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 - 3o Full�dio1. Exet�ste an oi parak�tw prot�sei
 e�nai alhje�
   yeude�
. Jewr ste ìti oi V kai W e�nai d.q.peperasmènh
 di�stash
 (ep� enì
 s¸mato
 K) kai L mia apeikìnish apì ton V ston W .(aþ) An h L e�nai grammik , tìte diathre� ta ajro�smata kai ta bajmwt� ginìmena.(bþ) An L(x + y) = L(x) + L(y), tìte h L e�nai grammik .(gþ) H L e�nai 1-1 an kai mìnon an ker(L) = {0}.(dþ) An h L e�nai grammik , tìte L(0V ) = 0W .(eþ) An h L e�nai grammik , tìte dim(ker(L)) + dim(im(L)) = dim(W ).(�þ) An h L e�nai grammik , tìte apeikon�zei grammik� anex�rthta uposÔnola tou V p�nw segrammik� anex�rthta uposÔnola tou W .(zþ) An L, T : V → W e�nai grammikè
 apeikon�sei
 kai sumfwnoÔn se mia b�sh tou V , tìte
L = T .(hþ) Dedomènwn x1, x2 ∈ V kai y1, y2 ∈ W , up�rqei grammik  apeikìnish L : V → W , tètoia ¸ste
L(x1) = y1 kai L(x2) = y2.2. Gia ti
 akìlouje
 apeikon�sei
 L apode�xte ìti e�nai grammikè
 kai bre�te b�sei
 twn ker(L) kai

im(L). Sth sunèqeia upolog�ste ti
 diast�sei
 twn ker(L) kai im(L), kai epibebai¸ste ìti isqÔeito Je¸rhma th
 di�stash
. Qrhsimopoi ste kat�llhla krit ria gia na elègxete an h L e�nai 1-1kai ep�.(aþ) L : R
3 → R

2, L(x1, x2, x3) = (x1 − x2, 2x3).(bþ) L : M2×3(R) → M2×2(R), L
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(gþ) L : P2(R) → P3(R), L(p(x)) = xp(x) + p′(x).3. D�netai h grammik  apeikìnish L : R
2 → R

2 me L(x, y) = (ax + by, cx + dy). De�xte ìti h L e�nai1-1 an kai mìno an ad 6= bc. Genikìtera, apode�xte ìti h grammik  apeikìnish T : R
n → R

n me
T (x1, x2, . . . , xn) = (a11x1 + · · · + a1nxn, . . . , an1x1 + · · · + annxn)e�nai 1-1 an kai mìno an h or�zousa tou p�naka A = (aij)i,j=1,...,n e�nai di�forh tou mhdenì
.4. D�netai h grammik  apeikìnish L : R

4 → R
3 me L(x, y, z, w) = (x− y, x + y + z, y + w). Bre�te miab�sh tou pur na ker(L), kaj¸
 kai th di�stash kai mia b�sh th
 eikìna
 im(L).



5. 'Estw V kai W d.q. kai L : V → W grammik  apeikìnish.(a) Apode�xte ìti h L e�nai 1-1 an kai mìno an apeikon�zei grammik� anex�rthta uposÔnola tou Vse grammik� anex�rthta uposÔnola tou W .(b) Upojèste ìti h L e�nai 1-1 kai èstw S ⊆ V . Apode�xte ìti to S e�nai grammik� anex�rthto ankai mìno an to L(S) e�nai grammik� anex�rthto.6. 'Estw V èna
 d.q. ep� enì
 s¸mato
 K kai mia grammik  apeikìnish T : V → V . De�xte ìti
T 2 = 0 ⇔ im(T ) ⊂ ker(T ).7. 'Estw V èna
 d.q. ep� enì
 s¸mato
 K kai mia grammik  apeikìnish T : V → V . De�xte ìti
ker(T ) ∩ im(T ) = {0} ⇔ (T 2(v) = 0 ⇒ T (v) = 0).
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