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.3o Full�dio Ask sewnPar�dosh: Paraskeu  22/6/2007.1. Upolog�ste thn armonik  sun�rthsh u(x, y) sto tetr�gwno D := {0 < x < π, 0 < y < π} me ti
 sunoriakè
sunj ke
:
uy = 0, gia y = 0 kai y = π,

u = 0, gia x = 0,

u = cos2 y =
1

2
(1 + cos 2y), gia x = π.2. LÔste thn ex�swsh tou Laplace sto exwterikì (r > a) enì
 d�skou akt�na
 a, me sunoriak  sunj kh

u = 1 + 3 sin θ gia r = a, kai me th sunj kh sto �peiro ìti h u paramènei fragmènh kaj¸
 r → ∞.3. LÔste thn ex�swsh tou Laplace s' èna daktÔlio (1 < r < 2), ìtan sthn exwterik  tou pleur� (r = 2)d�netai ìti u = 0, en¸ sthn eswterik  tou pleur� (r = 1) d�netai ìti u = sin2 θ.4. Upolog�ste thn lÔsh tou akìloujou probl mato
 sunoriak¸n tim¸n gia thn ex�swsh tou Laplace:
uxx + uyy = 0, sto D := {x > 0, y > 0 : x2 + y2 < a2},

u = 0, gia x = 0 kai y = 0,

∂u

∂r
= 1, gia r = a.5. Apode�xte ìti to prìblhma Neumann gia thn ex�swsh tou Poisson

∆u = f, sto D,
∂u

∂n
= 0, sto ∂D,den èqei lÔsh, ektì
 ean

∫∫∫

D

f dxdydz =

∫∫

∂D

g ds.6. Me th mèjodo qwrismoÔ twn metablht¸n na deiqje� ìti to prìblhma arqik¸n/sunoriak¸n tim¸n gia thnex�swsh th
 jermìthta

tut = uxx + 2u, 0 < x < π, t > 0,

u(x, 0) = 0, 0 < x < π,

u(0, t) = 0 = u(π, t), t > 0,èqei perissìtere
 apì m�a lÔsei
.Upìdeixh: An u = XT h ex�swsh katal gei sthn tT ′

T
− 2 = X′′

X
= −λ.7. JewroÔme to prìblhma arqik¸n/sunoriak¸n tim¸n gia thn ex�swsh tou kÔmato
















utt = c2uxx, 0 < x < ℓ, t > 0

u(x, 0) = φ(x), ut(x, 0) = ψ(x), 0 < x < ℓ

u(0, t) = 0 = ux(ℓ, t), t > 0ìpou φ, ψ e�nai omalè
 sunart sei
 kai c > 0 e�nai m�a stajer�.



(aþ) H enèrgeia E th
 lÔsh
 u tou probl mato
 or�zetai apì th sqèsh
E(t) =

1

2

∫ ℓ

0

(

1

c2
u2

t + u2

x

)

dx.Na deiqje� ìti h enèrgeia paramènei stajer .(bþ) Qrhsimopoi ste to apotèlesma sto (a') gia na de�xete ìti to prìblhma èqei to polÔ m�a lÔsh.8. 'Estw u1 kai u2 lÔsei
 tou probl mato

uxx + uyy = 0, sto D,
u = g, sto ∂D,gia dedomèna g = g1 kai g2, ant�stoiqa. Apode�xte ìti an g1 ≥ g2 sto ∂D, tìte u1 ≥ u2 sto D.
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