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Peperasmène
 diaforè
 gia to prìblhma dÔo shme�wn.Mh omoiìmorfo
 diamerismì
'Estw to prìblhma dÔo shme�wn:
{

−u′′ + qu = f, x ∈ [a, b]

u(a) = u(b) = 0,
(1)all� t¸ra ja jewr soume èna diamerismì tou [a, b], a = x1 < x2 < . . . < xN < xN+1 = b, pou den jae�nai kat' an�gkhn omoiìmorfo
. (Xekin�me thn ar�jmhsh apì 1 kai ìqi apì 0, giat� èqoume up' ìyin thnulopo�hsh th
 mejìdou sto Matlab.) Ja sumbol�zoume hi := xi+1 − xi, i = 1, 2, . . . , N , Ui ≈ u(xi), kaime xi−1/2, xi+1/2, ta mèsa twn diasthm�twn [xi−1, xi], [xi, xi+1], ant�stoiqa (bl. Sq ma 1).
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Sq ma 1Tìte h prosèggish th
 deutèra
 parag¸gou u′′(xi) mpore� na g�nei w
 ex 
:
u′′(xi) = (u′(xi))

′ ≈
u′(xi+1/2) − u′(xi−1/2)

hi

2 + hi−1
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≈

u(xi+1)−u(xi)
hi

− u(xi)−u(xi−1)
hi−1

1
2 (hi + hi−1)

.'Etsi katal goume sto akìloujo sq ma peperasmènwn diafor¸n gia thn ep�lush tou (1):
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+ q(xi)Ui = f(xi), i = 2, 3, . . . , N, (2)ìpou lìgw twn sun. sunjhk¸n Dirichlet èqoume ìti U1 = UN+1 = 0.Pollaplasi�zoume thn (2) me hi−1+hi

2 kai katal goume sthn isodÔnamh morf :
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2
f(xi), i = 2, 3, . . . , N, (3)me U1 = UN+1 = 0. (Parathr ste ìti an hi = h := (b− a)/N , gia i = 1, 2, . . . , N , dhlad  gia omoiìmorfodiamerismì, katal goume sto gnwstì ma
 sq ma peperasmènwn diafor¸n me tr�a shme�a.)1



H (3) mpore� ep�sh
 na grafe� sth morf  tou akìloujou grammikoÔ sust mato
:
AU = F, (4)ìpou

A =







































1
h1

+ 1
h2

+ h1+h2

2 q(x2) − 1
h2

0 . . . 0

− 1
h2

1
h2

+ 1
h3

+ h2+h3

2 q(x3) − 1
h3

0 0. . . . . . . . .
0 . . . 0 − 1

hN−1

1
hN−1

+ 1
hN

+ hN−1+hN

2 q(xN )







































,

U = (U2, . . . , UN )T kai F =
(

h1+h2

2 f(x2),
h2+h3

2 f(x3), . . . ,
hN−1+hN

2 f(xN )
)T .'Ena par�deigma. JewroÔme to prìblhma (1) me [a, b] = [0, 4], q(x) := 4, f(x) := 16π

(

π sin(4πx) +

cos(4πx)
)

e−2x. Tìte h akrib 
 lÔsh e�nai: u(x) = sin(4πx) e−2x. Sto Sq ma 2 apeikon�zontai h akrib 
lÔsh kai h proseggistik  lÔsh me th mèjodo peperasmènwn diafor¸n gia omoiìmorfo diamerismì tou [0,4℄a) me N = 20 kai b) me N = 40 upodiast mata. Apì to Sq ma 2 mpore� kane�
 na diapist¸sei ìti h lÔshèqei pio apìtome
 metabolè
 sto d�asthma [0,2℄ apì ìti sto [2,4℄. W
 ek toÔtou prèpei na front�soume¸ste o (omoiìmorfo
) diamerismì
 ma
 na e�nai arket� leptì
 ètsi ¸ste na na perièqontai arket� shme�asto di�sthma pou h lÔsh ma
 metab�lletai apìtoma. Mia �llh strathgik  ìmw
 e�nai na qrhsimopoi soumeènan mh omoiìmorfo diamerismì kai na anadiat�xoume ètsi tou
 kìmbou
 ¸ste na perièqontai perissìterashme�a sto {dÔskolo} di�sthma kai ligìtera sto {eÔkolo}.
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approx.
exact(a) Omoiìmorfo
 diamerismì
, N = 20 (b) Omoiìmorfo
 diamerismì
, N = 40Sq ma 2Sto Sq ma 3 apeikon�zontai h akrib 
 lÔsh kai h proseggistik  lÔsh me th mèjodo peperasmènwn diafor¸ngia mh omoiìmorfo diamerismì tou [0,4℄, a) me N = 20 kai b) me N = 40 upodiast mata. Parathr ste ìtioi kìmboi pukn¸noun ìso plhsi�zoume pro
 to aristerì �kro tou diast mato
, kai ìti t¸ra h prosèggis ma
 e�nai polÔ kalÔterh apì thn ant�stoiqh gia omoiìmorfo diamerismì.2
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approx.
exact(a) Mh omoiìmorfo
 diamerismì
, N = 20 (b) Mh omoiìmorfo
 diamerismì
, N = 40Sq ma 3'Ena
 trìpo
 gia na kataskeu�soume ènan mh omoiìmorfo diamerismì e�nai o akìloujo
: Xekin�me apì ènanomoiìmorfo diamerismì tou [0,1℄, zi = (i − 1)h, i = 1, 2, . . . , N + 1, ìpou h = 1/N , kai sth sunèqeiaqrhsimopoioÔme k�poia kat�llhlh apeikìnish X (z) gia na or�soume tou
 kìmbou
 tou mh omoiìmorfoudiamerismoÔ xi := X (zi). Sto Sq ma 4 èqoume topojet sei ston k�jeto �xona ta z kai ston orizìntio ta

x. (Me aut  thn epilog  axìnwn sto Sq ma 4 ousiastik� d�netai h grafik  par�stash th
 ant�strofh
sun�rthsh
 z = X−1(x).) Parathr ste p¸
 ta omoiìmorfa katanemhmèna shme�a ston �xona twn zantistoiqoun sta mh omoiìmorfa katanemhmèna shme�a tou �xona twn x.
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xSq ma 4Sto par�deigm� ma
 endiaferìmaste na pukn¸soume ta shme�a tou diamerismoÔ ma
 pro
 to aristerì �krotou diast mato
. Autì mpore� na epiteuqje� p.q. me th bo jeia th
 sun�rthsh

X (z) = (b − a)

ekz − 1

ek − 1
+ a, z ∈ [0, 1], (5)ìpou k e�nai kat�llhlo
 suntelest 
 en�sqush
 th
 pÔknwsh
. Sto Sq ma 5 apeikon�zetai o trìpo
leitourg�a
 th
 (5)sto di�sthma [0,4℄ me k = 2.
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Sq ma 5Ta apotelèsmata pou qrhsimopoi jhkan gia to Sq ma 2, èqoun ep�sh
 prokÔyei me k = 2. Ston akìloujop�naka d�netai to sqetikì sf�lma
E(N) =

max
1≤i≤N+1

|u(xi) − Ui|

max
1≤i≤N+1

|u(xi)|
,gia omoiìmorfo kai mh omoiìmorfo diamerismì tou [0,4℄ se N upodiast mata.

E(N) Omoiìmorfo
 diam. Mh omoiìmorfo
 diam.
N = 20 0.8811 0.0890
N = 40 0.1174 0.0230
N = 80 0.0283 0.0056
N = 160 0.0071 0.0014Parat rhsh: Fusik� autì pou ja epijumoÔse kane�
 apì mia arijmhtik  mèjodo ja  tan h epilog  twnkìmbwn na g�netai {autìmata} kai qwr�
 ek twn protèrwn gn¸sh th
 sumperifor�
 th
 lÔsh
. K�ti tètoioxefeÔgei apì tou
 skopoÔ
 autoÔ tou maj mato
. Tètoia jèmata antimetwp�zontai sto m�jhma TEM349:Upologistikè
 Mèjodoi Autìmath
 Anadiamèrish
.Ask sei
:1. Gr�yte èna prìgramma Matlab (  Fortran   C) pou na epilÔei to prìblhma (1) kai qrhsimopoi steto me ta dedomèna tou parade�gmato
 gia na epibebai¸sete ta parap�nw apotelèsmata.2. Jewr ste to prìblhma sunoriak¸n tim¸n

{

−εu′′ + u′ = 1, x ∈ [a, b]

u(0) = u(1) = 0,
(6)ìpou ε e�nai dedomènh jetik  stajer�. Bre�te thn akrib  lÔsh tou probl mato
. Diatup¸ste miamèjodo peperasmènwn diafor¸n gia thn arijmhtik  ep�lush tou (6), kai ulopoi ste thn se èna prì-gramma Matlab (  Fortran   C). Trèxte to prìgramm� sa
 gia ε = 0.5 kai ε = 0.005 qrhsimopoi¸nta
diamerismoÔ
 me 125, 250 kai 500 upodiast mata. PisteÔete ìti e�nai kalÔtero na qrhsimopoi setemh omoiìmorfo diamerismì? An, na�, pragmatopoi ste to.4


