
EM211: Grammikh Algebra II Akad. èto
 2008�2009Pèmpth 5 Mart�ou 2009Ask sei
 - 4o Full�dio1. Exet�ste an oi parak�tw prot�sei
 e�nai alhje�
   yeude�
. Jewr ste ìti oi V,W e�nai d.q.peperasmènh
 di�stash
 me b�sei
 B, C, ant�stoiqa, kai T,L : V → W grammikè
 apeikon�sei
.(aþ) Gia k�je λ ∈ K, h λT + L e�nai grammik  apeikìnish apì ton V ston W .(bþ) An M(T ;B, C) = M(L;B, C), tìte T = L.(gþ) An m = dim(V ), n = dim(W ), tìte o M(T ;B, C) e�nai èna
 p�naka
 m × n.(dþ) M(T + L;B, C) = M(T ;B, C) + M(L;B, C).(eþ) O L(V,W ) e�nai dian. q¸ro
.(�þ) L(V,W ) = L(W,V ).2. Exet�ste an oi parak�tw prot�sei
 e�nai alhje�
   yeude�
. Jewr ste ìti oi V,W,Z e�nai d.q.peperasmènh
 di�stash
 me b�sei
 B, C,D, ant�stoiqa, T : V → W , L : W → Z e�nai grammikè
apeikon�sei
 kai A, B p�nake
.(aþ) M(LT ;B,D) = M(T ;B, C)M(L; C,D).(bþ) M(T (u); C) = M(T ;B, C)M(u;B), ∀u ∈ V .(gþ) M(L(v); C) = M(L;B, C)M(v; C), ∀v ∈ W .(dþ) M(IV ;B) = I.(eþ) M(T 2;B, C) =
(

M(T ;B, C)
)

2.(�þ) An A2 = I, tìte A = I   A = −I.(zþ) An A2 = O, tìte A = O, ìpou O e�nai o mhdenikì
 p�naka
.3. Exet�ste an oi parak�tw prot�sei
 e�nai alhje�
   yeude�
. Jewr ste ìti oi V,W e�nai d.q.peperasmènh
 di�stash
 me b�sei
 B, C, ant�stoiqa, T : V → W e�nai grammik  apeikìnish kai A,
B p�nake
.(aþ) (

M(T ;B, C)
)

−1

= M(T−1;B, C).(bþ) H T e�nai antistrèyimh an kai mìno an e�nai 1-1 kai ep�.(gþ) O M2×3(R) e�nai isìmorfo
 me ton R
5.(dþ) O Pn(R) e�nai isìmorfo
 me ton Pm(R) an kai mìno an n = m.(eþ) An AB = I, tìte oi A kai B e�nai antistrèyimoi.(�þ) O A prèpei na e�nai tetragwnikì
 p�naka
 gia na antistrèfetai.



4. 'Estw B, C oi sun jei
 b�sei
 twn R
2 kai R

3, ant�stoiqa. Upolog�ste ton p�naka M(T ;B, C) giathn apeikìnish T : R
2 → R

3 me T (x1, x2) = (2x1 − x2, 3x1 + 4x2, x1).5. 'Estw V èna
 d.q. me b�sh B = {x1, . . . , xn} kai x0 = 0. Tìte apì gnwstì je¸rhma up�rqei miagrammik  apeikìnish T : V → V me T (xi) = xi + xi−1 gia i = 1, . . . , n. Upolog�ste ton p�naka
M(T ;B).6. 'Estw g(x) = 3 + x,

T : P2(R) → P2(R) me T (f) = f ′g + 2f,kai
L : P2(R) → R

3 me L(a + bx + cx2) = (a + b, c, a − b).'Estw B = {1, x, x2} kai C = {e1, e2, e3}. Upolog�ste tou
 p�nake
 M(L;B, C), M(T ;B) kai
M(LT ;B, C). Sth sunèqeia elègxte ìti M(LT ;B, C) = M(L;B, C)M(T ;B).7. 'Estw V d.q. kai T : V → V grammik  apeikìnish. Apode�xte ìti T 2 = T0 (ìpou T0 e�nai hmhdenik  apeikìnish, dhl. T0(u) = 0, ∀u ∈ V ) an kai mìno an im(T ) ⊆ ker(T ).8. 'Estw V,W,Z d.q. kai T : V → W , L : W → Z grammikè
 apeikon�sei
.a) An h LT e�nai 1-1, apode�xte ìti kai h T e�nai 1-1. E�nai h L 1-1?b) An h LT e�nai ep�, apode�xte ìti kai h L e�nai ep�. E�nai h T ep�?g) An oi L kai T e�nai 1-1 kai ep�, apode�xte ìti kai h LT e�nai 1-1 kai ep�.9. An B = {(2, 5), (−1,−3)} kai B′ = {e1, e2} e�nai dÔo b�sei
 tou R

2 bre�te ton p�naka allag 
suntetagmènwn apì th b�sh B′ sth b�sh B.10. An B = {2x2 − x, 3x2 + 1, x2} kai B′ = {1, x, x2} e�nai dÔo b�sei
 tou P2(R) bre�te ton p�nakaallag 
 suntetagmènwn apì th b�sh B′ sth b�sh B.11. 'Estw T : P1(R) → P1(R) me T (p) = p′. An B = {1, x} kai B′ = {1+x, 1−x}, upolog�ste ton p�-nakaM(T ;B), ton p�naka allag 
 suntetagmènwn apì th b�sh B′ sth b�sh B, kai qrhsimopoi stetou
 gia na bre�te ton p�naka M(T ;B′).
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