),
téte e(y) > E"T(f) > 0 (agol —E"T(f) <e(y) —e(z) < E"T(f))

Oupolwe, av 1o [t;, tit1] mepiéyer éva onuelo (—) yia TV e, t6TE N € elvor apvnTixr) 6° oAdxinpo
0 [ti, tit1]. Emopéves, kavéva Sidotnua [t;,t; 1] Oev unopel va mepiéyer tavtdypova onueia (+)
kar onueia (—).

Oa Mye 61t 10 [t;, tit1] ebvon éva Bidonua (+) (avtiot., ddotnua (—)) av neptéyet éva onueio
(+) (avrot., onueio (—)) yra v e. HapatnpRote 6t xdde didotnua (+) dev uropei olte xav va
epdnteton pe €va drdotnua (—). M’ dhha Aoy éva Sdotnua (+) xou éva didotnpe (—) npénet va
elvon auoTned dloywplogéva and xdnoto dido T Tou mepLéyet wa pila e e.

Tdpa Yo apdurfcovpe Eavd ta Sraothuarta (+) xou (—), and aptotepd npog ta deid, oy vowvTag
o Btao Tharta Tou Bev ebvon obte (+) olte (—). Ag unodécoupe howndy, ywetc PAESN g YeVixdTn-

4 ’, I 4 4 4 I 4 4 I
Tog, 6Tt 10 TPWTo ddotnua (mou éyer tpdonuo) eivar drdotnua (+) xou 6T o Srao THATA AUTE

T vopolvtar we e€Rc:

I, Iy, ... I, : dwothpata (4),
Ik1+la Ik1+27 s 7Ik’2 : SLO(GTV(]FO(TOC (_)7

Ly i1 Ty gt -5 I, ¢ Staothpara (—1)™71

émou Iy, etvar 1o tedevtaio (4) Sidonua mpv @rdoouye o Tp®To (—) Bido tnua wou elvar to Ik, 41,
%.0.X.
Ac¢ Yewprioovpe TOpA TNV EVWOT OA®Y TV DLUCTNUATGY TOU €Y0UV TEAOCTUO XUt oG TN CUU-
m
Bohicouye pe S, dnh. S = U Iy.,. Erniong, éotw N 1 évwon 6hev v Saotnudtev mou dev elva

j=1
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olte (4) olte (—).

Téte ta S xaw N eivan ouuroy cbvoha pe SUN = [a,b]. (Hopatneriote 61t 1o E00TEPIXS TWY
S xou N elvor Eéva petall toug.)

©éhoupe va detlovpe 61t m = n+ 2. (Méypr otypric Yvopiloupe, Aoyw tou Adupatog 4.2.1,
éttm 2 2 .) Oa doukédoupe pe anaywYt oe dtorno, ondte vrodétouye bt m<n+2.

Enedr xdde didomua (+) Sywpiletar avoted and éva ddotnua (—), unopolue va Ppodue

onuela 21,22, ..., 2m—1 € N, 1ol dote

max Iy, < z1 < minlg 4

max [, < 7z < minlp,4q

max/ly, , < zZpm—1 < minlp 4.
Kataoxevdlouye hotndv 1o mohudvuuo
q(z) := (21 —2)(22 = 2) -+~ (21 — ).

Mpogavde g € Py, agod m —1 < n. (Ed¢ eivor to uévo onpeio mou yivetu yprion tne urnddeone
m<n+2.)

Oa anodelouye 6Tt 10 Py, + A q € P, elvon xahbtepn mpooéyyion g f and To p;,, i xATIAANAO
AeR.

Kotapyiv, uroatpiCoupe 6Tt T ¢ xou e €xouv to {dio mpdonuo oto S. Ilpdypatt to g dev €xet
pilec oe xavéva and ta draothata () xou dpa €yer otadepd npbonuo ot xdde tétolo didoTnua.
Apa ¢ > 0 ot Iy, Io,..., Iy, enedh xdde (z; —x) > 0 ota dwothpata autd, 0 ¢ < 0 ota
Ii1, Iy g2 - o5 Iy €TEl® €0 21 — 2 < 0, evd (25 — ) > 0y j > 1, x.0.%.

Y ovvéyeta Yo utohoyiooupe 10 A. 'Eotww C = max le(z)|, 6nou ureviupiloupe 61t N eivon
1 €vworn OhwV Twv unodlo Tnudtwy [t;,tiyr1] mov dev eivar obte (+) olte (—). Téte C < E,(f)
(yeetis). Emhéyoupe A > 0 této10 dote A||¢loc < min{En(f) - C, E"T(f)} Ioyvplbpaote b1 t0
Dy, 4+ Aq ebvar xahOtepn npoaéyyion e f and v pj.

‘Eotw z € N. Téte

[f (@) = (pn(2) + Ag(@)] = [f(2) = pp(2)| + Mg(@)] = C + Mlglloo < En(f)-

‘Ectww topa 61t & ¢ N. Tédte 10 x f Yo avixer o éva idotnua (+) # o€ éva didotnua (—).
Ewwétepa, Eépoupe 6Tt

En(f)

|f(z) = pp(2)] > == > Alale,
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4 L z 4 ’
xou 6T oL e xou Ag €youv To (o mpdonuo. Apa

[f (@) = (@) + Aq(@))] = [/ (@) = p ()] = Ag(2)] = En(f) — Amin |g(z)] < En(f)-

(v mpdn wodtnta, oty napoandve oyéon, yenotuonotioope To YeYovoe, 6t av a,b € R oubdon-
pot, t6te |a — b = |a| — |b], evdd 1 tedevtaia aviobnTa TPOXOTTEL and TO YEYOVOC 6Tt TO ¢ dEV
undeviletu ot0 S.)

Ernopévwe xatahfaye 6t Vo € [a,b], ||f — (p) + Aq)||oo < En(f), dromo. O
IMapatneross.

1. Ed o apuiudg n + 2 mpaxtixd onuaivet 1 + dim P,,.

2. Av n ouvdptnom e := f — p;, ahhdel mpdomnuo n + 2 popég €ncton OTL 1) € ExEL TOUAdY IO TOY

n + 1 piCec. "Apa 1 pj, mapeuBdhheton otic Twég e f oe n + 1 onuela.
OEQPHMA 4.2.2 Eotw f € Cla,b|. Tére n Pértiotn npooéyyion tng f ané tov P, elvar povadixr.

Anédaén. Eotww p,q € P, 800 Béhtiotec npooeyyioec. Anhady| ||f — plloc = ||f — dlloo = En(f).

Téte xau to r = % € Py, xou ebvor enlong Bértiotn mpocéyyiomn, apob

uf—ruoo:Hf_pHH :Hf;p+f_qH N =ploe 1 ~al

T2 2 5t 5 )

Ané 1o Oewpnua 4.2.1 n f — 7 Ya €yer éva olvoho n + 2 onueiwy evallayhic npociuou, €0tw

X0, L1, Tl Apa Yia xde 1,

(f = p) (i) + (f — @) (@) = £2E(f), (evahh&g)

—En(f) = (f = p)(@), (f — ) (i) = En(f),
Apa yio xde 1,
(f=p)(@i) = (f —@)(@i) = £E.(f).  (evohh&E)

LUVETOS TO T, X1, - - -, Tpt1 Ebvan éva avolo onueiwy evallayic tpocfiuou 1600 Y Ty f —p 660
xou Yt v f — g, ondte 10 mohvdvupo ¢ —p = (f —p) — (f —q) éxet n+2 pileg, ahhd g —p € Py,
Enopévoc, avayxaotuxd, g —p =0 = q = p. O

Téhog, Yo anodei€oupe xar 10 avtiotpopo Tou Oewprpatog 4.2.1.

OEQPHMA 4.2.3 Eotw f € Cla,b] karp € P,,. Av n f — p éxa éva olvolo onueiov evaldaynig
TPOTT)LOV OV anoteAeital and (tovddyotov) n+ 2 onueia, Téte To p efvar BéktioTn mpooéyyon tns

f and tov P,.
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Arddeaén. 'Eotw xo < x1 < -+ < Tpg1 €va obvoho onueiwy evahhayhc mpoohpou v v f —p
xot €0t 6T 1 ¢ elvon o xahOtepn pooéyyton e f and bt p. Anhadh Yo woylet ||f — ¢l <
|f = plloc- Tére

[f(zi) = p(ai)| = If = plloc > [If = dlloc 2 [f(zi) = q(z)], Vi=0,1,....n+1.

Topa Yo ypnoonotfiooupe to Yeyovde bt av |al > |b], téte ot a xar a — b elvon opbornuor (yroreis).
Apato g—p=(f—p)— (f —q) éxer 10 (B0 mpdonuo pe Vv f — p, xou enopéves ahhdler tpdonuo
n + 2 gopéc. 'Etol 10 ¢ — p €yet touldyiotov n + 1 pileg, xa enewdr) 10 ¢ — p € P, Yo npémel
g —p =0, drono. Yuvenwg to p ebvar 1 BérTiotn mpooéyyion tng f and tov P,,. O

IMapadelypoto.

1. Eow f € Cla,b]. Wyvw ™ Béhtiotn npocéyyon pf e f and tovPy. Av f € Py = pf = f.
‘Eow 6u 1 f dev eivor otadepr. Enedry  f € Cla, b], téte hayfdver péytotn o ehdytotn
Tiph. Anhad undpyouy z1,z2 € [a,b] : 1 # x2 pe f(x1) = max f(x) xou f(z2) = min f(z).
Bowo pj = § [max f(x) + min f(2)] = § (f(21) + f(z2)). Tére flar) -y = L1

_ f@)—f(=22)
2

o f(x2) —pj = , onote f(z1) — py = —(f(22) — pg) xu

(F(1) — F2) = 5 (ma f(x) — min f ().

N =

|f (1) —p3| = |f(x2) —p3| =

Apa to 1 xon xo ebvon 0¥o onuelor evaAloyhc Tpoohuou Yo Ty e = f — p(, ondTE TO Py
eivar n Béhtiotn opotduopyn mpooéyyion e f oto [a,b] and tov Py, xou Ey(f;[a,b]) =
% (max f(z) — min f(2)).

2. Oewpolpe v f(z) :=sindx oto [—7, 7] (B EyAua 4.2).

4

3L

AR
f(x) = sin(4x)

Syfuo 4.2:
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Agol undpyouv 8 onueio mou 1 f malpver Tig Twég 1, éneton 6T umdpyouv 16 Biagope-
Tixd oOvola onueiwy evahhayfc Tpoohuou mou anotehobvtor and 2 onpeio, xot dpo pj = 0.

Emnhéov, napatnpiote bt pf = ps = -+ = pg = 0, ahhd p3 # 0 (yroezis).

To npbBinua e edpeomne e BéEATIo NG opotbpopne Tpooéyylone was ouvdptnone f € Cla, b]
elvon €v Yével moh0 B0oxoho. Xtn ouvéyeio Ya dolue pior onpoavTixy Tepintwon dmou xatt TEToo

elvon duvatéy pe ) Bordeta Twv toluwviuwy Chebyshev.

4.3 Iloluvdyvupa Chebyshev.

[Tpoto0 dratunwooupe to TEOBANUA TOL pag evotapépet, Vo UTEVIUICOUNE TOV 0pLoUS TOU TOAUWYU-

pouv Chebyshev mpaytov €idovg, Tou divetar and 11 oyéon
T, (z) := cos(narccosx), x € [—1,1]. (4.6)

Mdhiota woyder 1o axéhovdo Mpupa. (o v anddeh tou Bréne 1o Afuua 4.1 oto BiPhio twv
AxpiBn xon Aouvyaht, [2, oeh. 152-153).

AHMMA 4.3.1 Ta ta toAvavvue tov Chebyshev mpatov €idovg 10y ver o avadpopikos Ttonog

T()(ﬂj‘) =1
Ti(r) == (4.7)
To(x) =22T,_1(x) — Th—2(z), n=2.

Nan =1 T, evai éva todvdvupo Badiol akpifis n e aurtedeoti peyotofdduov dpov 21,

Enavepyouoaote twpa oto {Atnua g edpeong g PEATIOTNG OUOLOUORPTS TEOGEYYIONG ULOG
ouvdptone f € Cla, b]. Edixdtepa, Yo aoyokndoiye pe to axdhouto
IIebBAnpa 1. Trokoyiote ) Béhtioty opotbuopyn tpocéyyion e ouvdptons f(x) := =™ and
oV UTdYwEo P 1 610 Btdotnua [—1, 1]. (H emhoy? tou cuyxexpipévou diao thpatog Steuxohlver Ai-

yo ta pdrypata.) Avalntolue, dnhadi, pi,_; € Pr_1, tétot0 dote ||2"—p)_illcc = En—1(f;[—1,1]).

YuuBoliopodg. Oétouvpe p(x) == z™ —pi_ () xow M = ||p|lec = En—1(f;[-1,1]).

Me 1 Porjiela Tou ouyBoiiopwol autol 1o MpdfBAnua 1 datunwvetar toodivoua we egng:
ITpoBAnua 2. Bpeeite 10 toAudvupo p € P, (:mohudvupa Badpol n e cuvteheo T peyio Tofddutou
bpou 1) povéda) tou npooeyyilet xahlTEPR TN UNBEVIXT| CUVEPTNOT WS TPOS T} VOPPA ||+ ||oo- ANhadA
10 p € P, ov éxer Ty eNdytotn duvarth véppa otov (Cl—1,1], | - [|oo)-
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Topa, av p;,_; elvon n BéEATioTn opordpopen npocéyyion tne f and tov Pp_q, té1€ 10 P =
[ —pl_q éxer éva obvoho onuelwy evorhayhc npoofuou —1 Sz < 1 < -+ < Tpoy < Ty S 1
and (n — 1) +2 = n+ 1 onpela. Anhady |p(z;)] = M, i = 0,1,...,n xou p(xiy1) = —p(z;),
i =0,1,...,n — 1. (Me v mAnpogopior auth xou puévo Yo axorovdficouvpe Tt dradixacia Tou
Chebyshev yta vo Mooouvpe 10 TpéBinua.) Oa teptypddoupe vy eniluon oe Pruara
lo BAna. Vz; € (—1,1) = p'(z;) = 0, agol o x; eivar onpela TOMXGOV aXPOTETWV Yo TNV p.

‘Ouwe 1o p’ eivan éva tohudvupo Paduod n — 1, ondte éxer to mohd n — 1 pilec. Apa Vo npénet
r;€(=1,1) xu p(z;)=0 ywi=1,...,n—1,

o
xo=—1, p'(x20) #0, z,=1, p'(x,) #0.

20 Brpo. Ocwpolpe 10 mohudvupo M2 — p? € Py,. Tvopilouvpe 61t M? — (p(x:))? = 0, Yt
i=0,1,...,n,x0 M?—p? 2 0cto [-1,1]. "Apa 10 71, T2, ..., Tpn_1 TEéTEL VoL fva (TOUAEYIGTOV)
dimhéc pilec tou M? — p?, ot xg, T, anhéc. Autd ouwe pag diver ouvolixd 2(n — 1) +2 = 2n

pilec, ondte autéc eivon OAeg ot pileg Tou M2 — p2.

30 BAua. Ac dewpricoupe to tohudvupo (p')? € Py(—1)- To (p')? éyer dinhée pilec Tc 21, T2, - - -, Tp1
(xou xapior GAAY), enopévac 1o (1 —22)(p/(7))? éxer Bimhée pilec Tic 1, 9, - - ., Tp—1 X0 ATAES TIC
T0, Tp. Enetdf o Baduée tou (1 — 22)(p'(x))? eivan 2n éyouye Peet dhec Tic pilec tou.

(Tépa épyetan N outior O authic e oulhtnomne nepl prlodv.)

40 BApa. Ta M2 — (p(x))? xou (1 — 22)(p'(2))? ebvan xon o 500 mohuGVLPa Barduolh 2n xor éxouy
Ti¢ {dreg axpBwe pileg. ‘Apa to éva Vo mpémet va efvon toAAanAdoto tou dhhou. To evdiagpépov etvar
6Tt pmopolue ebxoha Vo utohoyiooupe xou T otadepd autr. O cuvteheothc Tou peYloTofBdduiou

bpou Tou p ebvar 1, eved tou p’ ebvar n, ouverde Yo npémet

2 (0 (2))2
M2 = (o) = LD - ity

’Apoc
p'(x) _n
- Gor & (5

(Kavovixd, €do da #deke £. Opwe yvwpiloupe 6t 1 p' eivor detixr| oe xdnoto Sidotnua, xou

vrodétoupe 6t efvar Vetuxh oto [—1,21).)

Ohoxinpwvovtag v (4.8) €youye

arccos <I%> = narccosz + C

=  p(x) = M cos(narccosz + C). (4.9)
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‘Ouwe p(—1) = =M, (apol Yewphoaue 6t p'(—1) = 0), ondte nafpvovtag z = —1 oty (4.9)
éyouvpe 61t —1 = cos(nm + C) = C = mm, 67ou 10 m eivor 1€t010 GOTE N + M Vo efvor TEPITTOC.

YUVETWC

p(x) = M cos(n arccos x + mm)

=  p(x) = M cos(narccos x). (4.10)

Av 1 oyéon (4.10) ooc Yupiler xdt, avatpédte otov opoud tou Tohuwvipou Chebyshev T;, Baduod
n, BX. (4.6). Enedf o ouvteheothc tou peytotoBdiuou dpou tou p elvan 1, evéd 0 0 cuviekeothc

Tou peyiotoBddwou dpou tou T, efvor 271 1 Mion 010 TEdPANUd poc Yo mpéner vo efvou

p(z) = 27" 1T, (2).

Enedf) udhiota [T, (x)] < 1, v |z] £ 1 (yroet;) n ehdyotn vépua Yo npénet va efvon M = 277+
O
Y ouvéyera Ya ddoovpe wa (mo xopdn) anddeln tou npofifuatoc autol (éyovtac mhéov

YV&hon 1wy tohueviuwy tou Chebyshev).

OEQPHMA 4.3.1 TIa kdde n = 1, vo p;_,(x) := 2" — 27T, (2) efvar éva moAvdvupo tov Py
yia to omoio

27" = 2" = Pl < 2" =~ dlle, Vg € Prot.

AnAadn vo p),_, elvar n BéAtiotn opoibuopen mpooéyyion tns ovvdptnons f(x) = x" and tov
vndywpo P,y oto didotnua [—1,1].

Arnédaén. Tvopilovue b1t to 27T, (z) éyer ouvieheotd tou peyiotofddwou bpou tou 1, omdte
0 p;,_q € P,—1. Enlong, av x; = cos @, 1=0,1,...,n,t0tc —l=ap <21 < < Tp_1 <
T, =1, xou

T,,(z;) = cos(narccos ;) = cos((n —i)w) = (—1)" "

Eredd |T,,(x)] = 1, i |z] = 1, Berixape éva olvoro n + 1 onueiov evalhayhc tpoofuou. Apa
10 2" — pi_{(z) = 27", (2) wavorowet |2 — pi_(z)] £ 27T xau Vi = 0,1,...,n wyde
ot —pk_(z) = 27T, (z) = (1) 27" "Apa to pf_ | mpéner vaefvon ) BéNTIO TN opotdpopen

npooéyyton e 2" and tov P,_1 oo Sdotnua [—1,1]. O

TorrsMA 4.3.1 Top € P, pe tny eddyotn || - || ¥dppa ovov Cla, b eivar To

~(b—a)" 2r—b—a
P@) = gt I\ =0 )
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4.3.1 Idu6Tntec Twy toAuwvipwy Chebyshev.

Ta nohudvupa Chebyshev, énwg eidoye, eivan ta (povadixd, npoypatixd) tohudvupa Paduold n (pe

ouvteheo T peyiotoPddwou bpou 1 av n =0, xou 2”1 av n = 1), nou xavonooly 11 oyéon
T, (cosf) = cosnf, yiu xdde 6.

'Eyouv ndpa moAég evBlapépouaeg BLOTNTES XAt O T GUVEYELX Vol AVUPEPOUUE UEPIXEG.
1. Th(x) =22 Th—1(x) — Th—o(x) yra n = 2.
Arnédaén. Ilpoxhntel and TNV TEIYWVOUETEIXT TAUTOHTNTA

cosnb + cos(n — 2)0 = 2 cos 0 cos(n — 1)6.

Téte
cosnf = 2cosf cos(n —1)0 — cos(n — 2)0
= Tn(cosl) = 2cosOT,_1(cosf) — T, _o(cosb), VO
0T (@) = 20Th1(2) — Tholz), Vze[-1,1].

Enewnq 1o T}, Tri—1, Tp—2 ebvar mohudvuua 1 napandvew oyéon Yo toylet yia xdde v € R. O

(n)

i

(2i—1)x
2n

2. O pilec tou moluwvipou T, ebvar z; ~ = cos 1=1,2,...,n. Eivar éhec touc amhéc
xou avixovy oto (—1,1).

Anédeln. '"Aocxnon.

3. Metagl dbo dradoytxdv ptlav tou 1), undpyet axeBoc wia piCa tou T _1.
Anédeaén. Edxoha BAémovye 6Tl yio xdde @ = 1,2,...,n — 1 woylel
2t —1 < 21— 1 < 21+ 1
2n 2(n—1) 2n

= azgn) > :172(-"_1) > azgz)l.

4. Ta mohuwvupa T;, xon 1,1 dev €youv xowég pilec.
Anédeadn. Autd etvor dueoo and vy IdidtnTa 3, ag Solue duwe xou pior AN anddeiln. Eotw
xo xowt pila twv T, xaw Tp,—1. Anhadnf T, (zo) = Th—1(z0) = 0. Apa and v Bbétra 1,
éyouvye 6t xou Tp,—2(z9) = 0. EnavahauBdvovtoc autéd to entyeipnua éyouvpe 6t Ti(xg) =0

v k < m, xou 1o B0 wyber xa yio k = 0. ‘Atono agol 1o Tp(z) = 1 dev éyer pilec. O
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5. Ta nohu@yvpa Chebyshev eivar opdoymvia 610 [—1, 1] we npoc T0 ecwTepHd YIVOUEVO UE

Bépoc w(z) = ﬁ

Anédeén. Twwm #n

! 1 r=cos 0 4
To(2)Th (1) ——=dx " = / cosmb cosnb df = 0.
/_1 (2)T5 () T ;

Twam=n

/1T2() L o= [Tcostngag =] 7 "0
) ——=dx = cos“n = .
" V1— 22 0 5, avn>0
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Kepdhowo 5
IToAvwvLULK TToEEUBOAT.

1o xepdhouo autd axohouvdolpe, xupiwe, Tic onuewdoe Tapaddoewy wwy X. Notdpen, [7], xu 1o

BiBhio twv T'. Axpifin xou B. Aouyahs, [2].

5.1 IIoAvwvuuixr napspBoAr, Lagrange.

O otdyoc oty mohuwvuuixy napepfolr) Lagrange elvan vo mpooeyyioouue wa cuvdptnon W éva
TOAUGYUUO UE TETOO TPOTO WOTE 1) GUVAETNOTN XAl TO TOAUGYLUO v Tafpvouy Tig (Bieg Tiwég o€
dedopéva onueta. To mpdBinua Aowndv tng napepBoAfic Ya urnopoloe va dratunwiel wg e€fc: Ao-
Vévtov n + 1 Sragpopetindv ava d0o onuelwy xo, 21, ..., Ty xa TV OV f(x;), i = 0,1,...,n,
wog ouvdptnone f ota onuela autd, va Peedel tohudvupo p € Py, tétoo dote p(xz;) = f(x4),
i =0,1,...,n. Mepd epThpata OV TPOXVUTTOLY PUGIONOYIXE elvan Tar oxdhouda: o) Trdp-
YEL TETOL0 TONUGDYLWO, xou av vou, efvar wovadixd; B) motof tpdémor unohoyiouol xou Tapdo TaoNg
TOU TONUWVOUOU UTEPYOUY; Y) UTOPOVUE Vol BpolUE EXTUAOELS Yo TO o@IAUd TS TapeUBOAHS
e(x) = f(z) — p(x), 6tav = # z;, i = 0,1,...,n; xu d) propolue va Bpolue Qpdyuata yor TNV
rodtna e npooéyytone e f and to p, xadde o apiude twy onueiny (xon dpa xar o Padude Tou
TOAUGYVPOU) auEdveL;

To arholotepo mapddetypo TapeuBoAng etvorn 1) Yo TapepBorr, dnhadn n tepintwon n = 1.
‘Onwe gaiveton dueca and 1o Lyrua 5.1, 10 mEoPAnua g yeauuwxic napeuBolic €yel wovaduxn
Aoom. Ebvau eniong mpogavég dtt av dev yvwpilouue timota yia ™) ouvdptnon f extdg and Tig TéS
¢ ot onpeia a xat b, 161E 0 o@dhpa e(z) = f(x) — p(x) unopel va yiver oAl peydho.

‘Evag tpdénoc unoloyiogol tou p elvon va 10 Ypddouue we éva otaduntd péoo twv f(a) xa f(b),

T—0b T —a

ple) = T fla) + 53—

f(b).
(Autée ebvar 0 TpbdTog TapPdo TaoTC Tou ToAUWVOUOU TapeuBolfic xatd Lagrange.)
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‘Evag dA\hog tpdmog Y va ypdouue to p mpoxinter ye ) BoRdeta tng e&lowong tng evdeiag
mou diépyeton and ta onueia (a, f(a)) xou (b, f(b)),

f(0) — f(a)

— (x — a).

p(z) = f(a) +

(Auth elvon 1 éxppaon tou Tohuwvipou TopeuBorfic o1 popgr tou Nebtwva.)

y

Eyfua 5.1: Tpouixt| mapepfol.
X yevixy) nepintwon €youpe To axdrovio Yempnua

OEQPHMA 5.1.1 Eotw ta n + 1 duakpitd onueia xo, 1, ...,2, € R ka1 o1 ués ag ovvdptnong
f ota onueia aved f(xg), f(x1),..., f(zn) € R. Tdre vrdpyer akpifdis éva modvdrupo p Patuov
70 TOAU N TéT010 HOTE

p(zi) = f(x;), 1=0,1,...,n. (5.1)

Anddaén. Tty anddeiln e vrapine evoc tohuwvipou p € Py, mou avoroet tic (5.1) apxel va

XATUOXEVACOUPE €var TETOlo ToAudvupo. o 1o oxond autd Yewpolpe to ToAvwrupa Lagrange mou
4 z

oplCovtar wg e&hc

n
L;i(x) :Hf;:?’ i=0,1,...,n.
§=0 ’
J#

To L; eivon mtpogaveg toludvupa Paduold n xou €xouy T Yaeaxtneto Txh Wwidtnta

1, avi=k

Li(zr) = 6 = 0, avidtk
, oV g .

OpiCoupe thpa 0 TOALGOVLUO P WS eENG:

p(r) = Z f(@i) Li(z). (5.2)
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Hpogavae to p € P, xau, emnhéov, p(ar) = > i f(zi)Li(xk) = f(xk), k= 0,1,...,n, ondte 10
p etvon to {nrodpevo tohudvupo. H oyéon (5.2) avagépetar we n poperj Lagrange tov moAvwvipov
rapepuPorrS.

ot povadxdtnTa 10U ToAVWVOROU TapeuBolis, ag utovécoupe OTL uTdpyel xar €va GAho
mokudvupo q € Py, tétoo wote q(z;) = f(z), i =0,1,...,n. Av r(z) := p(x) — ¢(x), t61€ 10
r € Py xou r(z;) = p(x;) —q(zi) = f(x;) — f(x;) =0, yra xdde i = 0,1,...,n. Apa 10 7 eivon éva
Tohudvuuo Baduol n xar €xet n + 1 draxpitég pileg, ondte 10 7 = 0, %A CUVETKOS TO p = q. O
YupBoiiopos: Oa cupforilovye e py, (f; {zo,21,...,2n}; :1:) my Tipn o éva z € R Tou ToAuwv-
pov Baduol to mohh n, mou mapeuBdiieton oTic Tiwée g f ota n + 1 onpela xo, 1, ..., Ty AV
efvar oagéc motd efvan to onueia e TopepBorfc, téte Vo ypdpoupe P, (f;x).

Edxoha, and tov opiopd tou, PAénoupe 6Tt T0 mohudvupo mapepuBolic pr(f;-) avornoel Tic

X OMOVVES BLOTNTES
pulf +9:2) = palfio) +pnlgs),
palefi) = apn(fi), VoaeR, (5-3)
palg;)) = 4, VqePn
¥t ouvéyela Yo dwooupe Evay avahutixd TOTO Y 10 o@dhua TS TopepPornc 6tav 1 f elvan
wa opahyy ouvdpeTtnom
OEQPHMA 5.1.2 Eotw n € N, f € C"a,b], zo,71,...,7, € [a,b] dapopetid avd dbo onueia

kai pn(f;-) To moAvdyrupo mov tapepPdrretar oTny f ota onueia xo, x1,. . ., Ty. Tote 10y vovy

(n+1)(g)
Vo€ a,b] 36 = £(@) € (@b): F(@)—pu(fin) = S T[w ). (54)

(n+1)! pales
Kai
1f = pu(f;)lle = max ﬁ(w—x‘) 177Dl (5.5)
Pllsillee = 2O5, P I (n+1)! '

Anédaén. Acite Ty anddeiln touv Oewp. 4.2 oo BiBhio twv I'. Axpin xau B. Aouyord, [2]. O
IMopathpenon. Xt dtdinwon tov Ocwphuatog 5.1.2 avagpépeton Tt 1o & elvar xdnoto anueio 6To
ddoTnua [a,b], ywpelc duwe va yvepiloupe towd eivar. H araftnon f € C™"a,b] xo n aduvopic
Yvhone tou § elvon d0o Adyor Y Toug onofoug ot tintot (5.4) xan (5.5) €youv neploplopévr mpaxTixN

onpaota.
IMapadeiypota.
1) Tpapuxh napepPorf (n = 1). ‘Eotw pi(f;-) 10 yeoumxd noludvugo nou napegfdhheta 6Tic

npée f(a) xon f(b) prag ouvdptnone f € C?[a,b]. Téte and tc (5.4) xu (5.5) Yo éyoupe

1@ =m0 = a0 T ace <
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pdeds

1Moo
< LI}
If = p1(fi)loe < max |( 0| =5
_ (—a)?
onotTE ETELDY maxaéxq,! z—a)(z —b)| = 5,
b—a)?
17 =27 ) <

2) Tetpaywvixt napeyBold (n = 2) pe woméyovta onpela @, = a + ih, i = 0,1,2, h = 5%, Ay
f € C3a,b], éyoupe yw = € [a,b]

A3

flx) —pa(f;z) = (z — zo)(z — x1)(x — x2) 5 a<é<bh
xat, mopoépota e to IMapdderypa 1,
I = patrilloe = L2
3) Botw f € C"Ya,b] xu x; = a +ih, i =0,1,...,n, 6mov h = T“, o n + 1 onueio evég

opot6Uop@ou drageptopol tou drao thuatog [a, b]. Téte unopei xaveic va deiler (doxnon) 6t

. n+1
g e - o) S 0
onote
htt (n41)
I|f = pn(f; )Hoo_m\\f lloo-

And v extiunon auty ouunepaivoupe OTL Yiat TOAAES GUVAPTAGELS TO GPAAUA THG TOAUGYL-
wxhc mapeUPoAfic ot toanéyovta onpeio Telvel opuotouopPa Teog To UNdEY, xows To n — 0o.
Mo tétowa xatnyopla eivon ouvaptioeic Tou €youv Tapaydyous orotacdfinote téEne oo [a, b,

Yia Tic omoiec undpyer M > 0, tétotoc dhote ||[f) oo £ M™, n=1,2,... (doxnon).

Oa unédete Aowmdy xavelc 6Tt 0TNY TEPINTWON OpoLOUoPPOL Blapeptonol, xa xadds To TAdog
TV onueiwy topeuBoArrc Telvel mpog to dmelpo, N axohoudia WV TOAVWVOUWY UG OTOWCONTOTE
ouveyolg auvdptnong f ouyxhiver opotduoppa Tpog Ty f. Ouwe anodelydnxe Tt autd dev elvan

owoTo.
IMapadeiypota.

1) O npdroc nou édwoe éva apvnind mopdderyua Htav o Runge, 1o 1901, pe ) ouvdptnon

1
=—7, —5Z xS0
f@)im {7y BSasS
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H ouvdptnon auth| eivar dnetpec popéc napaywyiown oto [-5,5]. Egoapuélovtac napeuBoly| pe

oanéyovta onpelo ; = =5+ 14 %0, i =0,1,...,n, o Runge xatdgpepe va deiet ot

‘ 0, oavlz|<3.633...
lim |f(x) — pu(f;2)| =
n—o0 oo, av x| >3.633....

— (x)=1/(1+ x?)
— . PylX)

Yyhua 5.2: Mokudvupo mapeuBorfic pao, Yo T ouvdptnon tou Runge. Opolbuopgoc duayuepopdc.

Y10 Tyfua 5.2 PAénovpe N Ypapun nopdotaoy tne ouvdptnong tou Runge, xododg xou tou
TOAVWVOROL TapeUBortic pn(f;+) Y Tov opotbpoppo drapeptowd tou [-5,5] e n = 20.

2) 'Eva delbtepo apynuxd nopdderypo 860nxe and tov Bernstein yia tn ouvdptnon f(x) = |z|,
—1 < 2z < 1. Av egappéoouye tapepfold e wanéyovta oneloz; = —1+i2,i=0,1,...,n
uropolpe va det€oupe 6Tt limy, oo | f(2) — pr(f; )| = 00 v x&de z € [—1,1], extdc and

rz=-—1,0 xu 1.

Oa unopoloe hotméy xavelc va utodéoet 6Tt 10 TpdBAnua Peloxetar oY EMAOYY TV ONUElWY
TopepBohng xou eWdXOTERA O TNV ETAOYT, ouoldpopPwY daueptoumy. Kortdvtac, yia napdderyua,

oyéon (5.5) gaiveton hoyixd va npoonw‘)ﬁcoups va emAéEouye ta onuela TapeuBolrc €TolL WO TE va
n

4 4 4 ? L
EAYIOTOTOOUY TNV TOGOTHTA am;mi(b‘H x— :UZ . Hapatnpriote dpwe 611 10 H x — x;) ebvon éva

ToAuyuuo Boaduod n+1 ue ouvrs)\scm peytotoPdimou épou 1. Amé 1o Hoplopa 4.3.1 yvwpiCoupe
6Tt T0 ToAuwVLRO Baduol n 4+ 1 e ouvtekeo T peytotoBdduon dpou pwovdda mou Exel TNV Ny TN
| [|oo VOppat otov Cla, b] eivar 1o p(x) = (22372:;1 Tt (%), 6mou 10 T4 efvon To TOAUGVLPO
Chebyshev Baduol n+ 1. Enopévwe da ehayiotonomioouvpe 1o yivépevo | [[(z — ;)| av emiéEoupe

w¢ onuela mapepgBolic Tic pilec tou molvwvipou Chebyshev Baduod n + 1 oo didotnua [a,b].
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Mropotue va eAéyEoupe 6TL Ta omueia autd divovton and Tov THno

a+b b-—a 20+ 1
—_— _— ;=0,1,...,n. .
5 + 5 <2(n~|—1) 7r>, 1=0,1,...,n (5.6)

Yo Eyfua 5.3 Sivetan 1 Ypapix| Tapdo taon tng cuvdptnong Tou Runge, xadde xon Tou moAuwvipou

Ty =

nopeuBorfc pr(f; ) ota onuela tou Chebyshev yia n = 20.

3

250
AN
15 — f(x)= 2
f(x)=1/(1+ x%)

— . Pyl
4L

051

0

-0.5

1 I I I I I I I I
-5 -4 -3 -2 -1 0 1 2 3 4 5

Yyhuo 5.3: ohudvupo napeuBolic pao, Yo T cuvdptnon tov Runge ot onuela tou Chebyshev.

Ou npooTadoouHE 5T CUVEYELXL VAL DOOOUPE HEPXE axoud GToLEld OYETIXG UE TN UYXAIOT
0V ToAUeVOpeY Tapepforic. ‘Eotw, Aowdy, f € Cla,b] xou x;, i = 0,1,...,n, dpopetid avd
dVo onueia tou [a,b]. Me ™ Borfdeia Tou thnou (5.2) unopolue va uroloyicoupe Y || - |l TOU

ToAuWVORoU TapeuPBorfic py(f;-). Ou éyoupe

Ipulfi M = max |3 £ L@)] £ max 31w L)
Sesh g ==0520
< max |£() Igjgb;ILz(m)l

H ouvdptnon
M) = 3 |Li(x)] (57)
i=0
Aéyeton owvdpTnon tov Lebesgue yio v napeuBohy) Lagrange, xou n yéyiotn T g

Ay o= [ Ao = argjgb An (), (5.8)

Aéyetou otadepd tov Lebesgue.

Apa deilope 6Tt av f € Cla,b], 61

[P (f5 )lloe = An [l flloo- (5.9)
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Me ) Bordera g (5.9) % v Wiothtwy (5.3) uropolue va Bpoldue wa extiunon yia o opdhuo
¢ napepforrc. ‘Eotw p; n BéAtiot opotdpopen npocéyyion tng f and tov Py, xou E, (f; [a, b]) =
minyep, ||f — plloc = | f — Pilloo T0 0pdhua e BérTione opotbpopyne npocéyytone. Tote
1f = pn(fi)llee = [1f = pn+pp = Pu(f5 oo = 1f = o+ PalPii ) = Pl )l
S N =alloe +IPa(pn = f3)lloo = [1f = Pallo + Anllf = prlloo-
Yuvenmg
1f = 2n(f; Ml = (1 +An) I = prlloo = (14 An) En(f; [a,0]). (5.10)
(Anhad o o@dhpa T ToAuwvuuxhc TtapeuBolfc elvar yelpbdtepo and exelvo g BéNTioTng opotd-
popyng mpocéyyione To Tohd xatd éva mopdyovia (14 Ay).)

Aéyw tou Hoplopatoc 4.1.1 (tou Oewp. tou Jackson) Brénoupe bt

b—a
I =l 61 A w (21,

onérte dedopévne wae f € Cla, b] n axohoudio twv tohuwvipwy tapegfolic Ya ouyxAiver ogotbuop-
ga mpoc Ty f av Ay w (52) — 0, xaddg n — oo. Apa Ya mpémer va ehéyEOUPE TN CURTEPLYOPY
¢ otadepds A, AuoTuywg to A, dev elvon opotduoppa geayuévo. LNy nepintwon Y. loomé-
Yoviwy onuelowv tapeuBolic uropel va anodetydel 6t 1 otadepd Tou Lebesgue auvgdvetar exdetind,
Tuyxexpyéva .oy Vet 1 axohovdn aocuunTtw T exTiunon

2n+1

~

, M — 00.
enlogn

And v dAAn peptd av yenotponomdoly we onueio napepPornc ta onueia tou Chebyshev, téte

oy Vet 1 axohovdn extiunon
2 2
—log(n+1)+a <A, < —log(n+1)+4, y xdrow otadepd a,
s s

onhadh N abinomn eivar hoyoprduxh. (T Ty anddeln unopel xaveic va avatpéZer oto Biffkio tou
Rivlin, [9].) Xtov axbéhoudo nivaxa propel xaveic va det tnv adZnon e otadepds tou Lebesgue
Ay, B (5.8), vy Vv mopepBory; Lagrange otov P, xadde 10 n auZdvet, yia évay opotéuop®o

droueptond xat yio évay dropeptopd e ta onpeio tou Chebyshev.

n A, — Opodpoppog A, — Chebyshev
2 1.25 1.67

4 221 1.99

8 11.0 2.36

12 89.3 2.60

16 935 2.77

20 11000 2.90
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(n)

Mropel va anodeydel dtt aveldpnta g emhoyhc TV onueiwy mapeuBoric x; = a:in , 1=
0,1,...,n, wyde ndvta 6Tt Ay, > O(log n), xadde n — co. EmnAéoy, 1oy ber o axdhouvdo apvntixd

anotéleopa mou anodelydnxe and tov Faber to 1914.

OEQPHMA 5.1.3 I'a kdUe mivaka onueiwv napepforng 2 e [—1,1], ¢ = 0,1,...,n, vrdpye

i
owvdptnon f € C[—1,1], térowa dote av p,(f;-) elvar to moAvdvupo mov mapepPdiretar oty f

ota onuela 2™ . 2™ (n) _. .
nueta xy ', xy 7, ..., Ty, TOTE 10X VEL

limsup || f — pn(f;-)]lco = 00.

n—oo

Ytov avtinoda tou Ocwpruatog 5.1.3 Beloxetoun éva Yetxd anotéheopa YeEVIXOL YapaxThpaL.

(n)

OrPHMA 5.1.4 Av f € Cla,b], tdre vndpye évag mivakas onueiowr napepfornisx, ', i =0,1,...,n,

Této10§ hoTe 1 axoloviia Twv ToAveYUuwY Tapepfolris p,(f;-) va ovykAiver opoiduoppa otnr f.

Anddaén. Eivar tpogavéc 6t av (pr) eivar 1 axoloudio TV ToAUOVIUGY TwV BEATIO TV OUoL6Uop-
pwv Tpooeyyioewy, tdte Aoyw tou Oewphpatoc tou Weierstrass (Oempnua 4.1.1) 1 axolovdia aut
Yo ouyxAivet oty f opotduoppa. Eotw howmdv p}, € Py, n Béktiotn opordpopyn npocéyyion g f
o710 [a,b]. Lopgwva hotnbv e 1o Oewpnua 4.2.1 vrdpyouv n + 2 onueia tou [a, b] pe TV WBLéTTA 1N
f—p; vaevakhdoel 1o npdonud tng dadoytxd ota onueia autd. Enopéveg, n f —pj, €xer n+1 pileg

oto [a,b], Tou ac g ovuBolicouye xé"),xg"), e ,x,(ln). Av Yewpfioouue Tov Tivoxa TwV oNueiwy

TopepBolic mou amoteleitan and T pileg autég, Yo €youue OTL Py, (f;x(()n),xg"), . ,x,(ln); ) = p},

onhad? to moAuwvugo mapeuBohic oupnintel ue T BEATIoTH opodpoppyn TEooEYYIoY, ONOTE TO

{ntoluevo mpoxnTEL dUETA. O

5.1.1 IMapdotacn Tou TOALWVOKOU TapeRBOAYc ot poppn Tou Nelbtwva.

Yehidec 144-145 ou BiPhiov wwv I'. Axpifn xou B. Aouyald, [2].

5.2 Ilohvwvuuixn napeuBorn tOtouv Hermite.

Yehidec 155-157 tou Bifhiov wwv T'. Axpifn xor B. Aouyahd, [2].

5.3 IlapeuBoAr ue splines.

Tehidec 158-168 tou Bifhiov twv I'. Axpifn xou B. Aouvyals, [2].
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