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ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ
ƘƹƻƥƣƩƶ ưƩƸƥƦƯƫƸơƶ � ƏƥƸƥƱƳươƶ Ƹ�ư�

ƉƫưƢƸƵƫƶ ƑƫƸƷƳǁƨƫƶ

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ � � ��
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ƘƹƻƥƣƩƶ ƑƩƸƥƦƯƫƸơƶ

�

������
ƍƥ ƳƱƳưƠƪƳƹưƩ Ƹƹƻƥƣƥ ưƩƸƥƦƯƫƸƢ �Ƹ�ư�� ưƭƥ ƷƹƱƠƵƸƫƷƫX(·) ưƩ ƴƩƨƣƳ ƳƵƭƷưƳǁ ƸƳ
ƨƩƭƧưƥƸƭƮǀ ƻǂƵƳ Ω Ʈƥƭ Ƹƭươƶ ƷƸƳ R�

ƉƫƯƥƨƢ ưƭƥ Ƹ�ư� ƥƴƩƭƮƳƱƣƪƩƭ ƮƠƬƩ ƷƸƳƭƻƩƣƳ ω ∈ Ω �ƥƴƳƸơƯƩƷưƥ ƸƳƹ ƴƩƭƵƠưƥƸƳƶ� Ʒʌ
ơƱƥƱ ưƳƱƥƨƭƮǀ ƴƵƥƧưƥƸƭƮǀ ƥƵƭƬưǀX(ω) = x�

⌦ R

!

X(!) = x

X(·)

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ � � ��
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ƕƥƵƥƨƩƣƧưƥƸƥ

ƖƣƻƱƳƹưƩ ƨǁƳ ƥưƩƵǀƯƫƴƸƥ ƪƠƵƭƥ� ƍƩƽƵƳǁưƩ ƸƫƱ Ƹƹƻƥƣƥ ưƩƸƥƦƯƫƸƢX ƴƳƹ ƳƵƣƪƩƸƥƭ
ƽƶ ƸƳ ƠƬƵƳƭƷưƥ ƸƽƱ ƩƱƨƩƣƲƩƽƱ ƸƽƱ ƨǁƳ ƪƥƵƭǂƱ�

ƉƩƭƧưƥƸƭƮǀƶ ƻǂƵƳƶ Ω�

Ω = {(i, j)| i, j = 1, . . . , 6}

����� ����� ����� ����� ����� �����
����� ����� ����� ����� ����� �����
����� ����� ����� ����� ����� �����
����� ����� ����� ����� ����� �����
����� ����� ����� ����� ����� �����
����� ����� ����� ����� ����� �����

X(i, j) = i + j.

ƌ Ƹ�ư�X ưƴƳƵƩƣ Ʊƥ ƴƠƵƩƭ ƮƠƬƩ ƥƮơƵƥƭƥ ƸƭưƢ ưƩƸƥƲǁ 2 Ʈƥƭ 12�

ƑƴƳƵƳǁưƩ Ʊƥ ƹƴƳƯƳƧƣƷƳƹưƩ ƴ�ƻ� Ƹƭƶ ƴƭƬƥƱǀƸƫƸƩƶ�
P [X = 2] = P [(1, 1)] = 1/36
P [X = 5] = P [(1, 4), (2, 3), (3, 2), (4, 1)] = 4/36 . . .

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ � � ��
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ƆƬƵƳƭƷƸƭƮƢ ƷƹƱƠƵƸƫƷƫ ƮƥƸƥƱƳưƢƶ ưƭƥƶ Ƹ�ư�

ƌ ƥƬƵƳƭƷƸƭƮƢ ƷƹƱƠƵƸƫƷƫ ƮƥƸƥƱƳưƢƶ �Ƣ ƷƹƱƠƵƸƫƷƫ ƮƥƸƥƱƳưƢƶ� F Ƹƫƶ Ƹ�ư�X ƩƣƱƥƭ
ưƭƥ ƷƹƱƠƵƸƫƷƫ ƴƳƹ ƷƩ ƮƠƬƩ ƴƵƥƧưƥƸƭƮǀ ƥƵƭƬưǀ x ƥƱƸƭƷƸƳƭƻƩƣ ƸƫƱ ƴƭƬƥƱǀƸƫƸƥ
P [X ≤ x]�

F (x) = P [X ≤ x].

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ � � ��
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ƎƨƭǀƸƫƸƩƶ ƥƬƵƳƭƷƸƭƮƢƶ ƷƹƱ� ƮƥƸƥƱƳưƢƶ

0 ≤ F (x) ≤ 1� −∞ < x < ∞�

ƌ ƥƬƵƳƭƷƸƭƮƢ ƷƹƱƠƵƸƫƷƫ ƮƥƸƥƱƳưƢƶ ƩƣƱƥƭ ƥǁƲƳƹƷƥ ƷƹƱƠƵƸƫƷƫ�

F (x1) ≤ F (x2), −∞ < x1 ≤ x2 < ∞.

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ � � ��
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ƎƨƭǀƸƫƸƩƶ ƥƬƵƳƭƷƸƭƮƢƶ ƷƹƱ� ƮƥƸƥƱƳưƢƶ

ƕƳƯƯơƶ ƩƵƽƸƢƷƩƭƶ ƷƻƩƸƭƮƠ ưƩ Ƹƭƶ ƴƭƬƥƱǀƸƫƸƩƶ Ƹƫƶ Ƹ�ư�X ưƴƳƵƳǁƱ Ʊƥ ƥƴƥƱƸƫƬƳǁƱ
ưƩ Ƹƫ ƻƵƢƷƫ Ƹƫƶ ƥƬƵƳƭƷƸƭƮƢƶ ƷƹƱƠƵƸƫƷƫƶ ƮƥƸƥƱƳưƢƶ�
ƕ�ƻ�� ơƷƸƽ ǀƸƭ ƬơƯƳƹưƩ Ʊƥ ƹƴƳƯƳƧƣƷƳƹưƩ ƸƫƱ

P [a < X ≤ b].

ƕƥƵƥƸƫƵƢƷƸƩ ǀƸƭ� {X ≤ b} = {X ≤ a} ∪ {a < X ≤ b} �ƲơƱƥ ƩƱƨƩƻǀưƩƱƥ��

ŽƵƥ P [x ≤ b] = P [X ≤ a] + P [a < X ≤ b]

⇒ P [a < X ≤ b] = P [X ≤ b]− P [X ≤ a]

⇒ P [a < X ≤ b] = F (b) − F (a).

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ � � ��
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ƕƥƵƠƨƩƭƧưƥ

ƗƸƵƣƦƳƹưƩ ơƱƥ ƥưƩƵǀƯƫƴƸƳ ƱǀưƭƷưƥ � ƺƳƵơƶ� Ʈƥƭ ơƷƸƽX Ƴƭ ƺƳƵơƶ ƴƳƹ ƺơƵƱƽ
ƮƩƺƥƯƢ� ƘǀƸƩ ƫX ƴƥƣƵƱƩƭ Ƹƭươƶ 0, 1 Ƣ 2� ƊƴƣƷƫƶ

x 0 1 2
P [X = x] 0.25 0.50 0.25

ƆƬƵ� ƷƹƱƠƵƸƫƷƫ ƮƥƸƥƱƳưƢƶ�

F (x) = P [X ≤ x] =

⎧
⎪⎪⎨

⎪⎪⎩

0, x < 0
0.25, 0 ≤ x < 1
0.75, 1 ≤ x < 2
1, x ≥ 2

0 1 2 x

F (x)

0.25

0.75

1.00

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ � � ��
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ƕƥƵƠƨƩƭƧưƥ

Ɔƶ ƹƴƳƬơƷƳƹưƩ ǀƸƭ ƫ Ƹ�ư�X ơƻƩƭ ƥƬƵ� ƷƹƱƠƵƸƫƷƫ ƮƥƸƥƱƳưƢƶ

F (x) =

{
0 x ≤ 0

1− e−x2

x > 0

ƕƳƭƥ ƩƣƱƥƭ ƫ ƴƭƬƥƱǀƸƫƸƥ P [X > 1]�

P [X > 1] = 1− P [X ≤ 1]

= 1− F (1)

= 1− 1 + e−1

= 0.368

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ � � ��
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ƘƹƻƥƣƩƶ ưƩƸƥƦƯƫƸơƶ

Ɣƭ Ƹ�ư� ƻƽƵƣƪƳƱƸƥƭ ƷƩ ƨǁƳ ƦƥƷƭƮơƶ ƮƥƸƫƧƳƵƣƩƶ� Ƹƭƶ ƨƭƥƮƵƭƸơƶ Ʈƥƭ Ƹƭƶ ƷƹƱƩƻƩƣƶ�
�
ƔƵƭƷưǀƶ
��

������
Ƒƭƥ Ƹ�ư�X ƯơƧƩƸƥƭ ƨƭƥƮƵƭƸƢ ǀƸƥƱ ƴƥƣƵƱƩƭ ƸƳ ƴƳƯǁ ơƱƥ ƥƵƭƬưƢƷƭưƳ ƴƯƢƬƳƶ ƨƹƱƥƸǂƱ
ƸƭưǂƱ�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ � � ��
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ƕƥƵƠƨƩƭƧưƥ� ƉƭƥƮƵƭƸƢ Ƹ�ư�

ƗƸƵƣƦƳƹưƩ ơƱƥ ƥưƩƵǀƯƫƴƸƳ ƱǀưƭƷưƥ � ƺƳƵơƶ� ƊƱƨƭƥƺƩƵǀưƥƷƸƩ Ƨƭƥ ƸƳƱ ƥƵƭƬưǀX
ƸƽƱ ƺƳƵǂƱ ƴƳƹ ƢƵƬƩ ƧƵƠưưƥƸƥ� Ɣ ƨƩƭƧưƥƸƭƮǀƶ ƻǂƵƳƶ ƩƣƱƥƭ�

Ω = {ω1,ω2, . . . ,ω8} = {ƏƏƏ�ƏƏƈ�ƏƈƏ�ƈƏƏ�Əƈƈ�ƈƏƈ�ƈƈƏ�ƈƈƈ}�

ƌ Ƹ�ưX ƴƥƣƵƱƩƭ Ƹƭươƶ {0, 1, 2, 3}�

KKK

KK�

K�K

�KK

K��

�K�

��K

���

x1 = 0

x2 = 1

x3 = 2

x4 = 3

⌦ R

X(·)

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � ��
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ƕƥƵƠƨƩƭƧưƥ� ƉƭƥƮƵƭƸƢ Ƹ�ư�

ſƱƥ ƠƸƳưƳ ƥƧƳƵƠƪƩƭ ƨǁƳ ƫƯƩƮƸƵƳƱƭƮơƶ ƷƹƷƮƩƹơƶ� ƌ ƮƥƬƩưƭƠ ƩƣƸƩ ƯƩƭƸƳƹƵƧƩƣ �f � Ƣ
ƩƣƱƥƭ ƩƯƥƸƸƽưƥƸƭƮƢ �d��

Ω = {(d, d), (d, f), (f, d), (f, f)}.

Ɔƶ ƹƴƳƬơƷƳƹưƩ ƩƴƭƴƯơƳƱ ƳƸƭ Ƹƥ � ƥƹƸƠ ƴƭƬƥƱƠ ƥƴƳƸƩƯơƷưƥƸƥ ơƻƳƹƱ ƥƱƸƣƷƸƳƭƻƩƶ

ƴƭƬƥƱǀƸƫƸƩƶ 0.09, 0.21, 0.21, 0.49�

ƆƱX ƩƣƱƥƭ ƫ Ƹ�ư� ƴƳƹ ƷƹưƦƳƯƣƪƩƭ ƸƳƱ ƥƵƭƬưǀ ƸƽƱ ƷƹƷƮƩƹǂƱ ƴƳƹ ƯƩƭƸƳƹƵƧƳǁƱ� ƸǀƸƩ ƫ
X ƴƥƣƵƱƩƭ Ƹƭƶ Ƹƭươƶ 0, 1, 2� ưƩ ƥƱƸƣƷƸƳƭƻƩƶ ƴƭƬƥƱǀƸƫƸƩƶ

P [X = 0] = 0.09, P [X = 1] = 0.42, P [X = 2] = 0.49.

ƊƣƱƥƭ ƷǁƱƫƬƩƶ Ʊƥ ƩƲƩƸƠƪƳƹưƩ Ƹƭƶ ƴƭƬƥƱǀƸƫƸƩƶ ƴƳƹ ƷƻƩƸƣƪƳƱƸƥƭ ưƩ Ƹƭƶ Ƹƭươƶ ƸƫƶX �
ƥƱƸƣ Ƨƭƥ Ƹƭƶ ƭƷƳƨǁƱƥươƶ ƸƳƹƶ ƷƸƳ ƨƩƭƧưƥƸƭƮǀ ƻǂƵƳ Ω�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � ��
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ƉƭƥƮƵƭƸơƶ Ƹ�ư�

�
������Ƒƭƥ Ƹ�ư�X ƴƳƹ ƴƥƣƵƱƩƭ ƨƭƥƮƵƭƸơƶ Ƹƭươƶ xi� i = 1, 2, . . .� ƯơƧƩƸƥƭ ƨƭƥƮƵƭƸƢ Ƹ�ư�

ƈƭƥ ưƭƥ ƨƭƥƮƵƭƸƢ Ƹ�ư� ƳƵƣƪƳƹưƩ Ƹƫ ƷƹƱƠƵƸƫƷƫ ƴƭƬƥƱǀƸƫƸƥƶ ƽƶ

f(x) = P [X = x].

ƕƵƳƺƥƱǂƶ�

f(xi) ≥ 0� i = 1, 2, . . .

f(x) = 0 Ƨƭƥ ƮƠƬƩ ƠƯƯƫ ƸƭưƢ ƸƳƹ x
∑

i

f(xi) = 1

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � ��
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ƕƥƵƠƨƩƭƧưƥ

ſƷƸƽX ưƭƥ Ƹ�ư ƴƳƹ ƴƥƣƵƱƩƭ Ƹƭƶ Ƹƭươƶ {1, 2, 3}� Ʈƥƭ ơƷƸƽ f ƫ ƷƹƱƠƵƸƫƷƫ
ƴƭƬƥƱǀƸƫƸƥƶ�
ƆƱ ƧƱƽƵƣƪƳƹưƩ ǀƸƭ f(1) = 1/2 Ʈƥƭ f(2) = 1/3� ƸǀƸƩ

f(3) = 1− f(1)− f(2) = 1− 1/2− 1/3 = 1/6.

1 2 3

1/6
1/3

1/2
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ƕƥƵƠƨƩƭƧưƥ �ƷƹƱơƻƩƭƥ�

ƊƴƣƷƫƶ
F (x) =

∑

t≤x

f(t)

ƗƹƱƠƵƸƫƷƫ ƮƥƸƥƱƳưƢƶ�

F (x) =

⎧
⎪⎪⎨

⎪⎪⎩

0, x < 1
1/2 1 ≤ x < 2
5/6, 2 ≤ x < 3
1, x ≥ 3

1/2

5/6

1

0 1 2 3 x

F (x)
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ƗƹƱƩƻƩƣƶ Ƹ�ư�
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Ƒƭƥ Ƹ�ư� ƴƳƹ ƴƥƣƵƱƩƭ Ƹƭươƶ ƷƩ ƨƭƥƷƸƢưƥƸƥ ƴƵƥƧưƥƸƭƮǂƱ ƥƵƭƬưǂƱ Ƭƥ ƯơƧƩƸƥƭ ƷƹƱƩƻƢƶ
Ƹ�ư�

ƊƭƨƭƮǀƸƩƵƥ� Ƭƥ ƯơưƩ ƷƹƱƩƻƢ ưƭƥ Ƹ�ư� ƥƱ ƹƴƠƵƻƩƭ ưƭƥ ưƫ ƥƵƱƫƸƭƮƢ ƷƹƱƠƵƸƫƷƫ f(x) ƴƳƹ
ƳƵƣƪƩƸƥƭ Ƨƭƥ ƮƠƬƩ x ∈ (−∞,∞) Ʈƥƭ ơƻƩƭ ƸƫƱ ƭƨƭǀƸƫƸƥ ǀƸƭ ƥƱ B ƩƣƱƥƭ ƳƴƳƭƳƨƢƴƳƸƩ
ƷǁƱƳƯƳ ƴƵƥƧưƥƸƭƮǂƱ ƥƵƭƬưǂƱ� ƸǀƸƩ

P [X ∈ B] =

∫

B
f(t) dt

ƘǀƸƩ ƫ f ƳƱƳưƠƪƩƸƥƭ ƷƹƱƠƵƸƫƷƫ ƴƹƮƱǀƸƫƸƥƶ ƴƭƬƥƱǀƸƫƸƥƶ Ƹƫƶ Ƹ�ư�X �

ƌ f ƴƵơƴƩƭ Ʊƥ ƭƮƥƱƳƴƳƭƩƣ� 1 = P [X ∈ (−∞,∞)] =

∫ ∞

−∞
f(t) dt
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ƗƹƱƩƻƩƣƶ Ƹ�ư�

ƗƻơƷƫ ƷƹƱ� ƴƹƮƱ� ƴƭƬƥƱǀƸƫƸƥƶ f(·) Ʈƥƭ ƥƬƵ� ƷƹƱƠƵƸ� ƮƥƸƥƱƳưƢƶ F (·)�

F (x) = P (X ∈ (−∞, x]) =

∫ x

−∞
f(t) dt ⇒ d

dx
F (x) = f(x)

ƊƴƭƴƯơƳƱ� P [a ≤ X ≤ b] =

∫ b

a
f(x)dx

94 Chapter 4: Random Variables and Expectation

In words, Equation 4.2.1 states that the probability that X will be in B may be obtained
by integrating the probability density function over the set B. Since X must assume some
value, f (x) must satisfy

1 = P{X ∈ (−∞, ∞)} =
∫ ∞

−∞
f (x) dx

All probability statements about X can be answered in terms of f (x). For instance, letting
B = [a, b], we obtain from Equation 4.2.1 that

P{a ≤ X ≤ b} =
∫ b

a
f (x) dx (4.2.2)

If we let a = b in the above, then

P{X = a} =
∫ a

a
f (x) dx = 0

In words, this equation states that the probability that a continuous random variable will
assume any particular value is zero. (See Figure 4.3.)

The relationship between the cumulative distribution F (·) and the probability density
f (·) is expressed by

F (a) = P{X ∈ (−∞, a]} =
∫ a

−∞
f (x) dx

Differentiating both sides yields

d
da

F (a) = f (a)

a

1

Area of shaded region = P { a < X < b }

x

f(x) = e−x

b

FIGURE 4.3 The probability density function f (x) =
{

e−x x ≥ 0
0 x < 0
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ƕƥƵƠƨƩƭƧưƥ � ƗƹƱƩƻƩƣƶ Ƹ�ư�

ſƷƸƽ ƫ Ƹ�ư�X � Ƴ ƻƵǀƱƳƶ ƪƽƢƶ ƩƱǀƶ ƫƯƩƮƸƵƭƮƳǁ ƯƥưƴƸƢƵƥ�
ƌX ƴƥƣƵƱƩƭ Ƹƭươƶ ƷŻ ƳƯǀƮƯƫƵƳ ƸƳ ƨƭƠƷƸƫưƥ [0,M ]�

ſƷƸƽ ƫ Ƹ�ư�X  ƫ ƨƭƠƵƮƩƭƥ ƪƽƢƶ ƩƱǀƶ ƥƹƸƳƮƭƱƢƸƳƹ�
ƌX ƴƥƣƵƱƩƭ Ƹƭươƶ ƷƩ ƮƠƴƳƭƳ ƨƭƠƷƸƫưƥ [a, b]�
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ƕƥƵƠƨƩƭƧưƥ

ſƷƸƽX Ƹ�ư� ưƩ Ʒ�ƴ�ƴ�

f(x) =

{
C(4x− 2x2) 0 < x < 2

0 ƥƯƯƳǁ

ƥ� ƙƴƳƯƳƧƣƷƸƩ ƸƳ C� Ʀ� ƇƵƩƣƸƩ ƸƫƱ P [X > 1]�

ƆƺƳǁ ƫ f ƩƣƱƥƭ Ʒ�ƴ�ƴ� ƴƵơƴƩƭ
∫∞
−∞ f(x) dx = 1�

ŽƵƥ� C

∫ 2

0
(4x− 2x2)dx = 1 ⇒ C

[
2x2 − 2x3

3

]x=2

x=0

= 1 ⇒ C =
3

8
.

ƊƴƣƷƫƶ� P [X > 1] =

∫ ∞

1
f(x) dx =

3

8

∫ 2

1
(4x− 2x2)dx =

1

2
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ƛƥƵƥƮƸƫƵƭƷƸƭƮơƶ ƴƥƵƠưƩƸƵƳƭ Ƹ�ư�
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ſƷƸƽX ưƭƥ ƨƭƥƮƵƭƸƢ Ƹ�ư� ưƩ Ʒ�ƴ� f(x)� ƌ ươƷƫ Ƣ ƥƱƥưƩƱǀưƩƱƫ ƸƭưƢ ƸƫƶX
ƷƹưƦƳƯƣƪƩƸƥƭ ưƩ E[X] Ʈƥƭ ƳƵƣƪƩƸƥƭ ƽƶ

E[X] =
∑

i

xif(xi)

�

������

ſƷƸƽX ưƭƥ ƷƹƱƩƻƢƶ Ƹ�ư� ưƩ Ʒ�ƴ�ƴ� f(x)� ƌ ươƷƫ Ƣ ƥƱƥưƩƱǀưƩƱƫ ƸƭưƢ ƸƫƶX
ƷƹưƦƳƯƣƪƩƸƥƭ ưƩ E[X] Ƣ µ Ʈƥƭ ƳƵƣƪƩƸƥƭ ƽƶ

E[X] = µ =

∫ ∞

−∞
x f(x) dx
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ƌ ươƷƫ ƸƭưƢ Ƹƫƶ ƷƹƱƠƵƸƫƷƫƶ ưƭƥƶ ƨƭƥƮƵƭƸƢƶ Ƹ�ư�

�
ƕƵǀƸƥƷƫ
��

������

ſƷƸƽX ưƭƥ ƨƭƥƮƵƭƸƢ Ƹ�ư� ƴƳƹ ƴƥƣƵƱƩƭ Ƹƭươƶ xi� i = 1, 2, . . .� ưƩ ƥƱƸƣƷƸƳƭƻƩƶ
ƴƭƬƥƱǀƸƫƸƩƶ p(xi)� ƘǀƸƩ Ƨƭƥ ƮƠƬƩ ƴƵƥƧưƥƸƭƮƢ ƷƹƱƠƵƸƫƷƫ g ƭƷƻǁƩƭ

E[g(X)] =
∑

i

g(xi) p(xi)

ƕ�ƻ� E[X2] =
∑

i

x2
i p(xi)�
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ƌ ươƷƫ ƸƭưƢ Ƹƫƶ ƷƹƱƠƵƸƫƷƫƶ ưƭƥƶ ƷƹƱƩƻƳǁƶ Ƹ�ư�

�
ƕƵǀƸƥƷƫ
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ſƷƸƽX ưƭƥ ƷƹƱƩƻƢƶ Ƹ�ư� ưƩ Ʒ�ƴ�ƴ� f(x)� ƘǀƸƩ Ƨƭƥ ƮƠƬƩ ƴƵƥƧưƥƸƭƮƢ ƷƹƱƠƵƸƫƷƫ g
ƭƷƻǁƩƭ

E[g(X)] =

∫ ∞

−∞
g(x) f(x) dx

ƕ�ƻ� E[X2] =

∫ ∞

−∞
x2 f(x) dx
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ƉƭƥƷƴƳƵƠ ƨƭƥƮƵƭƸƢƶ Ƹ�ư�
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ſƷƸƽX ưƭƥ ƨƭƥƮƵƭƸƢ Ƹ�ư� ưƩ Ʒ�ƴ� f(x)� ƌ ƨƭƥƷƴƳƵƠ ƸƫƶX ƷƹưƦƳƯƣƪƩƸƥƭ ưƩ [X]
Ʈƥƭ ƳƵƣƪƩƸƥƭ ƽƶ

[X] = E[(X − µ)2] =
∑

i

(xi − µ)2f(xi)
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ƉƭƥƷƴƳƵƠ ƷƹƱƩƻƳǁƶ Ƹ�ư�
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ſƷƸƽX ưƭƥ ƷƹƱƩƻƢƶ Ƹ�ư� ưƩ Ʒ�ƴ�ƴ� f(x)� ƌ ƨƭƥƷƴƳƵƠ ƸƫƶX ƷƹưƦƳƯƣƪƩƸƥƭ ưƩ [X]
Ʈƥƭ ƳƵƣƪƩƸƥƭ ƽƶ

[X] = E[(X − µ)2] =

∫ ∞

−∞
(x− µ)2 f(x) dx
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ƘƹƴƭƮƢ ƥƴǀƮƯƭƷƫ Ƹ�ư�

ƆƴƳƨƩƭƮƱǁƩƸƥƭ ǀƸƭ� (X) = E[X2]− (E[X])2� ƳƴǀƸƩ ƩƱƥƯƯƥƮƸƭƮƠ
ƻƵƫƷƭưƳƴƳƭƳǁưƩ Ƨƭƥ Ƹƫ ƨƭƥƷƴƳƵƠ ưƭƥƶ Ƹ�ư� ƸƳƱ ƸǁƴƳ�
�

������

[X] = E[X2]− (E[X])2.

�
ƔƵƭƷưǀƶ
��

������

ƌ ƸƹƴƭƮƢ ƥƴǀƮƯƭƷƫ σ ưƭƥƶ Ƹ�ư�X ƳƵƣƪƩƸƥƭ ƽƶ�

σ =
√

[X]
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ƎƨƭǀƸƫƸƩƶ

E[aX + b] = aE[X] + b

E[X + Y ] = E[X] + E[Y ]

[aX + b] = a2 [X]
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ƘƹƴƭƮƢ Ƹ�ư�

ſƷƸƽX Ƹ�ư� ưƩ ươƷƫ ƸƭưƢ µ Ʈƥƭ ƸƹƴƭƮƢ ƥƴǀƮƯƭƷƫ σ� ƔƵƣƪƳƹưƩ

Z =
X − µ

σ
.

ƘǀƸƩ

E[Z] = E

[
X − µ

σ

]
=

E[X]− µ

σ
= 0

Ʈƥƭ

[Z] =

[
X − µ

σ

]
=

[
X

σ
− µ

σ

]
=

[X]

σ2
= 1.

Ƒƭƥ Ƹ�ư� ưƩ ươƷƫ ƸƭưƢ � Ʈƥƭ ƸƹƴƭƮƢ ƥƴǀƮƯƭƷƫ � ƯơƧƩƸƥƭ ƸƹƴƭƮƢ Ƹƹƻƥƣƥ ưƩƸƥƦƯƫƸƢ�
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p�ƴƳƷƳƷƸƭƥƣƳ ƷƫưƩƣƳ� ƨƭƠưƩƷƳƶ� ƩƴƭƮƵƥƸRǁƷƥ ƸƭưƢ

ƔƵƣƪƳƹưƩ ƽƶ p�ƴƳƷƳƷƸƭƥƣƳ ƷƫưƩƣƳ Ƹƫƶ Ƹ�ư�X ƮƠƬƩ ƴƵƥƧưƥƸƭƮǀ xp Ƹ�ƽ�

P [X ≤ xp] = p Ʈƥƭ P [X ≥ xp] = 1− p.

ƂƸƥƱ p = 0.5 ƸƳ xp ƯơƧƩƸƥƭ ƨƭƠưƩƷƳƶ Ʈƥƭ ƷƹưƦƳƯƣƪƩƸƥƭ ưƩM �

ƔƵƣƪƳƹưƩ ƽƶ ƩƴƭƮƵƥƸƳǁƷƥ ƸƭưƢ �T � ưƭƥƶ Ƹ�ư�X ƸƫƱ ƸƭưƢ ƷƸƫƱ ƳƴƳƣƥ ƯƥưƦƠƱƩƭ
ươƧƭƷƸƳ ƫ ƷƹƱƠƵƸƫƷƫ ƴƹƮƱǀƸƫƸƥƶ ƴƭƬƥƱǀƸƫƸƥƶ f(x)�

T = M = µT M µµM T

f(x) f(x) f(x)
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ƊƴƭƮƵƥƸRǁƷƥ ƸƭưƢ� ƉƭƠưƩƷƳƶ� ƆƱƥưƩƱǀưƩƱƫ ƸƭưƢ
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ƕƥƵƠƨƩƭƧưƥ � �ƨƭƥƮƵƭƸƢ Ƹ�ư��

ƖƣƻƱƳƹưƩ ơƱƥ ƥưƩƵǀƯƫƴƸƳ ƪƠƵƭ� Ʈƥƭ ơƷƸƽX Ƴ ƥƵƭƬưǀƶ ƴƳƹ ƨƩƣƻƱƩƭ ƸƳ ƪƥƵƭ� ƘǀƸƩ ƫX ƴƥƣƵƱƩƭ
Ƹƭươƶ 1, 2, . . . , 6� ƙƴƳƯƳƧƣƷƸƩ Ƹƫ ươƷƫ ƸƭưƢ ƸƫƶX �

ƌ Ʒ�ƴ� ƸƫƶX ƩƣƱƥƭ f(x) =
{

1
6 x = 1, 2, 3, 4, 5, 6
0 ƥƯƯƳǁ

ŽƵƥ

E[X] =
∑

i

xif(xi) = 1 · 1
6
+ 2 · 1

6
+ 3 · 1

6
+ 4 · 1

6
+ 5 · 1

6
+ 6 · 1

6
=

21
6

= 3.5

ƊƵưƫƱƩƣƥ� ƆƱ ƩƮƸƩƯơƷƳƹưƩ ơƱƥ ưƩƧƠƯƳ ƥƵƭƬưǀ ƴƩƭƵƥưƠƸƽƱ� ƥƱƥươƱƳƹưƩ Ƴ ươƷƳƶ ǀƵƳƶ ƸƽƱ
ƴƥƵƥƸƫƵƢƷƩǂƱ ưƥƶ Ʊƥ ƴƵƳƷƩƧƧƣƪƩƭ ƸƳ 3.5�

[X] =
6∑

n=1

(n− 3.5)2f(n) = (1− 3.5)2f(1) + · · ·+ (6− 3.5)2f(6) = 2.9167

⇒ σ =
√

[X] =
√
2.9167 = 1.7078.

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � ��

�����
�
����

�
����

�
�����
�
����
�
����
�
����
�
�����
�
����
�
����
�
����
�
�����
�
����
�
����
�
����
�
�����

�
����

�
�����

�
����

�
����

�

ƕƥƵƠƨƩƭƧưƥ � �ƨƭƥƮƵƭƸƢ Ƹ�ư��

ƗƸƵƣƦƳƹưƩ ơƱƥ ƥưƩƵǀƯƫƴƸƳ ƱǀưƭƷưƥ � ƺƳƵơƶ� ſƷƸƽX Ƴƭ ƺƳƵơƶ ƴƳƹ ƢƵƬƥƱ
ƧƵƠưưƥƸƥ� Ɣ ƨƩƭƧư� ƻǂƵƳƶ ƩƣƱƥƭ� Ω = {ƈƈƈ�ƈƈƏ�ƈƏƈ�Əƈƈ�ƈƏƏ�ƏƈƏ�ƏƏƈ�ƏƏƏ}�

ƌ Ʒ�ƴ� ƸƫƶX ƩƣƱƥƭ f(x) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1/8 x = 0
3/8 x = 1
3/8 x = 2
1/8 x = 3
0 ƥƯƯƳǁ

E[X] =
∑

i

xif(xi) = 0 · f(0) + 1 · f(1) + 2 · f(2) + 3 · f(3)

= 0 · 1
8
+ 1 · 3

8
+ 2 · 3

8
+ 3 · 1

8
=

12

8
= 1.5
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ƕƥƵƠƨƩƭƧưƥ � �ƷƹƱơƻƩƭƥ�

ƇƵƢƮƥưƩ ǀƸƭ E[X] = 1.5� ŽƵƥ

[X] =
4∑

i=1

(xi − µ)2f(xi)

= (0− 1.5)2f(0) + (1− 1.5)2f(1) + (2− 1.5)2f(2) + (3− 1.5)2f(3)

=
3

4

⇒ σ =
√

[X] =

√
3

2
.

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � ��

�����
�
����

�
����

�
�����
�
����
�
����
�
����
�
�����
�
����
�
����
�
����
�
�����
�
����
�
����
�
����
�
�����

�
����

�
�����

�
����

�
����

�

ƕƥƵƠƨƩƭƧưƥ � �ƷƹƱƩƻƢƶ Ƹ�ư��

ſƷƸƽ ǀƸƭ ƴƩƵƭươƱƳƹưƩ ơƱƥ ưƢƱƹưƥ ưƩƸƠ Ƹƭƶ � ư�ư� Ɔƴǀ ƸƫƱ ƩưƴƩƭƵƣƥ ưƥƶ ƧƱƽƵƣƪƳƹưƩ
ǀƸƭ Ƴ ƻƵǀƱƳƶX ƷƩ ǂƵƩƶ� ƴƳƹ Ƭƥ ưƩƷƳƯƥƦƢƷƩƭ ưƩƸƠ Ƹƭƶ � ư�ư� ươƻƵƭ Ʊƥ ƺƸƠƷƩƭ ƸƳ
ưƢƱƹưƥ ƩƣƱƥƭ ưƭƥ Ƹ�ư� ưƩ Ʒ�ƴ�ƴ�

f(x) =

{
1
1.5 0 < x < 1.5
0 ƥƯƯƭǂƶ

ƘǀƸƩ�

E[X] =

∫ ∞

−∞
xf(x) dx =

∫ 1.5

0

x

1.5
dx =

2

3

[
x2

2

]3/2

0

=
2

3
· 1
2
· 9
4
=

3

4
.

ŽƵƥ ƩƣƱƥƭ ƯƳƧƭƮǀ Ʊƥ ƷƹưƴƩƵƠƱƳƹưƩ ǀƸƭ Ƭƥ ƻƵƩƭƥƷƸƩƣ ƮƥƸƠ ươƷƳ ǀƵƳ Ʊƥ ƴƩƵƭươƱƳƹưƩ
��� Ƹƫƶ ǂƵƥƶ�
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ƕƥƵƠƨƩƭƧưƥ � �ƷƹƱƩƻƢƶ Ƹ�ư��

ƌ ƨƭƠưƩƸƵƳƶX ƩƱǀƶ ƷǁƵưƥƸƳƶ ƩƣƱƥƭ Ƹ�ư� ưƩ Ʒ�ƴ�ƴ� f(x) = 6x(1− x)� 0 ≤ x ≤ 1�

ƌ ƥƬƵƳƭƷƸƭƮƢ ƷƹƱƠƵƸƫƷƫ Ʈƥ�
ƸƥƱƳưƢƶ Ƭƥ ƩƣƱƥƭ

F (x) =

∫ x

0
f(t) dt = 6

(
x2

2
− x3

3

)
.

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

y = f(x)

y = F(x)

x = 0.5

ƌ ươƷƫ ƸƭưƢ ƸƫƶX ƩƣƱƥƭ�

E[X] =

∫ ∞

−∞
xf(x)dx = 6

∫ 1

0
(x2 − x3)dx = 6

[
x3

3
− x4

4

]1

0

=
6

12
=

1

2
.
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ƕƥƵƠƨƩƭƧưƥ � �ƷƹƱơƻƩƭƥ�

ƊƴƣƷƫƶ

E[X2] =

∫ ∞

−∞
x2f(x)dx = 6

∫ 1

0
(x3 − x4)dx = 6

[
x4

4
− x5

5

]1

0

=
6

20
=

3

10
.

ŽƵƥ

[X] = E[X2]− (E[X])2 =
3

10
− 1

4
=

1

20
.

ƈƭƥ ƸƫƱ ƩƴƭƮƵƥƸƳǁƷƥ ƸƭưƢ ƮƳƭƸƠưƩ ƴƳƹ ƯƥưƦƠƱƩƭ ươƧƭƷƸƳ ƫ Ʒ�ƴ�ƴ�� Ʈƥƭ ƦƯơƴƳƹưƩ ǀƸƭ
T = 1/2�

ƂƷƳƱ ƥƺƳƵƠ Ƹƫ ƨƭƠưƩƷƳ ƳƹƷƭƥƷƸƭƮƠ ƮƳƭƸƠưƩ Ƨƭƥ ƴƳƭǀ x ƫ ƥƬƵƳƭƷƸƭƮƢ ƷƹƱƠƵƸƫƷƫ
ƮƥƸƥƱƳưƢƶ ƴƥƣƵƱƩƭ ƸƫƱ ƸƭưƢ ���� Ʈƥƭ ƦƵƣƷƮƳƹưƩ ǀƸƭM = 1/2�

ƊƴƳươƱƽƶ ƷƩ ƥƹƸǀ ƸƳ ƴƥƵƠƨƩƭƧưƥ ơƻƳƹưƩ� E[X] = M = T = 1/2�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � ��
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Ƙ�ư� %HUQRXOOL

ſƷƸƽ ǀƸƭ ƩƮƸƩƯƳǁưƩ ơƱƥ ƴƩƣƵƥưƥ ƸƳ ƥƴƳƸơƯƩƷưƥ ƸƳƹ ƳƴƳƣƳƹ ưƴƳƵƩƣ Ʊƥ
ƻƥƵƥƮƸƫƵƭƷƬƩƣ ƽƶ mƩƴƭƸƹƻƣƥ} Ƣ mƥƴƳƸƹƻƣƥ}� ƆƱX = 1 ǀƸƥƱ ƸƳ ƥƴƳƸơƯƩƷưƥ ƩƣƱƥƭ
ƩƴƭƸƹƻƣƥ� ƮƥƭX = 0 ǀƸƥƱ ƸƳ ƥƴƳƸơƯƩƷưƥ ƩƣƱƥƭ ƥƴƳƸƹƻƣƥ� ƸǀƸƩ ƫ ƷƹƱƠƵƸƫƷƫ
ƴƭƬƥƱǀƸƫƸƥƶ ƸƫƶX ƩƣƱƥƭ

P (X = 0) = 1− p, P (X = 1) = p,

ǀƴƳƹ p ƩƣƱƥƭ ƫ ƴƭƬƥƱǀƸƫƸƥ ƸƳ ƴƩƣƵƥưƥ Ʊƥ ƩƣƱƥƭ ƩƴƭƸƹƻơƶ�

�

������

Ƒƭƥ Ƹ�ư� ƯơƧƩƸƥƭ %HUQRXOOL ǀƸƥƱ ơƻƩƭ ƸƫƱ ƴƥƵƥƴƠƱƽ ƷƹƱƠƵƸƫƷƫ ƴƭƬƥƱǀƸƫƸƥƶ Ƨƭƥ
ƮƠƴƳƭƳ p ∈ (0, 1)�
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ƉƭƽƱƹưƭƮƢ ƮƥƸƥƱƳưƢ

ſƷƸƽ ƸǂƵƥ ǀƸƭ ơƻƳƹưƩ n ƥƱƩƲƠƵƸƫƸƥ ƴƩƭƵƠưƥƸƥ� ǀƴƳƹ ƸƳ ƥƴƳƸơƯƩƷưƥ ƸƳƹ ƮƥƬƩƱǀƶ
ƥƴǀ ƥƹƸƠ ưƴƳƵƩƣ Ʊƥ ƻƥƵƥƮƸƫƵƭƷƬƩƣ ƽƶ ƩƴƭƸƹƻƣƥ ưƩ ƴƭƬƥƱǀƸƫƸƥ p� Ʈƥƭ ƽƶ ƥƴƳƸƹƻƣƥ
ưƩ ƴƭƬƥƱǀƸƫƸƥ 1− p�

ƆƱX ƩƣƱƥƭ Ƴ ƥƵƭƬưǀƶ ƸƽƱ ƩƴƭƸƹƻƭǂƱ ƷƩ n ƨƳƮƭươƶ� ƸǀƸƩ ƯơưƩ ǀƸƭ ƫX ƩƣƱƥƭ ưƭƥ
ƨƭƽƱƹưƭƮƢ Ƹ�ư� ưƩ ƴƥƵƥươƸƵƳƹƶ (n, p)�X ∼ B(n, p)�

ƌ ƷƹƱƠƵƸƫƷƫ ƴƭƬƥƱǀƸƫƸƥƶ ưƭƥƶ ƨƭƽƱƹưƭƮƢƶ Ƹ�ư� ưƩ ƴƥƵƥươƸƵƳƹƶ n Ʈƥƭ p ƨƣƱƩƸƥƭ ƥƴǀ
ƸƳƱ ƸǁƴƳ

P (X = k) =

(
n

k

)
pk(1− p)n−k, k = 0, 1, . . . , n.

ƆƴƳƨƩƭƮƱǁƩƸƥƭ ǀƸƭ ƥƱX ∼ B(n, p)� ƸǀƸƩ

E[X] = np, [X] = np(1− p).
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ƕƥƵƠƨƩƭƧưƥ

Ƙƥ &' ƴƳƹ ƮƥƸƥƷƮƩƹƠƪƩƭ ưƭƥ ƩƸƥƭƵƩƣƥ ƩƣƱƥƭ ƩƯƥƸƸƽưƥƸƭƮƠ ưƩ ƴƭƬƥƱǀƸƫƸƥ ����� ƌ
ƩƸƥƭƵƩƣƥ ƴƳƹƯƠƩƭ &' ƷƩ ƷƹƷƮƩƹƥƷƣƩƶ ƸƽƱ �� Ʈƥƭ ƴƵƳƷƺơƵƩƭ ƩƧƧǁƫƷƫ ƩƴƭƷƸƵƳƺƢƶ
ƻƵƫưƠƸƽƱ ƷƩ ƴƩƵƣƴƸƽƷƫ ƴƳƹ ƴƩƵƭƷƷǀƸƩƵƳƭ ƥƴǀ � ƷƸƳƹƶ �� ƨƣƷƮƳƹƶ ƩƣƱƥƭ
ƩƯƥƸƸƽưƥƸƭƮƳƣ� ƗƩ Ƹƭ ƴƳƷƳƷƸǀ ƴƩƯƥƸǂƱ ƩƴƭƷƸƵơƺƳƱƸƥƭ ƻƵƢưƥƸƥ� ƆƱ ƮƠƴƳƭƳƶ
ƥƧƳƵƠƷƩƭ ƸƵƭƥ ƴƥƮơƸƥ� ƴƳƭƠ ƩƣƱƥƭ ƫ ƴƭƬƥƱǀƸƫƸƥ Ʊƥ ƩƴƭƷƸƵƥƺƩƣ ƥƮƵƭƦǂƶ ơƱƥ ƴƥƮơƸƳ�
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ƐǁƷƫ

ƆƱX ƩƣƱƥƭ Ƴ ƥƵƭƬưǀƶ ƸƽƱ ƩƯƥƸƸƽưƥƸƭƮǂƱ &' ƷƩ ơƱƥ ƴƥƮơƸƳ� ƸǀƸƩ ƫX ƩƣƱƥƭ
ƨƭƽƱƹưƭƮƢ Ƹ�ư� ưƩ ƴƥƵƥươƸƵƳƹƶ n = 10 Ʈƥƭ p = 0.01�
ŽƵƥ ƫ ƴƭƬƥƱǀƸƫƸƥ Ʊƥ ƩƴƭƷƸƵƥƺƳǁƱ ƻƵƢưƥƸƥ Ƨƭƥ ƮƠƬƩ ƴƥƮơƸƳ ƩƣƱƥƭ

P (X > 1) = 1− P (X = 0 ƢX = 1) = 1− P (X = 0)− P (X = 1)

= 1−
(
10

0

)
(0.01)0(0.99)10 −

(
10

1

)
(0.01)1(0.99)9 ≈ 0.005

ƊƴƳươƱƽƶ� ƥƱƥươƱƳƹưƩ Ƨƭƥ ƸƳ ���� ƸƽƱ ƴƥƮơƸƽƱ Ʊƥ ƩƴƭƷƸƵƥƺƳǁƱ ƻƵƢưƥƸƥ�

Ɣ ƥƵƭƬưǀƶ ƸƽƱ ƴƥƮơƸƽƱ Ƨƭƥ Ƹƥ ƳƴƳƣƥ Ƭƥ ƻƵƩƭƥƷƸƩƣ Ʊƥ ƩƴƭƷƸƵƥƺƳǁƱ ƻƵƢưƥƸƥ ƩƣƱƥƭ
ƨƭƽƱƹưƭƮƢ Ƹ�ư� ưƩ ƴƥƵƥươƸƵƳƹƶ n = 3 Ʈƥƭ p = 0.005� ŽƵƥ ƫ ƴƭƬƥƱǀƸƫƸƥ Ʊƥ
ƩƴƭƷƸƵƥƺƩƣ ƥƮƵƭƦǂƶ ơƱƥ ƷƸƥ ƸƵƣƥ ƴƥƮơƸƥ ƩƣƱƥƭ�

P (X = 1) =

(
3

1

)
(0.005)1(0.995)2 = 0.015
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ƏƥƸƥƱƳưƢ 3RLVVRQ

�

������

Ƒƭƥ Ƹ�ưX ƴƳƹ ƴƥƣƵƱƩƭ Ƹƭƶ Ƹƭươƶ 0, 1, 2, . . .� ƳƱƳưƠƪƩƸƥƭ Ƹ�ư� 3RLVVRQ ưƩ ƴƥƵƠưƩƸƵƳ λ�
ƥƱ Ƨƭƥ ƮƠƴƳƭƳ λ > 0� ƭƷƻǁƩƭ

P (X = k) = e−λ λk

k!
, k = 0, 1, 2, . . . .

ƌ ƮƥƸƥƱƳưƢ 3RLVVRQ ƻƵƫƷƭưƳƴƳƭƩƣƸƥƭ ƽƶ ƴƵƳƷơƧƧƭƷƫ Ƹƫƶ ƨƭƽƱƹưƭƮƢƶ ƮƥƸƥƱƳưƢƶ
B(n, p) Ƨƭƥ n ưƩƧƠƯƳ Ʈƥƭ p ưƭƮƵǀ� ƸơƸƳƭƥ ǂƷƸƩ ƸƳ np Ʊƥ ơƻƩƭ mươƸƵƭƥ} ƸƭưƢ�

ƉƫƯ� ƥƱX ∼ B(n, p) Ʈƥƭ λ = np� ƥƴƳƨƩƭƮƱǁƩƸƥƭ ǀƸƭ

P (X = k) =

(
n

k

)
pk(1− p)n−k ≈ e−λ λk

k!
.

ƗƸƫƱ ƴƵƠƲƫ ƫ ƴƵƳƷơƧƧƭƷƫ ƥƹƸƢ ƩƣƱƥƭ ƭƮƥƱƳƴƳƭƫƸƭƮƢ Ƨƭƥ n ≥ 20 	 np ≤ 10�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � ��
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ƑơƷƫ ƸƭưƢ Ʈƥƭ ƨƭƥƷƴƳƵƠ ƮƥƸƥƱƳưƢƶ 3RLVVRQ

ƆƴƳƨƩƭƮƱǁƩƸƥƭ ǀƸƭ ƥƱX ƩƣƱƥƭ Ƹ�ư� 3RLVVRQ ưƩ ƴƥƵƠưƩƸƵƳ λ� ƸǀƸƩ

E[X] = [X] = λ.
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ƕƥƵƠƨƩƭƧưƥ

ſƷƸƽ ǀƸƭ ƸƳ ƴƯƢƬƳƶ ƸƽƱ ƸƹƴƳƧƵƥƺƭƮǂƱ ƯƥƬǂƱ ƷƩ ưƭƥ ƷƩƯƣƨƥ ƩƱǀƶ ƦƭƦƯƣƳƹ ơƻƩƭ
ƮƥƸƥƱƳưƢ 3RLVVRQ ưƩ ƴƥƵƠưƩƸƵƳ λ = 1/2� ƙƴƳƯƳƧƣƷƸƩ ƸƫƱ ƴƭƬƥƱǀƸƫƸƥ Ʊƥ ƹƴƠƵƻƩƭ
ƸƳƹƯƠƻƭƷƸƳƱ ơƱƥ ƯƠƬƳƶ ƷƸƫ ƷƹƧƮƩƮƵƭươƱƫ ƷƩƯƣƨƥ�

ƐǁƷƫ� ƆƱX ƩƣƱƥƭ ƫ Ƹ�ư� ƸƳƹ ƥƵƭƬưƳǁ ƸƽƱ ƯƥƬǂƱ ƷƸƫ ƷƩƯƣƨƥ ơƻƳƹưƩ

P (X ≥ 1) = 1− P (X = 0) = 1− e−1/2 (1/2)0

0!
= 1− e−1/2 ≈ 0.393.

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � ��
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ƕƥƵƠƨƩƭƧưƥ

ſƷƸƽ ǀƸƭ ƫ ƴƥƵƥƧƽƧƢ ƩƱǀƶ ƴƵƳƾǀƱƸƳƶ ƧƣƱƩƸƥƭ ƮƠƸƽ ƥƴǀ ƷƸƥƸƭƷƸƭƮǀ ơƯƩƧƻƳ
ƴƳƭǀƸƫƸƥƶ ǂƷƸƩ Ʊƥ ƴƯƫƵƳǁƱƸƥƭ Ƴƭ ƹƴƳƬơƷƩƭƶ ƸƽƱ ƥƱƩƲƠƵƸƫƸƽƱ ƨƭƮƭưǂƱ %HUQRXOOL�
Ƒƭƥ ưƳƱƠƨƥ ƸƳƹ ƴƵƳƾǀƱƸƳƶ ƬƩƽƵƩƣƸƥƭ ƩƯƥƸƸƽưƥƸƭƮƢ ƥƱ ƨƩƱ ƴƯƫƵƳƣ ǀƯƩƶ Ƹƭƶ
ƮƥƬƳƵƭƷươƱƩƶ ƴƵƳƨƭƥƧƵƥƺơƶ Ʈƥƭ ƥƹƸǀ ƷƹưƦƥƣƱƩƭ ưƩ ƴƭƬƥƱǀƸƫƸƥ p = 0.01�
ƙƴƳƯƳƧƣƷƸƩ ƸƫƱ ƴƭƬƥƱǀƸƫƸƥ ƷƩ ơƱƥ ƮƭƦǂƸƭƳ ��� ưƳƱƠƨƽƱ ƸƳƹ ƴƵƳƾǀƱƸƳƶ Ʊƥ ƹƴƠƵƻƩƭ
ƸƳ ƴƳƯǁ ưƭƥ ƩƯƥƸƸƽưƥƸƭƮƢ�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � ��
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ƐǁƷƫ

ƆƱX ƩƣƱƥƭ ƫ Ƹ�ư� ƸƽƱ ƩƯƥƸƸƽưƥƸƭƮǂƱ ưƳƱƠƨƽƱ ƸƳƹ ƴƵƳƾǀƱƸƳƶ ƷƸƳ ƮƭƦǂƸƭƳ ���
ưƳƱƠƨƽƱ� ƸǀƸƩX ∼ B(100, p)�

ƉƫƯƥƨƢ� P (X = k) =
(100

k

)
(0.01)k(0.99)100−k, k = 0, 1, 2, . . . , 100.

ƊƴƩƭƨƢ n = 100 �ưƩƧƠƯƳ� Ʈƥƭ p = 0.01 �ưƭƮƵǀ� ơƸƷƭ ǂƷƸƩ λ = np = 1 < 10 ƫ
ƴƵƳƷơƧƧƭƷƫ Ƹƫƶ ƨƭƽƱƹưƭƮƢƶ ƥƴǀ ƸƫƱ 3RLVVRQ ƩƣƱƥƭ ƭƮƥƱƳƴƳƭƫƸƭƮƢ� ƠƵƥ

P (X ≤ 1) = P (X = 0) + P (X = 1) = e−1 10

0!
+ e−1 11

1!
= 2e−1 ≈ 0.7358.

ƆƱ ƻƵƫƷƭưƳƴƳƭƢƷƳƹưƩ Ƹƫ ƨƭƽƱƹưƭƮƢ Ƭƥ ơƻƳƹưƩ�

P (X ≤ 1) = P (X = 0) + P (X = 1) = · · · = 0.3660 + 0.3697 = 0.7357.

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � ��
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ƔưƳƭǀưƳƵƺƫ ƮƥƸƥƱƳưƢ

ƐơưƩ ǀƸƭ ƫ Ƹ�ư�X ƥƮƳƯƳƹƬƩƣ ƸƫƱ ƳưƳƭǀưƳƵƺƫ ƮƥƸƥƱƳưƢ ƷƸƳ ƨƭƠƷƸƫưƥ [α,β]
�X ∼ U(α,β)� ƥƱ ơƻƩƭ Ʒ�ƴ�ƴ�

f(x) =

{ 1
β−α α ≤ x ≤ β
0 ƥƯƯƳǁ

x

f(x)

βα

1

β−α

ƕƵƳƺƥƱǂƶ ∫ ∞

−∞
f(x) dx = 1.

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � ��
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ƔưƳƭǀưƳƵƺƫ ƮƥƸƥƱƳưƢ

ƌ ƥƬƵƳƭƷƸƭƮƢ Ʒ�Ʈ� ƩƣƱƥƭ

F (x) =

⎧
⎨

⎩

0 x < α
x−α
β−α α ≤ x ≤ β
1 x > β

x
βα

1

F (x)

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � ��
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ƔưƳƭǀưƳƵƺƫ ƮƥƸƥƱƳưƢ

ƊƴƣƷƫƶ ƥƱ [a, b] ⊂ [α,β]

P (a < X < b) =

∫ b

a
f(x)dx =

1

β − α

∫ b

a
dx =

b− a

β − α

x

f(x)

βα

1

β−α

a b

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � ��
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ƑơƷƫ ƸƭưƢ Ʈƥƭ ƨƭƥƷƴƳƵƠ Ƹ�ư�X ∼ U(α, β)

ƑơƷƫ ƸƭưƢ�

E[X] =

∫ β

α
xf(x)dx =

∫ β

α

x

β − α
dx =

β2 − α2

2(β − α)
=

α+ β

2

ƊƴƣƷƫƶ

E[X2] =

∫ β

α
x2f(x)dx =

∫ β

α

x2

β − α
dx =

β3 − α3

3(β − α)
=

β2 + αβ + α2

3

ŽƵƥ ƫ ƨƭƥƷƴƳƵƠ ƩƣƱƥƭ�

[X] = E[X2]− (E[X])2 =
β2 + αβ + α2

3
−
(
α+ β

2

)2

=
(β − α)2

12
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ƕƥƵƠƨƩƭƧưƥ

Ƙƥ ƯƩƽƺƳƵƩƣƥ ưƭƥƶ ƧƵƥưưƢƶ ƺƸƠƱƳƹƱ ƷƩ ưƭƥ ƷƹƧƮƩƮƵƭươƱƫ ƷƸƠƷƫ ƷƩ ���ƯƩƴƸƥ
ƻƵƳƱƭƮƠ ƨƭƥƷƸƢưƥƸƥ ƲƩƮƭƱǂƱƸƥƶ ƥƴǀ Ƹƭƶ � ƴ�ư�

�ƉƫƯ� ƷƸƭƶ ���� ƴ�ư�� ƷƸƭƶ ���� ƴ�ư�� ƷƸƭƶ ���� ƴ�ư�� Ʈ�Ƴ�Ʈ��

ƆƱ ơƱƥƶ ƩƴƭƦƠƸƫƶ ƺƸƠƷƩƭ ƷƸƫ ƷƸƠƷƫ ƥƹƸƢ ƷƩ ƻƵǀƱƳ ƴƳƹ ƩƣƱƥƭ ƳưƳƭǀưƳƵƺƥ
ƮƥƸƥƱƩưƫươƱƳƶ ưƩƸƥƲǁ ���� Ʈƥƭ ���� ƴ�ư�� ƦƵƩƣƸƩ ƸƫƱ ƴƭƬƥƱǀƸƫƸƥ Ʊƥ ƴƩƵƭươƱƩƭ ƸƳ
ƯƩƽƺƳƵƩƣƳ

ƥ� ƯƭƧǀƸƩƵƳ ƥƴǀ � ƯƩƴƸƥ�

Ʀ� ƸƳƹƯƠƻƭƷƸƳƱ �� ƯƩƴƸƠ�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � ��
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ƐǁƷƫ

ſƷƸƽX Ƴ ƻƵǀƱƳƶ ƷƩ ƯƩƴƸƠ ưƩƸƠ Ƹƭƶ � ƴ�ư� ƴƳƹ Ƴ ƩƴƭƦƠƸƫƶ ƺƸƠƱƩƭ ƷƸƫ ƷƸƠƷƫ�

ƆƺƳǁX ∼ U(0, 30) ⇒ Ƭƥ ƴƩƵƭươƱƩƭ ƯƭƧǀƸƩƵƳ ƥƴǀ � ƯƩƴƸƥ ƥƱ ƺƸƠƷƩƭ ưƩƸƥƲǁ ����
Ʈƥƭ ���� Ƣ ưƩƸƥƲǁ ���� Ʈƥƭ ����� ŽƵƥ

P (10 < X < 15) + P (25 < X < 30) =
5

30
+

5

30
=

1

3
.

ƆƱƠƯƳƧƥ� Ƭƥ ƴƩƵƭươƱƩƭ ƸƳƹƯƠƻƭƷƸƳƱ �� ƯƩƴƸƠ ƥƱ ƺƸƠƷƩƭ ưƩƸƥƲǁ ���� Ʈƥƭ ���� Ƣ
ưƩƸƥƲǁ ���� Ʈƥƭ ����� ŽƵƥ

P (0 < X < 3) + P (15 < X < 18) =
3

30
+

3

30
=

1

5
.
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ƊƮƬƩƸƭƮƢ ƮƥƸƥƱƳưƢ

ƐơưƩ ǀƸƭ ƫ Ƹ�ư�X ƥƮƳƯƳƹƬƩƣ ƸƫƱ ƩƮƬƩƸƭƮƢ ƮƥƸƥƱƳưƢ ưƩ ƴƥƵƠưƩƸƵƳ λ �λ > 0�
�X ∼ E(λ)� ƥƱ ơƻƩƭ Ʒ�ƴ�ƴ�

f(x) =

{
λe−λx 0 ≤ x < ∞

0 x < 0

ƚƹƷƭƮƠ ∫ ∞

−∞
f(x) dx =

∫ ∞

0
λe−λx dx = [−e−λx]∞0 = 1.
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ƊƮƬƩƸƭƮƢ ƮƥƸƥƱƳưƢ

ƌ ƥƬƵƳƭƷƸƭƮƢ Ʒ�Ʈ� ƩƣƱƥƭ

F (x) =

{
1− e−λx 0 ≤ x < ∞

0 x < 0
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ƑơƷƫ ƸƭưƢ Ʈƥƭ ƨƭƥƷƴƳƵƠ Ƹ�ư�X ∼ E(λ)

ƈƭƥ Ƹƫ ươƷƫ ƸƭưƢ Ʈƥƭ Ƹƫ ƨƭƥƷƴƳƵƠ Ƹƫƶ ƩƮƬƩƸƭƮƢƶ ƮƥƸƥƱƳưƢƶ ƨƩƱ ƩƣƱƥƭ ƨǁƷƮƳƯƳ Ʊƥ
ƥƴƳƨƩƣƲƩƸƩ ǀƸƭ�

E[X] =
1

λ
, [X] =

1

λ2
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ƕƥƵƠƨƩƭƧưƥ ƩƮƬƩƸƭƮƢƶ ƮƥƸƥƱƳưƢƶ

ſƷƸƽ ǀƸƭ ƫ ƨƭƠƵƮƩƭƥ �ƷƩ ƯƩƴƸƠ� ƩƱǀƶ ƸƫƯƩƺƽƱƢưƥƸƳƶ ƷƩ ơƱƥ ƨƫưǀƷƭƳ ƸƫƯƩƺƽƱƭƮǀ
ƬƠƯƥưƳ� ƥƮƳƯƳƹƬƩƣ ƩƮƬƩƸƭƮƢ ƮƥƸƥƱƳưƢ ưƩ ươƷƫ ƸƭưƢ �� ƯƩƴƸƠ� ƊƴƣƷƫƶ� ơƷƸƽ ǀƸƭ Ƹƫ
ƷƸƭƧưƢ ƴƳƹ ƮƠƴƳƭƳƶ ưƴƥƣƱƩƭ ƷƸƳƱ ƸƫƯƩƺƽƱƭƮǀ ƥƹƸǀ ƬƠƯƥưƳ Ƨƭƥ ơƱƥ ƸƫƯƩƺǂƱƫưƥ
ơƱƥƶ ƠƯƯƳƶ ƺƬƠƱƩƭ ƩƮƩƣ Ʈƥƭ ƨƩƱ ƷƹƱƥƱƸƠ ƮƥƱơƱƥƱ ƠƯƯƳ Ʊƥ ƴƩƵƭươƱƩƭ� ƇƵƩƣƸƩ ƸƫƱ
ƴƭƬƥƱǀƸƫƸƥ Ƴ ƨƩǁƸƩƵƳƶ Ʊƥ ƴƩƵƭươƱƩƭ�
�ƥ� ƴƩƵƭƷƷǀƸƩƵƳ ƥƴǀ �� ƯƩƴƸƠ
�Ʀ� ưƩƸƥƲǁ �� Ʈƥƭ �� ƯƩƴƸǂƱ�
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ƐǁƷƫ

ƆƱX ƩƣƱƥƭ ƫ ƨƭƠƵƮƩƭƥ ƸƳƹ ƸƫƯƩƺƽƱƢưƥƸƳƶ ƸƳƹ ƴƵǂƸƳƹ ƥƸǀưƳƹ ơƻƳƹưƩ ǀƸƭ
X ∼ E

(
1
10

)
� Ʈƥƭ ƫ ƥƬƵ� ƷƹƱ� ƮƥƸƥƱƳưƢƶ ƩƣƱƥƭ

F (x) =

{
1− e−

1
10x x ≥ 0

0 x < 0
.

ƊƴƳươƱƽƶ�
�ƥ�

P (X > 10) = 1− F (10) = e−1 = 0.3679.

�Ʀ�

P (10 < X ≤ 20) = F (20)− F (10)

= e−1 − e−2 = 0.3679− 0.1353 = 0.2326.
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ƏƥƱƳƱƭƮƢ ƮƥƸƥƱƳưƢ

ƍƥ ƯơưƩ ǀƸƭ ưƭƥ ƷƹƱƩƻƢƶ Ƹ�ư� ƥƮƳƯƳƹƬƩƣ ƸƫƱ ƮƥƱƳƱƭƮƢ ƮƥƸƥƱƳưƢ ưƩ ươƷƫ ƸƭưƢ µ Ʈƥƭ
ƨƭƥƷƴƳƵƠ σ2 �X ∼ N (µ,σ2)� ƥƱ ơƻƩƭ Ʒ�ƴ�ƴ�

f(x) =
1√
2π σ

e−
(x−µ)2

2σ2 , −∞ < x < ∞.

ƂƸƥƱ

X ∼ N (µ,σ2) ⇒ Z =
X − µ

σ
∼ N (0, 1) f(z) =

1√
2π

e−
z2

2

+N (0, 1) ƯơƧƩƸƥƭ ƸƹƴƭƮƢ ƮƥƱƳƱƭƮƢ ƮƥƸƥƱƳưƢ�
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ƏƥƱƳƱƭƮƢ ƮƥƸƥƱƳưƢ

168 Chapter 5: Special Random Variables

0 3−3
(a)

f(x) = 1
2p e−x2/2

(b)

0.399
s

m m + sm − sm − 3s m + 3s

FIGURE 5.7 The normal density function (a) with µ = 0, σ = 1 and (b) with arbitrary µ and σ 2.

First letting y = b, and then letting x = a, in the preceding shows that

P{X ≤ x} = x
a

, P{Y ≤ y} = y
b

(5.4.6)

Thus, from Equations 5.4.5 and 5.4.6 we can conclude that X and Y are independent,
with X being uniform on (0, a) and Y being uniform on (0, b). ■

5.5 NORMAL RANDOM VARIABLES
A random variable is said to be normally distributed with parameters µ and σ 2, and we
write X ∼ N (µ, σ 2), if its density is

f (x) = 1√
2πσ

e−(x−µ)2/2σ 2
, −∞ < x < ∞∗

The normal density f (x) is a bell-shaped curve that is symmetric about µ and that
attains its maximum value of 1/σ

√
2π ≈ 0. 399/σ at x = µ (see Figure 5.7).

The normal distribution was introduced by the French mathematician Abraham de
Moivre in 1733 and was used by him to approximate probabilities associated with binomial
random variables when the binomial parameter n is large. This result was later extended by
Laplace and others and is now encompassed in a probability theorem known as the central
limit theorem, which gives a theoretical base to the often noted empirical observation that,
in practice, many random phenomena obey, at least approximately, a normal probability
distribution. Some examples of this behavior are the height of a person, the velocity in any
direction of a molecule in gas, and the error made in measuring a physical quantity.

* To verify that this is indeed a density function, see Problem 29.
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ƏƥƱƳƱƭƮƢ ƮƥƸƥƱƳưƢ

ƍƥ ƷƹưƦƳƯƣƪƳƹưƩ ưƩ Φ(·) ƸƫƱ ƥƬƵƳƭƷƸƭƮƢ ƷƹƱƠƵƸƫƷƫ Ƹƫƶ ƸƹƴƭƮƢƶ ƮƥƱƳƱƭƮƢƶ
ƮƥƸƥƱƳưƢƶ� ƉƫƯƥƨƢ

Φ(z) = P [Z ≤ z] =
1√
2π

∫ z

−∞
e−

t2

2 dt

ƘƳ ƧƩƧƳƱǀƶ ǀƸƭ ƥƱX ∼ N (µ,σ2)� ƸǀƸƩ Z = X−µ
σ ∼ N (0, 1)� ưƥƶ ƩƴƭƸƵơƴƩƭ ƥƱƸƣ Ʊƥ

ƹƴƳƯƳƧƣƪƳƹưƩ ƴƭƬƥƱǀƸƫƸƩƶ ƷƻƩƸƭƮƠ ưƩ ƸƫƱ Ƹ�ư�X � Ʊƥ ƹƴƳƯƳƧƣƪƳƹưƩ ƴƭƬƥƱǀƸƫƸƩƶ Ƨƭƥ
ƸƫƱ Ƹ�ư� Z�
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ƕƥƵƠƨƩƭƧưƥ

P [X ≤ b] = P

[
X − µ

σ
≤ b− µ

σ

]
= Φ

(
b− µ

σ

)

Ƣ

P [a ≤ X ≤ b] = P

[
a− µ

σ
≤ X − µ

σ
≤ b− µ

σ

]

= P

[
a− µ

σ
≤ Z ≤ b− µ

σ

]

= P

[
Z ≤ b− µ

σ

]
− P

[
Z <

a− µ

σ

]

= Φ

(
b− µ

σ

)
− Φ

(
a− µ

σ

)
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ƕƣƱƥƮƥƶ ƥƬƵ� ƷƹƱ� Ƹƹƴ� ƮƥƱƳƱ� ƮƥƸƥƱƳưƢƶ Φ(z)
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ƆƬƵƳƭƷƸƭƮƢ ƷƹƱ� ƸƹƴƭƮƢƶ ƮƥƱƳƱƭƮƢƶ ƮƥƸƥƱƳưƢƶ

ƗƸƳƱ ƴƣƱƥƮƥ ƨƣƱƳƱƸƥƭ Ƴƭ Ƹƭươƶ Ƹƫƶ Φ(z) Ƨƭƥ z > 0� ƑƴƳƵƳǁưƩ ƥƴǀ ƸƳƱ ƣƨƭƳ ƴƣƱƥƮƥ
ƩƮưƩƸƥƯƯƩƹǀưƩƱƳƭ Ƹƫ ƷƹưưƩƸƵƣƥ Ƹƫƶ Φ(z) Ʊƥ ƹƴƳƯƳƧƣƷƳƹưƩ Ʈƥƭ Ƹƭươƶ Ƹƫƶ Ƨƭƥ z < 0�
ƉƫƯƥƨƢ� ƥƱ z > 0� ƸǀƸƩ

Φ(−z) = P [Z ≤ −z] = P [Z ≥ z] = 1− P [Z < z] = 1− Φ(z).5.5 Normal Random Variables 171

0 x−x

P {Z < −x} P {Z > x}P

FIGURE 5.8 Standard normal probabilities.

It remains for us to compute !(x). This has been accomplished by an approximation
and the results are presented in Table A1 of the Appendix, which tabulates!(x) (to a 4-digit
level of accuracy) for a wide range of nonnegative values of x. In addition, Program 5.5a of
the text disk can be used to obtain !(x).

While Table A1 tabulates !(x) only for nonnegative values of x, we can also obtain
!(−x) from the table by making use of the symmetry (about 0) of the standard normal
probability density function. That is, for x > 0, if Z represents a standard normal random
variable, then (see Figure 5.8)

!(−x) = P{Z < −x}
= P{Z > x} by symmetry

= 1 − !(x)

Thus, for instance,

P{Z < −1} = !(−1) = 1 − !(1) = 1 − .8413 = .1587

EXAMPLE 5.5a If X is a normal random variable with mean µ = 3 and variance
σ 2 = 16, find

(a) P{X < 11};
(b) P{X > −1};
(c) P{2 < X < 7}.

SOLUTION

(a) P{X < 11} = P
{

X − 3
4

<
11 − 3

4

}

= !(2)

= .9772

(b) P{X > −1} = P
{

X − 3
4

>
−1 − 3

4

}

= P{Z > −1}
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ƕƥƵƠƨƩƭƧưƥ

ƆƱX ∼ N (3, 16) �µ = 3� σ2 = 16� Ʊƥ ƹƴƳƯƳƧƣƷƩƸƩ Ƹƭƶ ƴƭƬƥƱǀƸƫƸƩƶ�

�L� P [X ≤ 11]� �LL� P [2 ≤ X ≤ 7]� �LLL� P [X > −1]�

�L� P [X ≤ 11] = P

[
X − 3

4
≤ 11− 3

4

]
= Φ(2) = 0.9772

�LL� P [2 ≤ X ≤ 7] = P

[
2− 3

4
≤ X − 3

4
≤ 7− 3

4

]

= Φ(1)− Φ(−1/4)

= Φ(1)− (1− Φ(1/4))

= 0.8413− 1 + 0.5987 = 0.44
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ƕƥƵƠƨƩƭƧưƥ

�LLL� P [X > −1] = P

[
X − 3

4
>

−1− 3

4

]

= P [Z > −1]

= P [Z < 1] = Φ(1) = 0.8413
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ƕƣƱƥƮƥƶ ƥƬƵ� ƷƹƱ� Ƹƹƴ� ƮƥƱƳƱ� ƮƥƸƥƱƳưƢƶ Φ(z)
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ƏƥƱƳƱƭƮƢ ƮƥƸƥƱƳưƢ

ƆƱ ƮƠƴƳƭƩƶ ƴƥƵƥƸƫƵƢƷƩƭƶ ƴƵƳơƵƻƳƱƸƥƭ ƥƴǀ ƸƫƱ ƮƥƱƳƱƭƮƢ ƮƥƸƥƱƳưƢN (µ,σ2)� ƸǀƸƩ
ƸƳ ƴƳƷƳƷƸǀ ƸƽƱ ƴƥƵƥƸƫƵƢƷƩƽƱ ƴƳƹ ƥƴơƻƩƭ ƥƴǀ ƸƳ ươƷƳ µ ƯƭƧǀƸƩƵƳ ƥƴǀ k ƸƹƴƭƮơƶ
ƥƴƳƮƯƣƷƩƭƶ ưƴƳƵƩƣ Ʊƥ ƹƴƳƯƳƧƭƷƸƩƣ ƽƶ ƩƲƢƶ�

P [|X − µ| ≤ kσ]

= P

[∣∣∣
X − µ

σ

∣∣∣ ≤ k

]

= P [|Z| ≤ k]

= P [−k ≤ Z ≤ k]

= 2Φ(k)− 1.
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ƕƳƷƳƷƸƭƥƣƥ ƷƫưƩƣƥ Ƹƫƶ Z

ƍƩƽƵƢƷƸƩ ơƱƥ 0 < α < 1� Ʈƥƭ ơƷƸƽ zα ơƱƥƶ ƥƵƭƬưǀƶ ƸơƸƳƭƳƶ ǂƷƸƩ

P [Z > zα] = α.

ƉƫƯ�� ƫ ƴƭƬƥƱǀƸƫƸƥ ƫ ƸƹƴƭƮƢ ƮƥƱƳƱƭƮƢ Ƹ�ư� Z Ʊƥ ƩƣƱƥƭ ưƩƧƥƯǁƸƩƵƫ ƥƴǀ zα ƩƣƱƥƭ ƣƷƫ
ưƩ α�
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1 – a a

0 za

FIGURE 5.9 P{Z > zα} = α.

The value of zα can, for any α, be obtained from Table A1. For instance, since

1 − "(1. 645) = .05

1 − "(1. 96) = .025

1 − "(2. 33) = .01

it follows that

z.05 = 1.645, z.025 = 1.96, z.01 = 2.33

Program 5.5b on the text disk can also be used to obtain the value of zα .
Since

P{Z < zα} = 1 − α

it follows that 100(1 − α) percent of the time a standard normal random variable will
be less than zα . As a result, we call zα the 100(1 − α) percentile of the standard normal
distribution.

5.6 EXPONENTIAL RANDOM VARIABLES
A continuous random variable whose probability density function is given, for some
λ > 0, by

f (x) =
{

λe−λx if x ≥ 0

0 if x < 0

is said to be an exponential random variable (or, more simply, is said to be exponen-
tially distributed) with parameter λ. The cumulative distribution function F (x) of an
exponential random variable is given by

F (x) = P{X ≤ x}

=
∫ x

0
λe−λy dy

= 1 − e−λx , x ≥ 0

ƕƵƳƺƥƱǂƶ� P [Z > zα] = 1− P [Z ≤ zα] = 1− Φ(zα)� ƠƵƥ

α = P [Z > zα] = 1− Φ(zα).
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ƕƳƷƳƷƸƭƥƣƥ ƷƫưƩƣƥ Ƹƫƶ Z �ƷƹƱơƻƩƭƥ�

ƕ�ƻ�� ƥƱ α = 0.05� ƸǀƸƩ

P [Z > z0.05] = 0.05 ⇔ 1− Φ(z0.05) = 0.05 ⇔ Φ(z0.05) = 0.95,

ƳƴǀƸƩ ƥƴǀ ƸƳƱ ƴƣƱƥƮƥ ƸƽƱ ƸƭưǂƱ Ƹƫƶ Φ ƦƯơƴƳƹưƩ ǀƸƭ ƴƵơƴƩƭ z0.05 = 1.645
�ƴƥƵƥƸƫƵƢƷƸƩ ƷƸƳƱ ƴƣƱƥƮƥ� ǀƸƭ Φ(1.64) = 0.9495 Ʈƥƭ Φ(1.65) = 0.9505� ƳƴǀƸƩ
ƩƴƩƭƨƢ Ƴ ƥƵƭƬưǀƶ 0.95 ƦƵƣƷƮƩƸƥƭ ƷƸƳ ươƷƳƱ ưƩƸƥƲǁ ƸƽƱ 0.9495 Ʈƥƭ 0.9505�
ƦƵƣƷƮƳƹưƩ ƸƫƱ ƸƭưƢ 1.645 ƽƶ ƸƳ ươƷƳ ǀƵƳ ƸƽƱ ƸƭưǂƱ 1.64 Ʈƥƭ 1.65��

ƆƱƠƯƳƧƥ ƦƵƣƷƮƳƹưƩ ǀƸƭ

z0.025 = 1.96 Ʈƥƭ z0.01 = 2.33.
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ƕƳƷƳƷƸƭƥƣƥ ƷƫưƩƣƥ Ƹƫƶ Z �ƷƹƱơƻƩƭƥ�

ƘǂƵƥ� ƥƱ
P [Z > zα] = α ⇒ P [Z ≤ zα] = 1− α,

ƩƴƳươƱƽƶ 100(1− α) ƸƽƱ ƴƩƵƭƴƸǂƷƩƽƱ ƫ ƸƹƴƭƮƢ ƮƥƱƳƱƭƮƢ Ƹ�ư� Ƭƥ ƩƣƱƥƭ
ưƭƮƵǀƸƩƵƫ ƥƴǀ zα�

ƕ�ƻ� Ƨƭƥ α = 0.05 ƦƵƢƮƥưƩ ǀƸƭ

P [Z ≤ z0.05] = 0.95 Ʈƥƭ z0.05 = 1.645,

ƠƵƥ ƮƥƸƠ 95 ƫ Ƹ�ư� Z Ƭƥ ƴƥƣƵƱƩƭ Ƹƭươƶ ưƭƮƵǀƸƩƵƩƶ ƸƳƹ 1.645�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � ��


