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 - 1o Full�dio1. Exet�ste an oi parak�tw prot�sei
 e�nai alhje�
   yeude�
.(aþ) K�je dianusmatikì
 q¸ro
 (d.q.) perièqei èna mhdenikì di�nusma.(bþ) 'Ena
 d.q. mpore� na perièqei perissìtera tou enì
 mhdenik� dianÔsmata.(gþ) Se k�je d.q. V ep� enì
 s¸mato
 K, ax = bx ⇒ a = b, ìpou a, b ∈ K, x ∈ V .(dþ) Se k�je d.q. V ep� enì
 s¸mato
 K, ax = ay ⇒ x = y, ìpou a ∈ K, x, y ∈ V .(eþ) K�je stoiqe�o tou K
n mpore� na jewrhje� w
 èna stoiqe�o tou Mn×1(K).(�þ) 'Ena
 p�naka
 m × n èqei m st le
 kai n grammè
.(zþ) Sto P(K) mporoÔme na prosjèsoume mìno polu¸numa �diou bajmoÔ.(hþ) An f kai g e�nai polu¸numa bajmoÔ n, tìte to f + g e�nai polu¸numo bajmoÔ n.(jþ) An f e�nai polu¸numo bajmoÔ n kai λ ∈ K, λ 6= 0, tìte to λf e�nai polu¸numo bajmoÔ n.(iþ) 'Ena mh mhdenikì stoiqe�o tou K mpore� na jewrhje� w
 èna stoiqe�o tou P(K) mhdenikoÔbajmoÔ.(iaþ) DÔo sunart sei
 tou F(S, K) e�nai �se
 an kai mìnon an èqoun ti
 �die
 timè
 se k�je stoiqe�otou S.2. 'Estw S = {0, 1} kai K = R to s¸ma twn pragmatik¸n arijm¸n. De�xte ìti sto F(S, R), f = gkai f + g = h, ìpou f(x) = 2x + 1, g(x) = 1 + 4x − 2x2 kai h(x) = 5x + 1.3. 'Estw V to sÔnolo ìlwn twn diatetagmènwn zeug¸n pragmatik¸n arijm¸n. An (a1, a2) kai (b1, b2)e�nai stoiqe�a tou V kai λ stoiqe�o enì
 s¸mato
 K, or�zoume ti
 pr�xei


(a1, a2) + (b1, b2) = (a1 + b1, a2b2) kai λ (a1, a2) = (λa1, a2).E�nai o V me ti
 pr�xei
 autè
 dianusmatikì
 q¸ro
 ep� tou s¸mato
 K? Dikaiolog ste thnap�nths  sa
.4. 'Estw V = {(a1, . . . , an) : ai ∈ C, i = 1, 2, . . . , n}. An efodi�soume ton V me ti
 pr�xei
 th
 (kat�suntetagmènh) prìsjesh
 kai tou bajmwtoÔ pollaplasiasmoÔ, tìte e�nai dianusmatikì
 q¸ro
 ep�tou s¸mato
 twn pragmatik¸n arijm¸n?5. 'Estw V = {(a1, . . . , an) : ai ∈ R, i = 1, 2, . . . , n}. An efodi�soume ton V me ti
 pr�xei
 th
 (kat�suntetagmènh) prìsjesh
 kai tou bajmwtoÔ pollaplasiasmoÔ, tìte e�nai dianusmatikì
 q¸ro
 ep�tou s¸mato
 twn migadik¸n arijm¸n?



6. 'Estw V = {(a1, a2) : a1, a2 ∈ R}. An (a1, a2), (b1, b2) ∈ V kai λ ∈ R, or�zoume
(a1, a2) + (b1, b2) = (a1 + b1, a2 + b2)kai
λ (a1, a2) =







(0, 0) an λ = 0,
(

λa1,
a2

λ

) an λ 6= 0.E�nai o V me ti
 pr�xei
 autè
 dianusmatikì
 q¸ro
 ep� tou R? Dikaiolog ste thn ap�nths  sa
.7. E�nai to sÔnolo ìlwn twn paragwg�simwn pragmatik¸n sunart sewn me ped�o orismoÔ to R èna
upìqwro
 tou C(R)? Dikaiolog ste thn ap�nths  sa
.8. Apode�xte ìti an W1 kai W2 e�nai upìqwroi enì
 d.q. V , tìte o W1 + W2 e�nai èna
 upìqwro
 tou
V pou perièqei ta W1 kai W2. Epiplèon, apode�xte ìti e�nai o mikrìtero
 upìqwro
 tou V pouperièqei ta W1 kai W2.9. De�xte ìti to K

n e�nai to eujÔ �jroisma twn upìqwrwn W1 = {(a1, . . . , an) ∈ K
n : an = 0} kai

W2 = {(a1, . . . , an) ∈ K
n : a1 = · · · = an−1 = 0}.10. 'Ena
 p�naka
 A lègetai antisummetrikì
 an AT = −A. (Profan¸
 èna
 antisummetrikì
 p�naka
e�nai tetragwnikì
.) De�xte ìti to sÔnolo W1 ìlwn twn n×n antisummetrik¸n pin�kwn e�nai èna
upìqwro
 tou Mn×n(R). An W2 e�nai o upìqwro
 ìlwn twn summetrik¸n pin�kwn tou Mn×n(R),de�xte ìti Mn×n(R) = W1 ⊕ W2.11. De�xte ìti an

M1 =





1 0

0 0



 , M2 =





0 0

0 1



 kai M3 =





0 1

1 0



 ,tìte to span({M1,M2,M3}) e�nai to sÔnolo ìlwn twn summetrik¸n 2 × 2 pin�kwn.12. De�xte ìti an S1 kai S2 e�nai uposÔnola enì
 d.q. V , tètoia ¸ste S1 ⊆ S2, tìte span(S1) ⊆

span(S2). Eidikìtera, an S1 ⊆ S2 kai span(S1) = V , tìte span(S2) = V .13. De�xte ìti an S1 kai S2 e�nai tuqa�a uposÔnola enì
 d.q. V , tìte span(S1 ∪ S2) = span(S1) +

span(S2).14. 'Estw ìti S1 kai S2 e�nai uposÔnola enì
 d.q. V . Apode�xte ìti span(S1 ∩ S2) ⊆ span(S1) ∩

span(S2). D¸ste èna par�deigma sto opo�o to span(S1 ∩S2) kai to span(S1)∩ span(S2) e�nai �sakai èna par�deigma sto opo�o e�nai diaforetik�.
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