
EM 181: Arijmhtik  An�lush I Akad. èto
 2009�2010Deutèra 7 Dekembr�ou 20093h Ergasthriak  'AskhshSe aut  thn ergasthriak  �skhsh ja qreiaste� na qrhsimopoi sete k�poie
 sunart sei
 tou MAT-

LAB, gia ti
 opo�e
 akolouje� mia sÔntomh perigraf .
• Sto MATLAB èna polu¸numo p ∈ Pn parist�netai w
 èna di�nusma m kou
 n + 1 pou periè-qei tou
 suntelestè
 tou poluwnÔmou w
 ex 
: H pr¸th sunist¸sa tou dianÔsmato
 d�nei tosuntelest  tou megistob�jmiou ìrou kai h teleuta�a to stajerì ìro. Dhlad , an,

p(x) = p1x
n + p2x

n−1 + . . . + pnx + pn+1,sto MATLAB èqoume: p = [p(1) p(2) . . . p(n + 1)].Gia ton upologismì th
 tim 
 tou poluwnÔmou se èna   perissìtera shme�a to MATLAB qrhsi-mopoie� to sq ma tou Horner, dhl. qrhsimopoie� thn akìloujh anapar�stash tou poluwnÔmou
p(x) =

(

. . .
(

(p1x + p2)x + p3

)

x + · · ·+ pn

)

x + pn+1,(kai oi parenjèsei
 upolog�zontai apì mèsa pro
 ta èxw.) Sto MATLAB h mèjodo
 aut  ulo-poie�tai me th sun�rthsh polyval. P.q. an jèlete na upolog�sete thn tim  tou poluwnÔmou
p(x) = 2x2 − 3x + 1 sta shme�a x = 0, 1, 2, 3, 4 arke� na gr�yete sto MATLAB ti
 akìlouje
entolè
:}p = [2 -3 1℄}x = 0:4}y = polyval(p,x)

• 'Estw ìti ma
 d�nontai m zeÔgh dedomènwn {(xi, yi)}
m
i=1, ìpou ta shme�a xi e�nai diaforetik� an�dÔo. Sto MATLAB h sun�rthsh polyfit (sÔntaxh: p = polyfit(x,y,n)) k�nei prosarmog twn dedomènwn se mia kampÔlh, upolog�zonta
 (me thn ènnoia twn elaq�stwn tetrag¸nwn) topolu¸numo bajmoÔ n pou elaqistopoie� thn posìthta: ∑

m

i=1(p(xi)− yi)
2. Autì e�nai èna jèmapou den anaptÔxame sth jewr�a. An ìmw
 qrhsimopoi soume thn polyfit gia n = m− 1, tìtema
 epistrèfei tou
 suntelestè
 tou (monadikoÔ) poluwnÔmou bajmoÔ (to polÔ) m − 1, pouparemb�lletai sti
 timè
 yi sta shme�a xi, i = 1, . . . , m. P.q. an jèloume na upolog�soume kaina sqedi�soume to monadikì polu¸numo parembol 
 bajmoÔ 2, pou paremb�lletai sti
 timè
th
 sun�rthsh
 f(x) = 1/x sta shme�a x = 2, 2.5, 4, gr�foume ti
 entolè
:}x = [2 2.5 4℄}y = 1./x}p = polyfit(x,y,2) (← Upologismì
 tou pol. parembol 
 bajmoÔ 2)}xx = linspace(2,4,41); (← Kajorismì
 41 isapeqìntwn shme�wn sto di�sthma [2,4℄)}yy = 1./xx;}z = polyval(p,xx); (← Upologismì
 twn tim¸n tou pol. parembol 
 sta shme�a xx.)}plot(x,y,’o’,xx,yy,xx,z,’r’)}legend(’interpolation points’,’1/x’,’interpolant’)



• Sto m�jhma e�dame ìti an èqoume m zeÔgh {(xi, yi)}
m
i=1, ìpou ta shme�a xi e�nai diaforetik�an� dÔo, tìte kubik  spline parembol 
 s e�nai mia sun�rthsh me ti
 akìlouje
 idiìthte
:a) s ∈ C2[x1, xm],b) h s e�nai kubikì polu¸numo se k�je upodi�sthma [xi, xi+1], i = 1, . . . , m− 1, kaig) e�nai sun�rthsh parembol 
, dhl. s(xi) = yi, i = 1, . . . , m.(Gia ton pl rh kajorismì th
 qreiazìmaste dÔo epiplèon sunj ke
.) Sto MATLAB h kubik 

spline parembol 
 upolog�zetai me th sun�rthsh spline(x,y,xx), h opo�a upolog�zei ti
 timè
th
 kubik 
 spline parembol 
 sta shme�a xx. Se aut  th morf  h sun�rthsh qrhsimopoie� w
epiplèon sunj ke
 sta �kra ti
 legìmene
 not-a-knot sunj ke
 (pou epib�lloun th sunèqeia kaith
 tr�th
 parag¸gou ston pr¸to eswterikì kai ston teleuta�o eswterikì kìmbo).Mpore�te ìmw
 p.q. na kajor�sete kai thn tim  th
 1h
 parag¸gou sta �kra th
 spline d�nonta
dÔo epiplèon timè
 sto di�nusma y. P.q. gia na upolog�sete thn kubik  spline parembol 
 sti
timè
 th
 f(x) = sinx sta shme�a x = 0, π/2, π, 3π/2, 2π me sunj ke
 not-a-knot gr�fete:}x = linspace(0,2*pi,5)}y = sin(x)}xx = linspace(0,2*pi,101);}yy = sin(xx);}z1 = spline(x,y,xx);}plot(x,y,’o’,xx,yy,xx,z1,’r’)}legend(’interpolation points’,’sin(x)’,’cubic spline (not-a-knot)’)An ìmw
 jèlete na epib�llete sth spline na èqei kl�sh sta �kra �sh me 1, ja prèpei na d¸seteti
 entolè
:}x = linspace(0,2*pi,5)}y = [1, sin(x), 1]}xx = linspace(0,2*pi,101);}yy = sin(xx);}z2 = spline(x,y,xx);}plot(x,y(:,2:6),’o’,xx,yy,xx,z2,’r’)}legend(’interpolation points’,’sin(x)’,’cubic spline’)ASKHSEIS1. 'Estw xi, i = 1, 2, . . . , n+1 diaforetik� ana dÔo shme�a kai yi ∈ R, i = 1, 2, . . . , n+1. (Prosoq :Ed¸ h ar�jmhsh xekin�ei apì i = 1 - à la Matlab.) To polu¸numo parembol 
 p ∈ Pn gr�fetaisth morf  tou NeÔtwna w

pn(x) = a1 + a2(x− x1) + a3(x− x1)(x− x2) + · · ·+ an+1(x− x1) . . . (x− xn),opìte oi suntelestè
 ai, i = 1, 2, . . . , n + 1, mporoÔn na upologisjoÔn b�sei tou akìloujoualgor�jmou

ai = yi, i = 1, 2, . . . , n + 1Gia k = 2, . . . , n + 1Gia i = 1, . . . , k − 1

ak = (ak − ai)/(xk − xi) 2



tèlo
tèlo
An oi suntelestè
 ai, i = 1, . . . , n+1, e�nai gnwsto�, tìte h tim  pn(z) tou poluwnÔmou parembol 
sto shme�o z, upolog�zetai me to sq ma tou Horner sÔmfwna me ton algìrijmo
s = an+1Gia i = n, . . . , 1

s = ai + (z − xi)stèlo

pn(z) = sUlopoi ste sto MATLAB mia sun�rthsh newtinterp.m me or�smata ta dianÔsmata (x, y, u), ìpou

(xi, yi), i = 1, . . . , n + 1, ta shme�a parembol 
 kai u = (u1, . . . , um) to di�nusma pou perièqei ta
m shme�a sta opo�a jèloume na upolog�soume thn tim  tou poluwnÔmou parembol 
, h opo�a naupolog�zei tou
 suntelestè
 ai tou poluwnÔmou parembol 
 b�sei tou algor�jmou pou dìjhkeparap�nw, kai na epistrèfei èna di�nusma z, ìpou zi = pn(ui), i = 1, 2, . . . , m.Jewr ste th sun�rthsh f(x) = sinx, x ∈ [0, 2π], kai ènan omoiìmorfo diamerismì tou [0, 2π]me 6 isapèqonta shme�a èstw xi, i = 1, . . . , 6. Upolog�ste me th sun�rths  sa
 thn tim  toupoluwnÔmou parembol 
 p5, pou paremb�lletai sti
 timè
 th
 f sta shme�a xi, se 101 isapèqontashme�a tou [0, 2π]. Apeikon�ste sto �dio sq ma tìso thn grafik  par�stash th
 f , ìso kai toupoluwnÔmou p5. Elègxte se autì to par�deigma (me th bo jeia enì
 sq mato
), ìti h sun�rths sa
 kai h kat�llhlh qr sh twn entol¸n polyfit kai polyval sa
 d�noun ta �dia apotelèsmata.2. D�netai o akìloujo
 p�naka


t 1951 1961 1971 1981 1991 2001
y 7,632,801 8,388,553 8,768,641 9,740,417 10,259,900 10,964,020ìpou yi e�nai o plhjusmì
 th
 Ell�da
 to èto
 ti. Qrhsimopoi ste th sun�rthsh newtinterp.mtou erwt mato
 1 gia na upolog�sete to polÔwnumo parembol 
 p ∈ P5, pou paremb�lletai sti
timè
 yi sta shme�a ti, kai ètsi ektim ste ton plhjusmì th
 Ell�da
 ta èth 1968, 1982 kai 1994.Apant ste sthn �dia er¸thsh qrhsimopoi¸nta
 ant� gia poluwnumik  parembol  thn kubik  splineparembol 
. Sth sunèqeia upolog�ste, tìso me qr sh tou poluwnÔmou parembol 
 ìso kai th
kubik 
 spline parembol 
, ektim sei
 gia to mègejo
 tou plhjusmoÔ, an� èto
, apì to 1951 èw
kai to 2001 kai apeikon�ste ta apotelèsmat� sa
 sthn �dia grafik  par�stash. Sth grafik  aut par�stash ja prèpei na apeikon�zontai me kukl�kia kai ta arqik� sa
 dedomèna, dhlad  ta shme�a

(ti, yi) tou p�naka.3. 'Estw
f(x) =

1

1 + 25x2
, −1 ≤ x ≤ 1. (1)Qrhsimopoi ste th sun�rthsh newtinterp.m tou erwt mato
 1 gia na upolog�sete to polÔwnumoparembol 
 p ∈ Pn, pou paremb�lletai sti
 timè
 f(xi) sta shme�a xi, i = 1, 2, . . . , n + 1, enì
omoiìmorfou diamerismoÔ tou [-1,1℄. 'Estw zi, i = 1, 2, . . . , 201, isapèqonta shme�a tou diast mato
[-1,1℄. Upolog�ste ti
 timè
 tou poluwnÔmou parembol 
 pn(zi), kai me th bo jei� tou
 apeikon�ste3



sthn �dia grafik  par�stash thn arqik  sun�rthsh kai to polu¸numo parembol 
 arqik� gia
n = 10, kai met� gia n = 20 kai n = 40. Ti parathre�te?Epanal�bete thn �dia diadikas�a jewr¸nta
 t¸ra poluwnumik  parembol , ìqi se shme�a omoiìmor-fou diamerismoÔ tou [-1,1℄, all� sta shme�a Chebyshev: ξi = cos

(

2i−1

n+1

π

2

), i = 1, 2, . . . , n + 1.Tèlo
, k�nte sto �dio sq ma th grafik  par�stash th
 f kai th
 kubik 
 spline parembol 
 pouparemb�lletai sti
 timè
 th
 f se 21 isapèqonta shme�a tou [-1,1℄PROSOQH!
• Ja prèpei na doulèyete sti
 �die
 om�de
 ìpw
 th
 'Askhsh
 1.
• H exètash th
 �skhsh
 ja g�nei sto ergast rioH-203 thn Tr�th 15/12/2007 (15:00-19:00). Aut th for� den qrei�zetai na parad¸sete èkjesh me ta apotelèsmat� sa
, all� ja prèpei na e�ste sejèsh na apant sete kai se jewrhtikè
 erwt sei
 sqetikè
 me thn parembol .
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