Tmhma Efarmosmenwn Majhmatikwn Akad. ètoc 2006`2007 EM152: Eisagwgh sta Efarmosmena Majhmatika II DidĹskwn: D. MhtsoÔdhc.

3o FullĹdio Askăsewn

ParĹdosh: Paraskeuă 22/6/2007.

1. UpologÐste thn armonikă sunĹrthsh u(x, y) sto tetrĹgwno D := {0 < x < π, 0 < y < π} me tic sunoriakèc sunjăkec:

u_y = 0, gia y = 0 kai y = π, u = 0, gia x = 0, u = cos^2 y = 1 2 (1 + cos 2y), gia x = π.

2. LÔste thn exÐswsh tou Laplace sto exwterikì (r > a) enìc dÐskou aktÐnac a, me sunoriakă sunjăkh u = 1 + 3 sin θ gia r = a, kai me th sunjăkh sto Ĺpeiro ìti h u paramènei fragmènh kajÿc r → ∞.

3. LÔste thn exÐswsh tou Laplace s’ èna daktÔlio (1 < r < 2), ìtan sthn exwterikă tou pleurĹ (r = 2) dÐnetai ìti u = 0, enÿ sthn eswterikă tou pleurĹ (r = 1) dÐnetai ìti u = sin^2 θ.

4. UpologÐste thn lÔsh tou akìloujou problămatoc sunoriakÿn timÿn gia thn exÐswsh tou Laplace:

u_{xx} + u_{yy} = 0, sto D := {x > 0, y > 0 : x^2 + y^2 < a^2}, u = 0, gia x = 0 kai y = 0, ∂u ∂r = 1, gia r = a.

5. ApodeÐxte ìti to prìblhma Neumann gia thn exÐswsh tou Poisson

Δu = f, sto D, ∂u ∂n = 0, sto ∂D,

den èqei lÔsh, ektìc ean ∫ ∫∫ D f dxdydz = ∫ ∫ ∂D g ds.

6. Me th mèjodo qwrismoÔ twn metablhtÿn na deiqjeÐ ìti to prìblhma arqikÿn/sunoriakÿn timÿn gia thn exÐswsh thc jermìthtac tu_t = u_{xx} + 2u, 0 < x < π, t > 0, u(x, 0) = 0, 0 < x < π, u(0, t) = 0 = u(π, t), t > 0, èqei perissìterec apì mÐa lÔseic.

Upìdeixh: An u = XT h exÐswsh katalăgei sthn^{tT ′}_T − 2 =^{X ′′}_X = −λ. 7. JewroÔme to prìblhma arqikÿn/sunoriakÿn timÿn gia thn exÐswsh tou kÔmatoc u_{tt} = c^2u_{xx}, 0 < x < ℓ, t > 0 u(x, 0) = ϕ(x), u_t(x, 0) = ψ(x), 0 < x < ℓ u(0, t) = 0 = u_x(ℓ, t), t > 0 ìpou ϕ, ψ eÐnai omalèc sunartăseic kai c > 0 eÐnai mÐa stajerĹ.

(aþ) H enèrgeia E thc lÔshc u tou problămatoc orÐzetai apì th sqèsh

E(t) = 1 2 ∫_ℓ 0 ( 1 c^2 u^2_t + u^2_x ) dx. Na deiqjeÐ ìti h enèrgeia paramènei stajeră.

(bþ) Qrhsimopoiăste to apotèlesma sto (a’) gia na deÐxete ìti to prìblhma èqei to polÔ mÐa lÔsh. 8. ’Estw u_1 kai u_2 lÔseic tou problămatoc u_{xx} + u_{yy} = 0, sto D, u = g, sto ∂D, gia dedomèna g = g_1 kai g_2, antÐstoiqa. ApodeÐxte ìti an g_1 ≥ g_2 sto ∂D, tìte u_1 ≥ u_2 sto D.

2