EM291: Arijmhtikh Epilush Diaforikwn Exiswsewn Akad. ètoc 2007`2008 Pèmpth 20 MartÐou 2008

1h Ergasthriakă ’Askhsh

Jewrăste to prìblhma arqikÿn timÿn

y^′(t) = f(t, y(t)), t ∈ [a, b], y(a) = y_0. (1)

GrĹyte èna prìgramma to opoÐo na ulopoieÐ th mèjodo tou Euler gia thn epÐlush tou (1) gia ènan omoiìmorfo diamerismì tou [a, b] me băma h = (b−a)/n. Dhladă ja prèpei na upologÐzete tic proseggÐseic y^n ≈ y(t^n) wc exăc: y^0 = y_0, y^{n+1} = y^n + hf(t^n, y^n), n = 0, 1, . . . , N − 1. (2) GrĹyte, epÐshc, èna prìgramma pou na ulopoieÐ thn akìloujh arijmhtikă mèjodo gia thn epÐlush tou (1), z^0 = y_0, z^{n+1} = z^n +^h_2 [ f(t^n, z^n) + f ( t^{n+1}, z^n + hf(t^n, z^n) )] , n = 0, 1, . . . , N − 1. (3) Gia ta progrĹmmatĹ sac mporeÐte na qrhsimopoiăsete Fortran ă C (se diplă akrÐbeia) ă Matlab. (H f(t, y) kai h akribăc lÔsh y(t) ja prèpei na dÐnontai wc upoprogrĹmmata function kai na kaloÔntai apì to kurÐwc prìgramma ìtan eÐnai aparaÐthto.) Ta progrĹmmatĹ sac ja prèpei akìmh, na upologÐzoun kai na ektupÿnoun sthn ojình ta sfĹlmata twn mejìdwn (2) kai (3), antÐstoiqa, max 0≤n≤N

|y^n − y(t^n)| kai max_{0≤n≤N} |z^n − y(t^n)|.

1. Jewrăste to p.a.t. y^′ = y + 4π cos(4πt) y, t ∈ [0, 1], y(0) = 1.

(aþ) ApodeÐxte ìti to prìblhma autì èqei monadikă lÔsh kai breÐte thn analutikĹ. (bþ) UpologÐste proseggÐseic thc lÔshc me tic mejìdouc (2) kai (3), kajÿc kai ta sfĹlmata, gia omoiìmorfouc diamerismoÔc me N = 64, 128, . . . , 4096, 8192 upodiastămata.

(gþ) SqediĹste sto Ðdio sqăma thn analutikă lÔsh kai tic proseggÐseic thc me tic mejìdouc (2) kai (3) gia N = 512 upodiastămata, kai apojhkeÔste to sqăma se èna (postscript) arqeÐo.

(dþ) BreÐte upologistikĹ thn tĹxh akrÐbeiac twn mejìdwn (2) kai (3).

Autì mporeÐ na epiteuqjeÐ wc exăc: ’Estw E(N) to sfĹlma thc arijmhtikăc mejìdou gia N upodiastămata, kai ac upojèsoume ìti E(N) ≈ Ch^p, ìpou h stajerĹ h eÐnai anexĹrthth tou h kai tou N. Tìte E(N) E(2N) ≈ Ch^p C (_h 2 )_p = 2^p ⇒ p ≈ log (_{E(N)}

E(2N) ) log 2 .

(eþ) SqediĹste èna log log grĹfhma tou sfĹlmatoc E(N) sunartăsei tou arijmoÔ twn epanalăyewn N gia tic mejìdouc (2) kai (3), me N = 64, 128, . . . , 4096, 8192.

2. ProsdiorÐste th lÔsh tou p.a.t. y^′ = 2 |t| y, t ∈ [−1, 1], y(−1) = 1/e.

(aþ) ApodeÐxte ìti y ∈ C^1[−1, 1], allĹ ìti h y^{′′} den upĹrqei sto t = 0. ’Ara y ∉ C^2[−1, 1]. (bþ) EpanalĹbate ta erwtămata (b’)-(e’) thc prohgoÔmenhc Ĺskhshc gia N = 16, 32, . . . , 1024, 2048 upodiastămata.

PROSOQH!

• Ja prèpei na doulèyete se omĹdec twn dÔo atìmwn. Oi omĹdec autèc ja parameÐnoun oi Ðdiec kai stic epìmenec ergasthriakèc askăseic.

• H exètash thc Ĺskhshc ja gÐnei thn ebdomĹda 1-4/4, se ÿrec pou ja anakoinwjoÔn sthn istoselÐda tou majămatoc.

• Thn TrÐth 1/4 kĹje omĹda ja prèpei na paradÿsei mia èkjesh (tupwmènh katĹ protÐmhsh) sthn opoÐa ja perièqontai tìso oi apantăseic sta analutikĹ erwtămata, ìso kai pÐnakec me ta upologistikĹ apotelèsmata, kajÿc kai sqoliasmìc touc.

2