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ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ
ƘưƢưƥ ƒƥƹƴƫƧǂƱ ƑƫƻƥƱƭƮǂƱ

ƉƫưƢƸƵƫƶ ƑƫƸƷƳǁƨƫƶ

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ � � �

�����
�
����

�
����

�
�����
�
����
�
����
�
����
�
�����
�
����
�
����
�
����
�
�����
�
����
�
����
�
����
�
�����

�
����

�
�����

�
����

�
����

�

ƑƥƬƫưƥƸƭƮƠ ưƳƱƸơƯƥ

ſƱƥ ưƥƬƫưƥƸƭƮǀ ưƳƱƸơƯƳ ƩƣƱƥƭ ưƭƥ ƴƩƵƭƧƵƥƺƢ ƩƱǀƶ ƷƹƷƸƢưƥƸƳƶ ưƩ ƻƵƢƷƫ
ưƥƬƫưƥƸƭƮǂƱ ƩƱƱƳƭǂƱ Ʈƥƭ ưƥƬƫưƥƸƭƮǂƱ ǀƵƽƱ�

ƑƥƬƫưƥƸƭƮƠ ưƳƱƸơƯƥ ƻƵƫƷƭưƳƴƳƭƳǁƱƸƥƭ

ƷƸƭƶ ƺƹƷƭƮơƶ ƩƴƭƷƸƢưƩƶ �ƺƹƷƭƮƢ� ƦƭƳƯƳƧƣƥ� ƻƫưƩƣƥ� ����

ƷƩ ƩƴƭƷƸƢưƩƶ ưƫƻƥƱƭƮƳǁ �ưƫƻƥƱƳƯƳƧƣƥ� ƫƯƩƮƸƵƳƯƳƧƣƥ� ����

ƷƸƫƱ ƩƴƭƷƸƢưƫ ƹƴƳƯƳƧƭƷƸǂƱ

ƷƸƭƶ ƮƳƭƱƽƱƭƮơƶ ƩƴƭƷƸƢưƩƶ �ƼƹƻƳƯƳƧƣƥ� ƳƭƮƳƱƳưƭƮƠ� ����

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ � � �
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ƏƥƸƫƧƳƵƣƩƶ ưƥƬƫưƥƸƭƮǂƱ ưƳƱƸơƯƽƱ

ƆƭƸƭƳƮƵƥƸƭƮƠ ưƳƱƸơƯƥ
'HWHUPLQLVWLF PRGHOV
ƗƸƭƶ ƴƥƵƥươƸƵƳƹƶ ƸƳƹ ƷƹƷƸƢưƥƸƳƶ
ƴƳƹ ƴƩƵƭƧƵƠƺƳƹƱ ƨƩƱ ƴƩƵƭƯƥưƦƠƱƩƸƥƭ
Ʈƥưưƣƥ ơƱƱƳƭƥ ƸƹƻƥƭǀƸƫƸƥƶ� ơƸƷƭ ǂƷƸƩ
ƳƴƳƭƥƨƢƴƳƸƩ ƨƩƨƳươƱƫ ƩƣƷƳƨƳƶ ƷƸƳ
ƷǁƷƸƫưƥ ƳƨƫƧƩƣ ƮƠƬƩ ƺƳƵƠ ƷƸƳ ƣƨƭƳ
ƥƴƳƸơƯƩƷưƥ
�ƆƣƸƭƳ→ ƥƴƳƸơƯƩƷưƥ�

ƗƸƳƻƥƷƸƭƮƠ ƑƳƱƸơƯƥ
6WRFKDVWLF PRGHOV
ƐƥưƦƠƱƳƹƱ ƹƴŻǀƼƭƱ ƸƳƹƶ ƸƫƱ Ƹƹƻƥƭǀ�
ƸƫƸƥ ơƸƷƭ ǂƷƸƩ ưƭƥ ƨƩƨƳươƱƫ ƩƣƷƳƨƳƶ
ƷƸƳ ƷǁƷƸƫưƥ Ʊƥ ƳƨƫƧƩƣ ƷƩ ƨƭƥƺƳƵƩ�
ƸƭƮƠ ƴƭƬƥƱƠ ƥƴƳƸƩƯơƷưƥƸƥ�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ � � �

�����
�
����

�
����

�
�����
�
����
�
����
�
����
�
�����
�
����
�
����
�
����
�
�����
�
����
�
����
�
����
�
�����

�
����

�
�����

�
����

�
����

�

ƕƥƵƥƨƩƣƧưƥƸƥ

ƘƳ ǁƼƳƶ h �ƷƩ P� ƩƱǀƶ ưƢƯƳƹ ƴƳƹ ƴơƺƸƩƭ ƥƴǀ ơƱƥ ƥƩƵǀƷƸƥƸƳ ƴƳƹ ƦƵƣƷƮƩƸƥƭ
ƷƸƥ ��� P ưƴƳƵƩƣ Ʊƥ ƹƴƳƯƳƧƭƷƸƩƣ ƥƴǀ ƸƫƱ ƩƲƣƷƽƷƫ

h = 300− 5 t2

ǀƴƳƹ t ƩƣƱƥƭ Ƴ ƻƵǀƱƳƶ �ƷƩ VHF� ƴƳƹ ơƻƩƭ ƴƩƵƠƷƩƭ ƥƴǀ Ƹƫ ƷƸƭƧưƢ ƴƳƹ ơƴƩƷƩ ƸƳ
ưƢƯƳ� �ƆƭƸƭƳƮƵƥƸƭƮǀ ưƳƱƸơƯƳ�

ƖƣƻƱƽ ơƱƥ ƪƠƵƭ ươƻƵƭ Ʊƥ ơƵƬƩƭ � �ƴƵƳƺƥƱǂƶ ƷƸƳ ƴƵǀƦƯƫưƥ ƥƹƸǀ ƹƴƩƭƷơƵƻƩƸƥƭ
ƸƹƻƥƭǀƸƫƸƥ�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ � � �
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ƇƥƷƭƮơƶ ơƱƱƳƭƩƶ ƴƭƬƥƱƳƸƢƸƽƱ

Ɣƭ ƴƭƬƥƱǀƸƫƸƩƶ ơƻƳƹƱ Ƹƭƶ ƵƣƪƩƶ ƸƳƹƶ ƷƸƫƱ ƥƱƠƯƹƷƫ ƸƽƱ ƸƹƻƩƵǂƱ ƴƥƭƻƱƭƨƭǂƱ Ʈƥƭ ơƸƷƭ
ƷƹƻƱƠ Ƭƥ ƻƵƫƷƭưƳƴƳƭƳǁưƩ ƸơƸƳƭƳƹ ƩƣƨƳƹƶ ƴƥƵƥƨƩƣƧưƥƸƥ

ƕƩƣƵƥưƥ� ƔƴƳƭƥƨƢƴƳƸƩ ƨƭƥƨƭƮƥƷƣƥ Ƹƫƶ ƳƴƳƣƥƶ ƸƳ ƥƴƳƸơƯƩƷưƥ ƨƩƱ ƩƣƱƥƭ ƧƱƽƷƸǀ
ƩƮ ƸƽƱ ƴƵƳƸơƵƽƱ�

ƕ�ƻ� ƷƸƵƣƦƽ ơƱƥ ƱǀưƭƷưƥ� ƵƣƻƱƽ ơƱƥ ƪƠƵƭ� ƸƵƥƦƠƽ ơƱƥ ƻƥƵƸƣ ƥƴǀ ưƭƥ ƸƵƠƴƳƹƯƥ

ƉƩƭƧưƥƸƭƮǀƶ ƻǂƵƳƶ �VDPSOH VSDFH� Ω� ƊƣƱƥƭ ƸƳ ƷǁƱƳƯƳ ǀƯƽƱ ƸƽƱ ƴƭƬƥƱǂƱ
ƥƴƳƸƩƯƩƷưƠƸƽƱ ƩƱǀƶ ƴƩƭƵƠưƥƸƳƶ�

ƕ�ƻ� ƂƸƥƱ ƷƸƵƣƦƽ ơƱƥ ƱǀưƭƷưƥ Ʈƥƭ ƸƳ ƥƺƢƱƽ Ʊƥ ƴơƷƩƭ ƷƸƳ ơƨƥƺƳƶ ƹƴƠƵƻƩƭ
ƴƩƵƣƴƸƽƷƫ Ʊƥ ơƵƬƩƭ ƮƩƺƥƯƢ �.� Ƣ ƧƵƠưưƥƸƥ �ƈ�� ŽƵƥ Ω  ^Ə�ƈ`�

ƕ�ƻ� ƂƸƥƱ ƵƣƻƱƽ ơƱƥ ƪƠƵƭ Ƭƥ ƺơƵƽ ơƱƥƱ ƥƴǀ ƸƳƹƶ ơƲƭ ƥƵƭƬưƳǁƶ 1, 2, . . . , 6� ŽƵƥ
Ω = {1, 2, 3, 4, 5, 6}�

ƊƱƨƩƻǀưƩƱƳ �HYHQW�� ƩƣƱƥƭ ơƱƥ ƹƴƳƷǁƱƳƯƳ ƸƳƹ ƨƩƭƧưƥƸƭƮƳǁ ƻǂƵƳƹ

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ � � �
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ƕƥƵƠƨƩƭƧưƥ

ƖƣƻƱƳƹưƩ ƨƹǀ ƪƠƵƭƥ Ʈƥƭ� Ƨƭƥ ƩƹƮƳƯƣƥ� ƥƶ ƹƴƳƬơƷƳƹưƩ ǀƸƭ ƸƳ ơƱƥ ƩƣƱƥƭ ưƴƯƩ Ʈƥƭ ƸƳ
ƠƯƯƳ ƮǀƮƮƭƱƳ� ƈƵƠƺƳƹưƩ ƸƳ ƥƴƳƸơƯƩƷưƥ ƥƹƸƳǁ ƸƳƹ ƴƩƭƵƠưƥƸƳƶ ƷƸƫ ưƳƵƺƢ (m,n)
ǀƴƳƹm ƩƣƱƥƭ Ƴ ƥƵƭƬưǀƶ ƷƸƳ ưƴƯơ ƪƠƵƭ Ʈƥƭ n Ƴ ƥƵƭƬưǀƶ ƷƸƳ ƮǀƮƮƭƱƳ ƪƠƵƭ�

(1, 1) (1, 2) (1, 3) (1, 4) (1, 5) (1, 6)
(2, 1) (2, 2) (2, 3) (2, 4) (2, 5) (2, 6)
(3, 1) (3, 2) (3, 3) (3, 4) (3, 5) (3, 6)
(4, 1) (4, 2) (4, 3) (4, 4) (4, 5) (4, 6)
(5, 1) (5, 2) (5, 3) (5, 4) (5, 5) (5, 6)
(6, 1) (6, 2) (6, 3) (6, 4) (6, 5) (6, 6)

ƘƳ ƩƱƨƩƻǀưƩƱƳ mƵƣƻƱƽ ƨǁƳ ƪƠƵƭƥ Ʈƥƭ ƺơƵƱƽ ƠƬƵƳƭƷưƥ �}  
{(2, 6), (3, 5), (4, 4), (5, 3), (6, 2)}�

ƕǀƷƥ ƷƸƳƭƻƩƣƥ ƴƩƵƭơƻƩƭ ƸƳ ƩƱƨƩƻǀưƩƱƳ�
mƵƣƻƱƽ ƨǁƳ ƪƠƵƭƥ Ʈƥƭ ƺơƵƱƽ ƠƬƵƳƭƷưƥ �}�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ � � �
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ƗǁƱƳƯƥ

&DQWRU� ƗǁƱƳƯƳ ƳƱƳưƠƪƳƹưƩ ƮƠƬƩ ƷƹƯƯƳƧƢM � �Ʒƥƺǂƶ� ƨƭƥƮƵƭƸǂƱ ƥƱƸƭƮƩƭươƱƽƱm
�ƴƳƹ ƳƱƳưƠƪƳƹưƩ ʏƷƸƳƭƻƩƣƥʐ ƸƳƹ ƷƹƱǀƯƳƹM �� Ƹƫƶ ƨƭƥƣƷƬƫƷƫƶ Ƣ Ƹƫƶ ƷƮơƼƫƶ ưƥƶ�
ƴƳƹ ƬƩƽƵƳǁưƩ ƽƶ ƳƯǀƸƫƸƥ� �ZLNLSHGLD�

ƕ�ƻ�

ƘƳ ƷǁƱƳƯƳ ƸƽƱ ƺƽƱƫơƱƸƽƱ ƸƳƹ ƩƯƯƫƱƭƮƳǁ ƥƯƺƥƦƢƸƳƹ�
$  ^ƥ� Ʃ� ƫ� ƭ� Ƴ� ƹ� ƽ`�

ƘƳ ƷǁƱƳƯƳ ƸƽƱ ƼƫƺƣƽƱ ƸƳƹ ƥƵƭƬưƳǁ ����� Ƈ  ^�� �� �`�

ƘƳ ƷǁƱƳƯƳ ƸƽƱ ƮƥƸƳƣƮƽƱ ƸƳƹ ƉƢưƳƹ ƆƭƧƠƯƩƽ�
ƈ  ^[� [ ƩƣƱƥƭ ƮƠƸƳƭƮƳƶ ƸƳƹ ƉƢưƳƹ ƆƭƧƠƯƩƽ`�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ � � �
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ƔƵƭƷưƳƣ

ſƷƸƽ ƨǁƳ ƷǁƱƳƯƥ A Ʈƥƭ B ƹƴƳƷǁƱƳƯƥ ƸƳƹ Ω�

ƏƩƱǀ ƷǁƱƳƯƳ �ƷƹưƦ� ∅� ƯơưƩ ƸƳ ƷǁƱƳƯƳ ƴƳƹ ƨƩƱ ƴƩƵƭơƻƩƭ ƮƥƱơƱƥ ƷƸƳƭƻƩƣƳ�

ƍƥ ƯơưƩ ǀƸƭ ƸƳ A ƩƣƱƥƭ ƹƴƳƷǁƱƳƯƳ ƸƳƹ B� �ƷƹưƦ� A ⊂ B� ǀƸƥƱ ƮƠƬƩ ƷƸƳƭƻƩƣƳ
ƸƳƹ A ƥƱƢƮƩƭ Ʈƥƭ ƷƸƳ B�

ſƱƽƷƫ ƸƽƱ A Ʈƥƭ B� �ƷƹưƦ� A ∪B� ƩƣƱƥƭ ƸƳ ƷǁƱƳƯƳ ƴƳƹ Ƹƥ ƷƸƳƭƻƩƣƥ ƸƳƹ
ƥƱƢƮƳƹƱ ƩƣƸƩ ƷƸƳ A Ƣ ƷƸƳ B�

Ω

A B

A ∪ B

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ � � �
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ƔƵƭƷưƳƣ

ſƷƸƽ ƨǁƳ ƷǁƱƳƯƥ A Ʈƥƭ B ƹƴƳƷǁƱƳƯƥ ƸƳƹ Ω�

ƘƳưƢ ƸƽƱ A Ʈƥƭ B� �ƷƹưƦ� A ∩B� ƩƣƱƥƭ ƸƳ ƷǁƱƳƯƳ ƴƳƹ Ƹƥ ƷƸƳƭƻƩƣƥ ƸƳƹ ƥƱƢƮƳƹƱ
Ʈƥƭ ƷƸƳ A Ʈƥƭ ƷƸƳ B�

Ω

A B

A ∩ B

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ � � �
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ƔƵƭƷưƳƣ

ƗƹưƴƯƢƵƽưƥ ƸƳƹ A � �ƷƹưƦ� Ac Ƣ A′� ƩƣƱƥƭ ƸƳ ƷǁƱƳƯƳ ƴƳƹ Ƹƥ ƷƸƳƭƻƩƣƥ ƸƳƹ ƨƩƱ
ƥƱƢƮƳƹƱ ƷƸƳ A�

Ω

A

A

A′

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �

�����
�
����

�
����

�
�����
�
����
�
����
�
����
�
�����
�
����
�
����
�
����
�
�����
�
����
�
����
�
����
�
�����

�
����

�
�����

�
����

�
����

�

ƔƵƭƷưƳƣ

ſƷƸƽ ƨǁƳ ƷǁƱƳƯƥ A Ʈƥƭ B ƹƴƳƷǁƱƳƯƥ ƸƳƹ Ω�

+ ƨƭƥƺƳƵƠ ƸƽƱ A Ʈƥƭ B � �ƷƹưƦ� A \B� ƩƣƱƥƭ ƸƳ ƷǁƱƳƯƳ ƴƳƹ Ƹƥ ƷƸƳƭƻƩƣƥ ƸƳƹ
ƥƱƢƮƳƹƱ ƷƸƳ A Ʈƥƭ ƨƩƱ ƥƱƢƮƳƹƱ ƷƸƳ B

A \B = A ∩B′

Ω

A B

A \B

ƏƥƱǀƱƩƶ 'H 0RUJDQ� (A ∪B)′ = A′ ∩B′ Ʈƥƭ (A ∩B)′ = A′ ∪B′�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƕƥƵƠƨƩƭƧưƥ�

ſƷƸƽ Ω = {1, 2, 3, 4, 5, 6}� A = {1, 2}� B = {2, 3, 4}�

ƘǀƸƩ

A ∪B = {1, 2, 3, 4}
A ∩B = {2}
A′ = {3, 4, 5, 6}
B \A = {3, 4}

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƏƯƥƷƷƭƮǀƶ ƳƵƭƷưǀƶ ƴƭƬƥƱǀƸƫƸƥƶ

ſƷƸƽ ǀƸƭ ơƱƥ ƴƩƣƵƥưƥ ơƻƩƭ ƽƶ ơƮƦƥƷƫ ơƱƥ ƥƴǀ Ƹƥ n ƨƭƥƺƳƵƩƸƭƮƠ ƥƴƳƸƩƯơƷưƥƸƥ Ƹƥ
ƳƴƳƣƥ ǀưƽƶ ơƻƳƹƱ ƸƫƱ ƣƨƭƥ ƴƭƬƥƱǀƸƫƸƥ Ʊƥ ƷƹưƦƳǁƱ� ƙƴƳƬơƸƳƹưƩ ǀƸƭ k ƩƣƱƥƭ Ƹƥ
ƩƹƱƳƾƮƠ ƥƴƳƸƩƯơƷưƥƸƥ Ƨƭƥ ƸƳ ƩƱƨƩƻǀưƩƱƳ E� ƘǀƸƩ ƳƵƣƪƳƹưƩ ƽƶ ƴƭƬƥƱǀƸƫƸƥ ƸƳƹ
ƩƱƨƩƻƳươƱƳƹ E ƸƳƱ ƯǀƧƳ k

n �

P (E) =
k

n
.

ƕƥƵƠƨƩƭƧưƥ �� ſƷƸƽ ǀƸƭ ƷƩ ơƱƥ ƨƳƻƩƣƳ ƹƴƠƵƻƳƹƱ �� ǀưƳƭƩƶ ưƴƠƯƩƶ� � ƮǀƮƮƭƱƩƶ Ʈƥƭ �
ưƴƯƩ� ƊƴƭƯơƧƽ Ƹƹƻƥƣƥ ưƭƥ ưƴƠƯƥ� ƍƩƽƵǂ ƽƶ E ƸƳ ƩƱƨƩƻǀưƩƱƳ ƫ ưƴƠƯƥ Ʊƥ ƩƣƱƥƭ
ưƴƯƩ� ƘǀƸƩ ƥƺƳǁ n = 17 Ʈƥƭ k = 8� ƷǁưƺƽƱƥ ưƩ ƸƳƱ ƳƵƭƷưǀ

P (E) =
8

17
.

ƕƥƵƠƨƩƭƧưƥ �� ƖƣƻƱƽ ơƱƥ ƪƠƵƭ� ƍƩƽƵǂ ƽƶ E ƸƳ ƩƱƨƩƻǀưƩƱƳ ƸƳ ƥƴƳƸơƯƩƷưƥ ƸƳƹ
ƪƥƵƭƳǁ Ʊƥ ƩƣƱƥƭ ƴƩƵƭƸƸǀƶ ƥƵƭƬưǀƶ� ƉƫƯƥƨƢ E = {1, 3, 5}� ƠƵƥ

P (E) =
3

6
.

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƗƸƥƸƭƷƸƭƮǀƶ ƳƵƭƷưǀƶ ƴƭƬƥƱǀƸƫƸƥƶ

ƊƥƱ ƩƴƥƱƥƯƠƦƳƹưƩ ơƱƥ ƴƩƣƵƥưƥ mƴƳƯƯơƶ ƺƳƵơƶ} Ʈƥƭ N(E, n) ƩƣƱƥƭ Ƴ ƥƵƭƬưǀƶ ƸƽƱ
ƩƹƱƳƾƮǂƱ ƥƴƳƸƩƯƩƷưƠƸƽƱ Ƨƭƥ ƸƳ ƩƱƨƩƻǀưƩƱƳ E ƷƸƭƶ n ƴƵǂƸƩƶ ƩƴƥƱƥƯƢƼƩƭƶ� ƸǀƸƩ

P (E) =
n→∞

N(E, n)

n
.

ƕƥƵƠƨƩƭƧưƥ� ƆƱ ƵƣƲƳƹưƩ ơƱƥ ƪƠƵƭ n ƺƳƵơƶ Ʈƥƭ ưƩƸƵƢƷƳƹưƩ ƸƳƱ ƥƵƭƬưǀ N(E, n) ƸƽƱ
ƵƣƼƩƽƱ ƴƳƹ ơƺƩƵƥƱ ƸƳ ƥƴƳƸơƯƩƷưƥ �� Ƭƥ ƴƥƵƥƸƫƵƢƷƳƹưƩ ǀƸƭ ƫ ƷƻƩƸƭƮƢ ƷƹƻƱǀƸƫƸƥ
N(E,n)

n ƸƳƹ ƥƴƳƸƩƯơƷưƥƸƳƶ � ƷƸƥƬƩƵƳƴƳƭƩƣƸƥƭ ƧǁƵƽ ƥƴǀ ƸƫƱ ƸƭưƢ 1/6� ƮƥƬǂƶ Ƴ
ƷƹƱƳƯƭƮǀƶ ƥƵƭƬưǀƶ ƸƽƱ ƵƣƼƩƽƱ ƥƹƲƠƱƩƭ�

ƕƥƵƥƸƢƵƫƷƫ� ƘǀƷƳ ƥƴǀ ƸƳƱ ƳƵƭƷưǀ ƥƹƸǀ� ǀƷƳ Ʈƥƭ ƥƴǀ ƸƳƱ ƴƵƳƫƧƳǁưƩƱƳ� ƩƣƱƥƭ
ƺƥƱƩƵǀ ǀƸƭ Ƨƭƥ ƮƠƬƩ ƩƱƨƩƻǀưƩƱƳ E�

0 ≤ P (E) ≤ 1

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƆƲƭƽưƥƸƭƮǀƶ ƳƵƭƷưǀƶ Ƹƫƶ ƴƭƬƥƱǀƸƫƸƥƶ

ſƷƸƽ Ω Ƴ ƨƩƭƧưƥƸƭƮǀƶ ƻǂƵƳƶ Ƨƭƥ ơƱƥ ƴƩƣƵƥưƥ Ƹǁƻƫƶ�ƘǀƸƩ ƫ ƴƭƬƥƱǀƸƫƸƥ ƩƣƱƥƭ ơƱƥƶ
ƸƵǀƴƳƶ Ƨƭƥ Ʊƥ ƥƱƸƭƷƸƳƭƻƣƪƽ ƥƵƭƬưƳǁƶ ƷƩ ƩƱƨƩƻǀưƩƱƥ ƴƳƹ ƭƮƥƱƳƴƳƭƩƣ Ƹƥ ƥƮǀƯƳƹƬƥ�
���� ƈƭƥ ƮƠƬƩ ƩƱƨƩƻǀưƩƱƳ A� 0 ≤ P (A) ≤ 1�
���� P (Ω) = 1�
���� ƈƭƥ ƮƠƬƩ �ƴƩƴƩƵƥƷươƱƫ Ƣ ƠƴƩƭƵƫ� ƥƮƳƯƳƹƬƣƥ ƲơƱƽƱ ƥƱƥ ƨǁƳ ƩƱƨƩƻƳươƱƽƱ
A1, A2, . . . ƭƷƻǁƩƭ

P (∪iAi) =
∑

i

P (Ai)= P (A1) + P (A2) + · · ·.

ƉƫƯƥƨƢ� ƴƭƬƥƱǀƸƫƸƥ ƩƣƱƥƭ ưƭƥ ƷƹƱƠƵƸƫƷƫ ƥƴǀ ƸƳ ƷǁƱƳƯƳ ǀƯƽƱ ƸƽƱ ƨƹƱƥƸǂƱ
ƩƱƨƩƻƳươƱƽƱ ƷƸƳ ƨƭƠƷƸƫưƥ [0, 1] ƴƳƹ ƭƮƥƱƳƴƳƭƩƣ Ƹƭƶ ƴƥƵƥƴƠƱƽ ƸƵƩƭƶ ƭƨƭǀƸƫƸƩƶ�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƔƵƭƷưǀƶ
��

������

ƉǁƳ ƩƱƨƩƻǀưƩƱƥ A,B ƳƱƳưƠƪƳƱƸƥƭ ƲơƱƥ ưƩƸƥƲǁ ƸƳƹƶ Ƣ ƥƷƹưƦƣƦƥƷƸƥ ƥƱ ƫ
ƴƵƥƧưƥƸƳƴƳƣƫƷƫ ƸƳƹ ƩƱǀƶ ƥƴƥƧƳƵƩǁƩƭ ƸƫƱ ƴƵƥƧưƥƸƳƴƳƣƫƷƫ ƸƳƹ ƠƯƯƳƹ�

A ∩ B = ∅�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƎƨƭǀƸƫƸƩƶ ƴƭƬƥƱƳƸƢƸƽƱ

��� P (∅) = 0

��� ƆƱ A,B ƩƱƨƩƻǀưƩƱƥ� ƸǀƸƩ

P (A ∪B) = P (A) + P (B)− P (A ∩B).

��� ƆƱ A,B ƩƱƨƩƻǀưƩƱƥ ưƩ B ⊂ A� ƸǀƸƩ

ƥ� P (B) ≤ P (A)� Ʈƥƭ

Ʀ� P (A \B) = P (A)− P (B)�

��� ƆƱ A,B ƥƷƹưƦƣƦƥƷƸƥ ƩƱƨƩƻǀưƩƱƥ ƸǀƸƩ P (A ∪B) = P (A) + P (B)�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƎƨƭǀƸƫƸƩƶ ƴƭƬƥƱƳƸƢƸƽƱ

��� ƆƱ A,B,C ƩƱƨƩƻǀưƩƱƥ� ƸǀƸƩ

P (A ∪B ∪ C) = P (A) + P (B) + P (C)

− P (A ∩B)− P (A ∩ C)− P (B ∩ C)

+ P (A ∩B ∩ C).

A B

C

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƎƨƭǀƸƫƸƩƶ ƴƭƬƥƱƳƸƢƸƽƱ

��� ƈƭƥ ƮƠƬƩ ƩƱƨƩƻǀưƩƱƳ A� ƭƷƻǁƩƭ P (A′) = 1− P (A)�

��� ƆƱ A,B ƩƱƨƩƻǀưƩƱƥ� ƸǀƸƩ P (A′ ∪B′) = P [(A ∩B)′]�

��� ƆƱ A,B ƩƱƨƩƻǀưƩƱƥ� ƸǀƸƩ P (A′ ∩B′) = P [(A ∪B)′]�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƕƥƵƠƨƩƭƧưƥ

Ɔƴǀ ƸƳƹƶ ƥƴǀƺƳƭƸƳƹƶ ƴƥƱƩƴƭƷƸƫưƣƽƱ� ��� ưƭƯƳǁƱ ƆƧƧƯƭƮƠ� ��� ưƭƯƳǁƱ ƈƥƯƯƭƮƠ Ʈƥƭ
��� ưƭƯƳǁƱ Ʈƥƭ Ƹƭƶ ƨǁƳ ƧƯǂƷƷƩƶ� ſƱƥƶ ƥƴǀƺƳƭƸƳƶ ƴƥƱƩƴƭƷƸƫưƣƳƹ ƩƴƭƯơƧƩƸƥƭ Ƨƭƥ ưƭƥ
ƷƹƱơƱƸƩƹƲƫ�

�ƥ� ƕƳƭƥ ƫ ƴƭƬƥƱǀƸƫƸƥ Ʊƥ ưƭƯƠ ƆƧƧƯƭƮƠ Ƣ�Ʈƥƭ ƈƥƯƯƭƮƠ�

�Ʀ� ƕƳƭƥ ƫ ƴƭƬƥƱǀƸƫƸƥ Ʊƥ ưƫƱ ưƭƯƠ ƳǁƸƩ Ƹƫ ưƭƥ ƳǁƸƩ ƸƫƱ ƠƯƯƫ ƧƯǂƷƷƥ�

ƐǁƷƫ� ſƷƸƽ A� Ƴ ƥƴǀƺƳƭƸƳƶ ưƭƯƠ ƆƧƧƯƭƮƠ Ʈƥƭ B� Ƴ ƥƴǀƺƳƭƸƳƶ ưƭƯƠ ƈƥƯƯƭƮƠ�

ƘǀƸƩ P (A) = 0.5� P (B) = 0.4 Ʈƥƭ P (A ∩B) = 0.25� ŽƵƥ

ƥ� P (A ∪B) = P (A) + P (B)− P (A ∩B) = 0.5 + 0.4− 0.25 = 0.65�

Ʀ� P (A′ ∩B′) = P [(A ∪B)′] = 1− P (A ∪B) = 1− 0.65 = 0.35�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƕƥƵƠƨƩƭƧưƥ

ƗƩ ưƭƥ ưƩƯơƸƫ ƸƽƱ ƥƭƸƣƽƱ ƮƥƸƥƷƸƵƳƺƢƶ ƸƳƹ ƳƨƳƷƸƵǂưƥƸƳƶ ƦƵơƬƫƮƩ ǀƸƭ ƷƸƳ �� ƸƽƱ
ƴƩƵƭƴƸǂƷƩƽƱ ƮƥƸƥƷƸƵƳƺƢƶ ƹƴƢƵƻƩ ƥƷƸƳƻƣƥ ƹƯƭƮƳǁ� ƷƸƳ ��� ƸƽƱ ƴƩƵƭƴƸǂƷƩƽƱ
ƹƴƢƵƻƩ ƮƥƸƥƷƮƩƹƥƷƸƭƮƢ ƮƥƮƳƸƩƻƱƣƥ Ʈƥƭ ƷƸƳ �� ƸƽƱ ƴƩƵƭƴƸǂƷƩƽƱ ƹƴƢƵƻƥƱ Ʈƥƭ Ƹƥ
ƨǁƳ Ʃƣƨƫ ƦƯƠƦƫƶ�

ƑƩ ƦƠƷƫ Ƹƥ ƴƳƷƳƷƸƠ ƥƹƸƠ� Ʊƥ ƦƵƩƬƳǁƱ Ƴƭ ƴƥƵƥƮƠƸƽ ƴƭƬƥƱǀƸƫƸƩƶ ǀƸƭ ƷƩ ơƱƥ
ƷƹƧƮƩƮƵƭươƱƳ ơƯƩƧƻƳ ƳƨƳƷƸƵǂưƥƸƳƶ ƹƴƠƵƻƩƭ�

�ƥ� ƥƷƸƳƻƣƥ ƹƯƭƮƳǁ Ƣ ƮƥƸƥƷƮƩƹƥƷƸƭƮƢ ƮƥƮƳƸƩƻƱƣƥ�

�Ʀ� ƥƷƸƳƻƣƥ ƹƯƭƮƳǁ� ƥƯƯƠ ǀƻƭ ƮƥƸƥƷƮƩƹƥƷƸƭƮƢ ƮƥƮƳƸƩƻƱƣƥ�

�Ƨ� ƸƳ ƴƳƯǁ ưƣƥ ƥƴǀ Ƹƭƶ ƥƱƥƺƩƵǀưƩƱƩƶ ƥƭƸƣƩƶ�

�ƨ� ƮƥưƭƠ ƥƴǀ Ƹƭƶ ƥƱƥƺƩƵǀưƩƱƩƶ ƥƭƸƣƩƶ�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ſƷƸƽ A� ƥƷƸƳƻƣƥ ƹƯƭƮƳǁ� ƮƥƭK� ƮƥƸƥƷƮƩƹƥƷƸƭƮƢ ƮƥƮƳƸƩƻƱƣƥ�

ƘǀƸƩ P (A) = 0.08� P (K) = 0.85 Ʈƥƭ P (A ∩K) = 0.05�

���� ƆƷƸƳƻƣƥ ƹƯƭƮƳǁ Ƣ ƮƥƸƥƷƮƩƹƥƷƸƭƮƢ ƮƥƮƳƸƩƻƱƣƥ�

P (A ∪K) = P (A) + P (K)− P (A ∩K) = 0.08 + 0.85− 0.05 = 0.88�

���� ƆƷƸƳƻƣƥ ƹƯƭƮƳǁ� ƥƯƯƠ ǀƻƭ ƮƥƸƥƷƮƩƹƥƷƸƭƮƢ ƮƥƮƳƸƩƻƱƣƥ�

P (A \K) = P (A ∩K ′) = P (A)− P (A ∩K) = 0.08− 0.05 = 0.03�

���� ƘƳ ƴƳƯǁ ưƣƥ ƥƴǀ Ƹƭƶ ƥƱƥƺƩƵǀưƩƱƩƶ ƥƭƸƣƩƶ⇔ ƒƥ ưƫƱ ƷƹƱƸƵơƻƳƹƱ Ʈƥƭ Ƴƭ ƨǁƳ�

P
(
(A ∩K)′

)
= 1− P (A ∩K) = 1− 0.05 = 0.95�

���� ƏƥưƭƠ ƥƴǀ Ƹƭƶ ƥƱƥƺƩƵǀưƩƱƩƶ ƥƭƸƣƩƶ

P (A′ ∩K ′) = P
(
(A ∪K)′

)
= 1− P (A ∪K) = 1− 0.88 = 0.12�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƗƩ ưƭƥ ưƩƯơƸƫ ƸƽƱ ƥƭƸƣƽƱ ƨƭƥƮƳƴƢƶ ƸƳƹ ƫƯƩƮƸƵƭƮƳǁ ƵƩǁưƥƸƳƶ ƦƵơƬƫƮƩ ǀƸƭ ƷƸƳ ���
ƸƽƱ ƴƩƵƭƴƸǂƷƩƽƱ ƨƭƥƮƳƴƢƶ ƹƴƢƵƻƩ ƦƯƠƦƫ ưƩƸƥƷƻƫưƥƸƭƷƸƢ� ƷƸƳ ��� ƸƽƱ
ƴƩƵƭƴƸǂƷƩƽƱ ƹƴƢƵƻƩ ƦƯƠƦƫ ƧƵƥưưƢƶ ưƩƸƥƺƳƵƠƶ Ʈƥƭ ƷƸƳ �� ƸƽƱ ƴƩƵƭƴƸǂƷƩƽƱ
ƹƴƢƵƻƥƱ Ʈƥƭ Ƹƥ ƨǁƳ Ʃƣƨƫ ƦƯƠƦƫƶ�

ƑƩ ƦƠƷƫ Ƹƥ ƴƳƷƳƷƸƠ ƥƹƸƠ� Ʊƥ ƦƵƩƬƳǁƱ Ƴƭ ƴƥƵƥƮƠƸƽ ƴƭƬƥƱǀƸƫƸƩƶ ǀƸƭ ƷƩ ưƭƥ
ƷƹƧƮƩƮƵƭươƱƫ ƨƭƥƮƳƴƢ ƵƩǁưƥƸƳƶ ƹƴƠƵƻƩƭ�

�ƥ� ƦƯƠƦƫ ưƩƸƥƷƻƫưƥƸƭƷƸƢ Ƣ ƦƯƠƦƫ ƧƵƥưưƢƶ ưƩƸƥƺƳƵƠƶ�

�Ʀ� ƦƯƠƦƫ ưƩƸƥƷƻƫưƥƸƭƷƸƢ� ƥƯƯƠ ǀƻƭ ƦƯƠƦƫ ƧƵƥưưƢƶ ưƩƸƥƺƳƵƠƶ�

�Ƨ� ƸƳ ƴƳƯǁ ƩƱǀƶ ƩƣƨƳƹƶ ƦƯƠƦƫ�

�ƨ� ƮƥưƭƠ ƥƴǀ Ƹƭƶ ƨǁƳ ƥƱƥƺƩƵǀưƩƱƩƶ ƦƯƠƦƩƶ�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ſƷƸƽ C� ƦƯƠƦƫ ưƩƸƥƷƻƫưƥƸƭƷƸƢ� Ʈƥƭ L� ƦƯƠƦƫ ƧƵƥưưƢƶ ưƩƸƥƺƳƵƠƶ�

ƘǀƸƩ P (C) = 0.10� P (L) = 0.75 Ʈƥƭ P (C ∩ L) = 0.02�

���� ƇƯƠƦƫ ưƩƸƥƷƻƫưƥƸƭƷƸƢ Ƣ ƦƯƠƦƫ ƧƵƥưưƢƶ ưƩƸƥƺƳƵƠƶ�

P (C ∪ L) = P (C) + P (L)− P (C ∩ L) = 0.10 + 0.75− 0.02 = 0.83�

���� ƇƯƠƦƫ ưƩƸƥƷƻƫưƥƸƭƷƸƢ� ƥƯƯƠ ǀƻƭ ƦƯƠƦƫ ƧƵƥưưƢƶ ưƩƸƥƺƳƵƠƶ�

P (C \ L) = P (C ∩ L′) = P (C)− P (C ∩ L) = 0.10− 0.02 = 0.08�

���� ƘƳ ƴƳƯǁ ƩƱǀƶ ƩƣƨƳƹƶ ƦƯƠƦƫ⇔ ƒƥ ưƫƱ ƷƹƱƸƵơƻƳƹƱ Ʈƥƭ Ƹƥ ƨǁƳ Ʃƣƨƫ ƦƯƠƦƫƶ�

P
(
(C ∩ L)′

)
= 1− P (C ∩ L) = 1− 0.02 = 0.98�

���� ƏƥưƭƠ ƥƴǀ Ƹƭƶ ƨǁƳ ƥƱƥƺƩƵǀưƩƱƩƶ ƦƯƠƦƩƶ�

P (C ′ ∩ L′) = P
(
(C ∪ L)′

)
= 1− P (C ∪ L) = 1− 0.83 = 0.17�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƕƥƵƠƨƩƭƧưƥ

ƌ ƴƭƬƥƱǀƸƫƸƥ Ʊƥ ƴƠƵƩƭ ơƱƥ ƥƩƵƳƨƵǀưƭƳ ƮƠƴƳƭƳ ƦƵƥƦƩƣƳ A Ƨƭƥ ƸƳ ƷƻƩƨƭƥƷưǀ ƸƳƹ
ƩƣƱƥƭ ����� ƫ ƴƭƬƥƱǀƸƫƸƥ Ʊƥ ƴƠƵƩƭ ƮƠƴƳƭƳ ƦƵƥƦƩƣƳ B Ƨƭƥ ƸƫƱ ƥƴƳƨƳƸƭƮƢ
ƻƵƫƷƭưƳƴƳƣƫƷƫ ƹƯƭƮǂƱ ƩƣƱƥƭ ����� Ʈƥƭ ƫ ƴƭƬƥƱǀƸƫƸƥ Ʊƥ ƴƠƵƩƭ ƸƳ ƦƵƥƦƩƣƳ A� ƥƯƯƠ
ǀƻƭ ƸƳ ƦƵƥƦƩƣƳ B ƩƣƱƥƭ �����

ƒƥ ƦƵƩƬƳǁƱ Ƴƭ ƩƲƢƶ ƴƭƬƥƱǀƸƫƸƩƶ Ƨƭʌ ƥƹƸǀ ƸƳ ƥƩƵƳƨƵǀưƭƳ�

�ƥ� ƒƥ ƴƠƵƩƭ Ʈƥƭ Ƹƥ ƨǁƳ ƦƵƥƦƩƣƥ�

�Ʀ� ƒƥ ƴƠƵƩƭ ƸƳƹƯƠƻƭƷƸƳƱ ơƱƥ ƥƴǀ Ƹƥ ƨǁƳ ƦƵƥƦƩƣƥ�

�Ƨ� ƒƥ ƴƠƵƩƭ ƸƳ ƴƳƯǁ ơƱƥ ƥƴǀ Ƹƥ ƨǁƳ ƦƵƥƦƩƣƥ�

�ƨ� ƒƥ ƴƠƵƩƭ ƸƳ ƦƵƥƦƩƣƳ B� ƥƯƯƠ ǀƻƭ ƸƳ A�

�Ʃ� ƒƥ ƴƠƵƩƭ ƥƮƵƭƦǂƶ ơƱƥ ƥƴǀ Ƹƥ ƨǁƳ ƦƵƥƦƩƣƥ�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ſƷƸƽ A� ƸƳ ƩƱƨƩƻǀưƩƱƳ ƸƳ ƥƩƵƳƨƵǀưƭƳ Ʊƥ ƴƠƵƩƭ ƸƳ ƦƵƥƦƩƣƳ A�
Ʈƥƭ B� ƸƳ ƩƱƨƩƻǀưƩƱƳ ƸƳ ƥƩƵƳƨƵǀưƭƳ Ʊƥ ƴƠƵƩƭ ƸƳ ƦƵƥƦƩƣƳ B�
ƘǀƸƩ P (A) = 0.25� P (B) = 0.18 Ʈƥƭ P (A ∩B′) = 0.19�

���� ƒƥ ƴƠƵƩƭ Ʈƥƭ Ƹƥ ƨǁƳ ƦƵƥƦƩƣƥ�

P (A ∩B) = P (A)− P (A ∩B′) = 0.25− 0.19 = 0.06�

���� ƒƥ ƴƠƵƩƭ ƸƳƹƯƠƻƭƷƸƳƱ ơƱƥ ƥƴǀ Ƹƥ ƨǁƳ ƦƵƥƦƩƣƥ�

P (A ∪B) = P (A) + P (B)− P (A ∩B) = 0.25 + 0.18− 0.06 = 0.37�

���� ƒƥ ƴƠƵƩƭ ƸƳ ƴƳƯǁ ơƱƥ ƥƴǀ Ƹƥ ƨǁƳ ƦƵƥƦƩƣƥ�

P
(
(A ∩B)′

)
= 1− P (A ∩B) = 1− 0.06 = 0.94�

���� ƒƥ ƴƠƵƩƭ ƸƳ ƦƵƥƦƩƣƳ B� ƥƯƯƠ ǀƻƭ ƸƳ A�

P (B ∩A′) = P (B)− P (A ∩B) = 0.18− 0.06 = 0.12�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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���� ƒƥ ƴƠƵƩƭ ƥƮƵƭƦǂƶ ơƱƥ ƥƴǀ Ƹƥ ƨǁƳ ƦƵƥƦƩƣƥ�

P
(
(A ∩B′) ∪ (A′ ∩B)

)
(A ∩B′ Ʈƥƭ A′ ∩B ƥƷƹưƦƣƦƥƷƸƥ)

= P (A ∩B′) + P (A′ ∩B)

= 0.19 + 0.12 = 0.31.

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƆƴƥƵƣƬưƫƷƫ � ƷƸƳƭƻƩƣƥ ƷƹƱƨƹƥƷƸƭƮƢƶ

ƇƥƷƭƮƢ ƥƵƻƢ ƥƴƥƵƣƬưƫƷƫƶ � Ƴ ƴƳƯƯƥƴƯƥƷƭƥƷƸƭƮǀƶ ƮƥƱǀƱƥƶ�
ƆƱ ơƱƥ ƴƩƣƵƥưƥ ưƴƳƵƩƣ Ʊƥ ƥƱƥƯƹƬƩƣ ƷƩ r ƹƴƳƴƩƭƵƠưƥƸƥ� ǀƴƳƹ

ƸƳ ƴƵǂƸƳ ƹƴƳƴƩƣƵƥưƥ ơƻƩƭ n1 ƨƹƱƥƸƠ ƥƴƳƸƩƯơƷưƥƸƥ�

ƸƳ ƨƩǁƸƩƵƳ ƹƴƳƴƩƣƵƥưƥ ơƻƩƭ n2 ƨƹƱƥƸƠ ƥƴƳƸƩƯơƷưƥƸƥ� ƥƱƩƲƠƵƸƫƸƥ ƥƴǀ ƸƳ
ƥƴƳƸơƯƩƷưƥ ƴƳƹ Ƭƥ ƩưƺƥƱƭƷƸƩƣ ƷƸƳ ƴƵǂƸƳ ƹƴƳƴƩƣƵƥưƥ�

���

ƸƳ r ƹƴƳƴƩƣƵƥưƥ ơƻƩƭ nr ƨƹƱƥƸƠ ƥƴƳƸƩƯơƷưƥƸƥ� ƥƱƩƲƠƵƸƫƸƥ ƥƴǀ Ƹƥ
ƥƴƳƸƩƯơƷưƥƸƥ ƴƳƹ Ƭƥ ƩưƺƥƱƭƷƸƳǁƱ ƷƸƥ r − 1 ƴƵǂƸƥ ƹƴƳƴƩƭƵƠưƥƸƥ�

ƸǀƸƩ ƸƳ ƷƹƱƳƯƭƮǀ ƴƩƣƵƥưƥ ơƻƩƭ

n1 · n2 . . . nr

ƨƹƱƥƸƠ ƥƴƳƸƩƯơƷưƥƸƥ�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �



�����
�
����

�
����

�
�����
�
����
�
����
�
����
�
�����
�
����
�
����
�
����
�
�����
�
����
�
����
�
����
�
�����

�
����

�
�����

�
����

�
����

�

ƆƴƥƵƣƬưƫƷƫ � ƷƸƳƭƻƩƣƥ ƷƹƱƨƹƥƷƸƭƮƢƶ

ƕƥƵƠƨƩƭƧưƥ �� ſƱƥƶ ƠƱƨƵƥƶ ơƻƩƭ � ƴƥƱƸƩƯǀƱƭƥ� � ƴƳƹƮƠưƭƷƥ� � ƪƩƹƧƠƵƭƥ ƮƠƯƸƷƩƶ
Ʈƥƭ � ƪƩƹƧƠƵƭƥ ƴƥƴƳǁƸƷƭƥ�

ƘǀƸƩ �ƥƱ ƨƩƱ ƯƠƦƳƹưƩ ƹƴʌ ǀƼƭƱ ƸƳ ƧƩƧƳƱǀƶ ǀƸƭ ƮƠƴƳƭƳƭ ƥƴǀ ƸƳƹƶ ƷƹƱƨƹƥƷưƳǁƶ
ƵƳǁƻƽƱ ưƴƳƵƩƣ Ʊƥ ƩƣƱƥƭ ƴƭƬƥƱǀƱ ƥƷƸƩƣƳƭ� Ƴ ƠƱƨƵƥƶ ƥƹƸǀƶ ưƴƳƵƩƣ Ʊƥ ƱƸƹƬƩƣ ưƩ

4 · 6 · 8 · 3 = 576

ƨƭƥƺƳƵƩƸƭƮƳǁƶ ƸƵǀƴƳƹƶ�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƆƴƥƵƣƬưƫƷƫ � ƷƸƳƭƻƩƣƥ ƷƹƱƨƹƥƷƸƭƮƢƶ

ƕƥƵƠƨƩƭƧưƥ �� ƑƩ ƴǀƷƳƹƶ ƨƭƥƺƳƵƩƸƭƮƳǁƶ ƸƵǀƴƳƹƶ ưƴƳƵƳǁƱ Ʊƥ ƷƸƥƬƳǁƱ �
ƠƱƬƵƽƴƳƭ ƷƩ ưƣƥ ƷƩƭƵƠ�

ƑƴƳƵƳǁưƩ Ʊƥ ƥƱƥƯǁƷƳƹưƩ ƸƳ ƴƵǀƦƯƫưƥ ƽƶ ƩƲƢƶ�
Ɔƶ ƺƥƱƸƥƷƸƳǁưƩ ǀƸƭ Ƭƥ ƺƸƭƠƲƳƹưƩ Ƹƫ ƷƩƭƵƠ ƩƴƭƯơƧƳƱƸƥƶ ơƱƥƱ ƠƱƬƵƽƴƳ ƮƠƬƩ ƺƳƵƠ
ƲƩƮƭƱǂƱƸƥƶ ƥƴǀ ƸƫƱ ƥƵƻƢ Ƹƫƶ ƷƩƭƵƠƶ� ƘǀƸƩ ơƻƳƹưƩ�

� ƨƹƱƥƸơƶ ƩƴƭƯƳƧơƶ Ƨƭƥ ƸƫƱ �ƫ ƬơƷƫ

� ƨƹƱƥƸơƶ ƩƴƭƯƳƧơƶ Ƨƭƥ ƸƫƱ �ƫ ƬơƷƫ

� ƨƹƱƥƸơƶ ƩƴƭƯƳƧơƶ Ƨƭƥ ƸƫƱ �ƫ ƬơƷƫ

� ƨƹƱƥƸơƶ ƩƴƭƯƳƧơƶ Ƨƭƥ ƸƫƱ �ƫ ƬơƷƫ

� ưǀƱƳ ƩƴƭƯƳƧƢ Ƨƭƥ ƸƫƱ �ƫ ƬơƷƫ

ƩƴƳươƱƽƶ
1 · 2 · 3 · 4 · 5 = 120.

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƔƵƭƷưƳƣ

�

������

ƆƱ n ƩƣƱƥƭ ƺƹƷƭƮǀƶ� ƸǀƸƩ ƳƵƣƪƳƹưƩ ƽƶ n ƴƥƵƥƧƳƱƸƭƮǀ ƸƳƱ ƥƵƭƬưǀ

n! = 1 · 2 · 3 . . . (n− 1) · n Ʈƥƭ 0! = 1.

ƕ�ƻ�

3! = 1 · 2 · 3 = 6,

4! = 1 · 2 · 3 · 4 = 24,

���

12! = 1 · 2 · 3 · · · 11 · 12 = 479 001 600.

�

������

ƕƵƳƺƥƱǂƶ�
n! = (n− 1)!n

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƉƭƥƸƠƲƩƭƶ �ƻƽƵƣƶ ƩƴƥƱƠƯƫƼƫ � ƩƴƥƱƥƸƳƴƳƬơƸƫƷƫ�

ſƷƸƽ n ƨƭƥƺƳƵƩƸƭƮƠ ƥƱƸƭƮƩƣưƩƱƥ� ƆƱ ƴƠƵƳƹưƩ k ƥƴǀ ƥƹƸƠ Ƹƥ ƥƱƸƭƮƩƣưƩƱƥ
�1 ≤ k ≤ n� Ʈƥƭ Ƹƥ ƮƥƸƥƸƠƲƳƹưƩ ƷƩ ưƭƥ ƷƩƭƵƠ� ƸǀƸƩ ƯơưƩ ǀƸƭ ƴƥƣƵƱƳƹưƩ ưƭƥ ƨƭƠƸƥƲƫ
ƸƽƱ n ƥƱƸƭƮƩƭươƱƽƱ ƥƱƠ k�

�

������

Ɣ ƥƵƭƬưǀƶ ƸƽƱ ƨƭƥƸƠƲƩƽƱ ƸƽƱ n ƥƱƸƭƮƩƭươƱƽƱ ƥƱƠ k �ƻƽƵƣƶ ƩƴƥƱƠƯƫƼƫ� ƷƹưƦƳƯƣƪƩƸƥƭ
ưƩ Pn,k Ʈƥƭ ƨƣƱƩƸƥƭ ƥƴǀ ƸƳƱ ƸǁƴƳ�

Pn,k = n · (n− 1) · (n− 2) . . . (n− k + 1) =
n!

(n− k)!
.

ƗƸƭƶ ƨƭƥƸƠƲƩƭƶ ƫ ƷƩƭƵƠ ơƻƩƭ ƷƫưƥƷƣƥ�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƉƭƥƸƠƲƩƭƶ �ƻƽƵƣƶ ƩƴƥƱƠƯƫƼƫ � ƩƴƥƱƥƸƳƴƳƬơƸƫƷƫ�

ƕƥƵƠƨƩƭƧưƥ� ſƱƥ ƨƭƳƭƮƫƸƭƮǀ ƷƹưƦƳǁƯƭƳ ƥƴƳƸƩƯƩƣƸƥƭ ƥƴǀ �� ươƯƫ� ƑƩ ƴǀƷƳƹƶ
ƨƹƱƥƸƳǁƶ ƸƵǀƴƳƹƶ ưƴƳƵƳǁƱ Ʊƥ ƩƴƭƯơƲƳƹƱ ƴƵǀƩƨƵƳ� ƥƱƸƭƴƵǀƩƨƵƳ� ƧƵƥưưƥƸơƥ Ʈƥƭ
Ƹƥưƣƥ�

ƕƵǀƩƨƵƳƶ ƆƱƸƭƴƵ� ƈƵƥưư� Ƙƥưƣƥƶ
11 10 9 8

ŽƵƥ 11 · 10 · 9 · 8 = 7920 ƸƵǀƴƳƹƶ�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƗƹƱƨƹƥƷưƳƣ

ſƷƸƽ ơƱƥ ƷǁƱƳƯƳ ưƩ n ƷƸƳƭƻƩƣƥ� ſƱƥ ƳƴƳƭƳƨƢƴƳƸƩ ƹƴƳƷǁƱƳƯƳ ưƩ k ƷƸƳƭƻƩƣƥ
�0 ≤ k ≤ n� ƥƴǀ ƥƹƸǀ ƸƳ ƷǁƱƳƯƳ ƯơƧƩƸƥƭ ƷƹƱƨƹƥƷưǀƶ ƸƽƱ n ƥƱƸƭƮƩƭươƱƽƱ ƥƱƠ k�

�

������

Ɣ ƥƵƭƬưǀƶ ƸƽƱ ƷƹƱƨƹƥƷưǂƱ ƸƽƱ n ƥƱƸƭƮƩƭươƱƽƱ ƥƱƠ k ƷƹưƦƳƯƣƪƩƸƥƭ ưƩ Cn,k Ʈƥƭ
ƨƣƱƩƸƥƭ ƥƴǀ ƸƳƱ ƸǁƴƳ�

Cn,k =

(
n

k

)
=

n!

k! (n− k)!
=

Pn,k

k!
.

ƗƸƳƹƶ ƷƹƱƨƹƥƷưƳǁƶ ƫ ƷƩƭƵƠ ƨƩƱ ơƻƩƭ ƷƫưƥƷƣƥ�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƗƹƱƨƹƥƷưƳƣ

ƕƥƵƠƨƩƭƧưƥ� ſƱƥ ƨƭƳƭƮƫƸƭƮǀ ƷƹưƦƳǁƯƭƳ ƥƴƳƸƩƯƩƣƸƥƭ ƥƴǀ �� ươƯƫ� ƑƩ ƴǀƷƳƹƶ
ƨƹƱƥƸƳǁƶ ƸƵǀƴƳƹƶ ưƴƳƵƳǁƱ Ʊƥ ƩƴƭƯơƲƳƹƱ � ươƯƫ Ƨƭƥ Ʊƥ ƷƸƩƯƩƻǂƷƳƹƱ ưƭƥ ƩƴƭƸƵƳƴƢ�

Ɣƭ ƨƹƱƥƸƳƣ ƸƵǀƴƳƭ ƩƣƱƥƭ

C11,4 =

(
11

4

)
=

11!

4! 7!
= 330.

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƘƳ mƴƥƵƠƨƳƲƳ} ƸƳƹ &KHYDOLHU GH 0«U«

$QWRLQH *RPEDXG
����� � ����� ƊƱƨƭƥƺƩƵǀƸƥƱ Ƨƭƥ Ƹƥ ƥƮǀƯƳƹƬƥ ƸƹƻƩƵƠ ƴƥƭƻƱƣƨƭƥ�

ƗƸƳƭƻƫưƥƸƣƪƽ ƷƸƳ ƩƱƨƩƻǀưƩƱƳ

ƒƥ ƺơƵƽ ơƱƥƱ ƠƷƳ ƷƩ � ƵƣƼƩƭƶ ƩƱǀƶ ƪƥƵƭƳǁ�

ƒƥ ƺơƵƽ ơƱƥ ƪƩƹƧƠƵƭ ƠƷƽƱ ƷƩ �� ƵƣƼƩƭƶ ƨǁƳ
ƪƥƵƭǂƱ�

ƕƣƷƸƩƹƩ ǀƸƭ Ƹƥ ƨǁƳ ƩƱƨƩƻǀưƩƱƥ ƢƸƥƱ ƭƷƳƴƣƬƥƱƥ� ƈƭƥƸƣ�

ƗƩ ưƣƥ ƵƣƼƫ ƪƥƵƭƳǁ� P (Ʊƥ ƺơƵƽ ƠƷƳ) = 1
6

ƗƩ � ƵƣƼƩƭƶ ƪƥƵƭƳǁ� P (Ʊƥ ƺơƵƽ ƸƳƹƯƥƻ� ơƱƥ ƠƷƳ) = 4 · 1
6 = 2

3

ƗƩ ưƣƥ ƵƣƼƫ ƪƩǁƧƳƹƶ ƪƥƵƭǂƱ� P (Ʊƥ ƺơƵƽ ƪƩǁƧƳƶ ƠƷƽƱ) = 1
36

ƗƩ �� ƵƣƼƩƭƶ ƪƩǁƧƳƹƶ ƪƥƵƭǂƱ� P (Ʊƥ ƺơƵƽ ƸƳƹƯƥƻ� ơƱƥ ƪƩǁƧƳƶ ƠƷƽƱ) = 24 · 1
36 = 2

3

Ɣƭ ƴƥƵƥƴƠƱƽ ƷƹƯƯƳƧƭƷưƳƣ ƩƣƱƥƭ ƯƠƬƳƶ���

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƘƳ mƴƥƵƠƨƳƲƳ} ƸƳƹ &KHYDOLHU GH 0«U«

mƕƩƵƭơƵƧƽƶ} ƮơƵƨƭƪƩ ƷƹƻƱǀƸƩƵƥ ƷƸƳ ƴƵǂƸƳ ƴƥƭƻƱƣƨƭ ƥƴʌ ǀƸƭ ƷƸƳ ƨƩǁƸƩƵƳ�

%ODLVH 3DVFDO ����� � ����� 3LHUUH GH )HUPDW ����� � �����

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƘƳ mƴƥƵƠƨƳƲƳ} ƸƳƹ &KHYDOLHU GH 0«U«

�Ƴ ƴƥƭƻƱƣƨƭ�

P (Ʊƥ ƮƩƵƨƣƷƩƭƶ) = 1− P (Ʊƥ ƻƠƷƩƭƶ)

= 1− P (Ʊƥ ưƫƱ ơƵƬƩƭ ƮƥƱơƱƥƶ ƠƷƳƶ ƷƩ � ƵƣƼƩƭƶ)

= 1−
(5
6

)4
≈ 0.518

�Ƴ ƴƥƭƻƱƣƨƭ�

P (Ʊƥ ƮƩƵƨƣƷƩƭƶ) = 1− P (Ʊƥ ƻƠƷƩƭƶ)

= 1− P (Ʊƥ ưƫƱ ơƵƬƩƭ ƮƥƱơƱƥ ƪƩǁƧƳƶ ƠƷƽƱ ƷƩ �� ƵƣƼƩƭƶ)

= 1−
(35
36

)24
≈ 0.491

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƘƳ ƴƵǀƦƯƫưƥ ƸƽƱ ƧƩƱƩƬƯƣƽƱ �ELUWKGD\ SUREOHP�

ſƷƸƽ ǀƸƭ ƷƩ ơƱƥ ƨƽưƠƸƭƳ ƦƵƣƷƮƳƱƸƥƭ n ƠƸƳưƥ� ƕƳƭƠ ƩƣƱƥƭ ƫ ƴƭƬƥƱǀƸƫƸƥ ƸƳƹƯƠƻƭƷƸƳƱ
ƨǁƳ Ʊƥ ơƻƳƹƱ ƧƩƱơƬƯƭƥ ƸƫƱ ƣƨƭƥ ƫươƵƥ�

ƙƴƳƬơƷƩƭƶ� ƉƩƱ ƯƥưƦƠƱƳƹưƩ ƹƴʌ ǀƼƭƱ ƨƣƷƩƮƸƥ ơƸƫ� Ʈƥƭ ƹƴƳƬơƸƳƹưƩ ǀƸƭ ǀƯƩƶ Ƴƭ
ƫươƵƩƶ ƸƳƹ ƻƵǀƱƳƹ ơƻƳƹƱ ƸƫƱ ƣƨƭƥ ƴƭƬƥƱǀƸƫƸƥ ƽƶ ƫươƵƩƶ ƧƩƱƩƬƯƣƽƱ�

ſƷƸƽ A ƸƳ ƩƱƨƩƻǀưƩƱƳ ƸƳƹƯƠƻƭƷƸƳƱ ƨǁƳ ƠƸƳưƥ Ʊƥ ơƻƳƹƱ ƧƩƱơƬƯƭƥ ƸƫƱ ƣƨƭƥ ƫươƵƥ�

ƊƣƱƥƭ ƩƹƮƳƯǀƸƩƵƳ Ʊƥ ƹƴƳƯƳƧƣƷƳƹưƩ ƸƳ A′� ƘƳ A′ ưƴƳƵƩƣ Ʊƥ ƩƴƭƸƩƹƻƬƩƣ ưƩ

365 · 364 · · · (365− n+ 1) ƨƭƥƺƳƵƩƸƭƮƳǁƶ ƸƵǀƴƳƹƶ�

ƂƯƥ Ƹƥ ƴƭƬƥƱƠ ƩƱƨƩƻǀưƩƱƥ ƩƣƱƥƭ 365n� ŽƵƥ

P (A′) =
365 · 364 · · · (365− n+ 1)

365n
⇒ P (A) = 1− 365 · 364 · · · (365− n+ 1)

365n
.

n 4 16 23 32 40 56
P (A) 0.016 0.284 0.507 0.753 0.891 0.998

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƆƷƮƢƷƩƭƶ

���� ƕǀƷƩƶ ƯơƲƩƭƶ ưƴƳƵƳǁưƩ Ʊƥ ƷƻƫưƥƸƣƷƳƹưƩ ưƩ � ƧƵƠưưƥƸƥ ƻƵƫƷƭưƳƴƳƭǂƱƸƥƶ Ƹƥ ��
ƧƵƠưưƥƸƥ ƸƳƹ ƥƧƧƯƭƮƳǁ ƥƯƺƥƦƢƸƳƹ ƩƥƱ
ƥ� Ʈƥƭ Ƹƥ � ƧƵƠưưƥƸƥ ƴƵơƴƩƭ Ʊƥ ƩƣƱƥƭ ƨƭƥƺƳƵƩƸƭƮƠ�
Ʀ� ƨƩƱ ơƻƳƹưƩ ƮƠƴƳƭƳ ƴƩƵƭƳƵƭƷưǀ�

���� ƕǀƷƩƶ ƩƣƱƥƭ ǀƯƩƶ Ƴƭ ƨƹƱƥƸơƶ ƴƭƱƥƮƣƨƩƶ ƥƹƸƳƮƭƱƢƸƽƱ Ƹƫƶ ưƳƵƺƢƶ LLLnnnn� ǀƴƳƹ L
ƩƣƱƥƭ ƧƵƠưưƥ Ƹƫƶ ƩƯƯƫƱƭƮƢƶ ƥƯƺƥƦƢƸƳƹ ƥƴǀ ƸƳ ƷǁƱƳƯƳ {Ɔ�Ƈ�Ɗ�Ƌ�ƌ�Ǝ�Ə�Ƒ�ƒ�Ɣ�Ɩ�Ƙ�ƙ�ƛ} Ʈƥƭ
nnnn ƥƵƭƬưǀƶ ƥƴǀ ƸƳ ���� Ʃƽƶ ƸƳ �����

���� ƕǀƷƳƭ ƩƣƱƥƭ ǀƯƳƭ Ƴƭ ƨƹƱƥƸƳƣ �ƼƢƺƭƳƭ ƥƵƭƬưƳƣ ƷƸƳ ƨƹƥƨƭƮǀ ƷǁƷƸƫưƥ �Ƽƫƺƣƥ �����
���� ƥ� ƑƩ ƴǀƷƳƹƶ ƨƭƥƺƳƵƩƸƭƮƳǁƶ ƸƵǀƴƳƹƶ ưƴƳƵƳǁƱ Ʊƥ ƮƠƸƷƳƹƱ ƸƵƣƥ ƠƸƳưƥ Ɔ� Ƈ� ƈ ƷƩ ƸƵƣƥ
ƮƥƬƣƷưƥƸƥ�
Ʀ� ƑƩ ƴǀƷƳƹƶ ƨƭƥƺƳƵƩƸƭƮƳǁƶ ƸƵǀƴƳƹƶ ưƴƳƵƳǁưƩ Ʊƥ ƨƭƥƸƠƲƳƹưƩ Ƹƥ ƨǁƳ ƠƸƳưƥ Ɔ� Ƈ� ƷƩ
ƸƵƣƥ ƮƥƬƣƷưƥƸƥ�
Ƨ� ƆƱ ƩƴƭƯơƲƳƹưƩ Ƹƹƻƥƣƥ ƨǁƳ ƥƴǀ Ƹƥ ƸƵƣƥ ƠƸƳưƥ Ƨƭƥ ưƭƥ ƩƵƧƥƷƣƥ� ƴǀƷƳƹƶ ƷƹƱƨƹƥƷưƳǁƶ
Ƭƥ ơƻƳƹưƩ�

���� � ƥƹƸƳƮƣƱƫƸƥ ƷƸƥƬưƩǁƳƹƱ ƷƩ � ƬơƷƩƭƶ ƷƸƠƬưƩƹƷƫƶ� ƑƩ ƴǀƷƳƹƶ ƸƵǀƴƳƹƶ ưƴƳƵƩƣ Ʊƥ ƧƣƱƩƭ
ƥƹƸǀ� ƩƠƱ ƨƩƱ ưƥƶ ƩƱƨƭƥƺơƵƩƭ ƫ ƬơƷƫ ƴƳƹ ƮƥƸƥƯƥưƦƠƱƩƭ ƸƳ ƮƠƬƩ ƥƹƸƳƮƣƱƫƸƳ�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƆƱƩƲƠƵƸƫƸƥ ƩƱƨƩƻǀưƩƱƥ

ƉƭƥƭƷƬƫƸƭƮƠ� ƨǁƳ ƩƱƨƩƻǀưƩƱƥ A Ʈƥƭ B ƩƣƱƥƭ ƥƱƩƲƠƵƸƫƸƥ ƥƱ ƫ ƴƵƥƧưƥƸƳƴƳƣƫƷƫ ƸƳƹ A
ƨƩƱ ƩƴƫƵƩƠƪƩƭ ƸƫƱ ƴƭƬƥƱǀƸƫƸƥ Ʊƥ ƴƵƥƧưƥƸƳƴƳƭƫƬƩƣ ƸƳ B�

�
ƔƵƭƷưǀƶ
��

������

ƉǁƳ ƩƱƨƩƻǀưƩƱƥ A Ʈƥƭ B ƸƳƹ ƣƨƭƳƹ ƴƩƭƵƠưƥƸƳƶ Ƹǁƻƫƶ ƯơƧƳƱƸƥƭ ƥƱƩƲƠƵƸƫƸƥ ǀƸƥƱ

P (A ∩B) = P (A)P (B).

ƕƥƵƠƨƩƭƧưƥ �� ƗƸƵƣƦƳƹưƩ ƨǁƳ ƱƳưƣƷưƥƸƥ�
A  mƸƳ ƴƵǂƸƳ ƱǀưƭƷưƥ ƨƩƣƻƱƩƭ ƏƩƺƥƯƢ}�

B  mƸƳ ƨƩǁƸƩƵƳ ƱǀưƭƷưƥ ƨƩƣƻƱƩƭ ƏƩƺƥƯƢ}

P (A) =
1

2
, P (B) =

1

2
, P (A ∩B) =

1

4
⇒ A,B ƥƱƩƲƠƵƸƫƸƥ.

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƕƥƵƠƨƩƭƧưƥ �� ƖƣƻƱƳƹưƩ ƨǁƳ ƪƠƵƭƥ�
A  mƸƳ ƴƵǂƸƳ ƪƠƵƭ ƨƩƣƻƱƩƭ �}�

B  mƸƳ ƨƩǁƸƩƵƳ ƪƠƵƭ ƨƩƣƻƱƩƭ �}

P (A) = 1/6, P (B) = 1/6, P (A ∩B) = 1/36 ⇒ A,B ƥƱƩƲƠƵƸƫƸƥ.

ƕƥƵƠƨƩƭƧưƥ �� ƘƵƥƦƠưƩ ƨǁƳ ƻƥƵƸƭƠ ƥƴǀ ưƭƥ ƸƵƠƴƳƹƯƥ�
A  mƸƳ ƴƵǂƸƳ ƻƥƵƸƣ ƩƣƱƥƭ ƷƴƥƬƣ}�

B  mƸƳ ƨƩǁƸƩƵƳ ƻƥƵƸƣ ƩƣƱƥƭ ƷƴƥƬƣ}

P (A) = 13/52 = 1/4, P (B) = 1/4

P (A ∩B) =

(13
2

)
(52
2

) =
13 · 12
52 · 51 = 0.0588 <

1

16
= 0.0625.

ŽƵƥ Ƹƥ A,B ƨƩƱ ƩƣƱƥƭ ƥƱƩƲƠƵƸƫƸƥ�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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�

ƕƥƵƠƨƩƭƧưƥ �� ƖƣƻƱƳƹưƩ ƨǁƳ ƪƠƵƭƥ�
A  mƸƳ ƠƬƵƳƭƷưƥ ƸƽƱ ƨǁƳ ƪƥƵƭǂƱ ƩƣƱƥƭ �}�

B  mƸƳ ƴƵǂƸƳ ƪƠƵƭ ƨƩƣƻƱƩƭ �}

A = {(6, 3), (5, 4), (4, 5), (3, 6)} ⇒ P (A) =
4

36
=

1

9

P (B) =
1

6
ƥƯƯƠ P (A ∩B) = 0 [(2, 7) ƩƣƱƥƭ ƥƨǁƱƥƸƳ�@

ƈƩƱƭƮƠ� ƥƱ A Ʈƥƭ B ƩƣƱƥƭ ƨǁƳ ƥƷƹưƦƣƦƥƷƸƥ ƩƱƨƩƻǀưƩƱƥ ƴƳƹ ơƻƳƹƱ ƬƩƸƭƮƢ
ƴƭƬƥƱǀƸƫƸƥ� ƸǀƸƩ ƨƩƱ ƩƣƱƥƭ ƥƱƩƲƠƵƸƫƸƥ� ƨƭǀƸƭ

P (A)P (B) > 0 = P (A ∩B).

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƈƩƱƣƮƩƹƷƫ

�
ƔƵƭƷưǀƶ
��

������

ƘƵƣƥ ƩƱƨƩƻǀưƩƱƥ A, B Ʈƥƭ C ƸƳƹ ƣƨƭƳƹ ƴƩƭƵƠưƥƸƳƶ Ƹǁƻƫƶ ƯơƧƳƱƸƥƭ ƥƱƩƲƠƵƸƫƸƥ ƥƱ
ƭƷƻǁƩƭ ǀƸƭ�

P (A ∩B ∩ C) = P (A)P (B)P (C)

P (A ∩B) = P (A)P (B)

P (A ∩ C) = P (A)P (C)

P (B ∩ C) = P (B)P (C)

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƉƩƷưƩƹươƱƫ ƴƭƬƥƱǀƸƫƸƥ

�
ƔƵƭƷưǀƶ
��

������

ſƷƸƽ Ω Ƴ ƨƩƭƧưƥƸƭƮǀƶ ƻǂƵƳƶ ƩƱǀƶ ƸƹƻƥƣƳƹ ƴƩƭƵƠưƥƸƳƶ Ʈƥƭ B ơƱƥ ƩƱƨƩƻǀưƩƱƳ ưƩ
P (B) > 0�
ƌ ƨƩƷưƩƹươƱƫ ƴƭƬƥƱǀƸƫƸƥ ƩƱǀƶ ƩƱƨƩƻƳươƱƳƹ A� ƨƩƨƳươƱƳƹ ƸƳƹ B� ƷƹưƦƳƯƣƪƩƸƥƭ
P (A |B) Ʈƥƭ ƳƵƣƪƩƸƥƭ ƽƶ

P (A |B) =
P (A ∩B)

P (B)
.

ƂƸƥƱ P (B) = 0 ƫ ƨƩƷưƩƹươƱƫ ƴƭƬƥƱǀƸƫƸƥ P (A |B) ƨƩƱ ƳƵƣƪƩƸƥƭ�

ƗƸƫ ƨƩƷưƩƹươƱƫ ƴƭƬƥƱǀƸƫƸƥ Ƴ ƨƩƭƧưƥƸƭƮǀƶ ƻǂƵƳƶ Ω ơƻƩƭ ƳƹƷƭƥƷƸƭƮƠ ƷƹƵƵƭƮƱƽƬƩƣ
ƷƸƳ B�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƉƩƷưƩƹươƱƫ ƴƭƬƥƱǀƸƫƸƥ

ƕƥƵƠƨƩƭƧưƥ� ƖƣƻƱƳƹưƩ ƨǁƳ ƪƠƵƭƥ�
A  mƸƳ ƴƵǂƸƳ ƪƠƵƭ ƨƩƣƻƱƩƭ �}�

B  mƸƳ ƠƬƵƳƭƷưƥ ƸƽƱ ƨǁƳ ƪƥƵƭǂƱ  �}

B = {(6, 2), (5, 3), (4, 4), (3, 5), (2, 6)} ⇒ P (B) =
5

36
.

ŽƵƥ

P (A |B) =
P (A ∩B)

P (B)
=

1
36
5
36

=
1

5
.

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƉƩƷưƩƹươƱƫ ƴƭƬƥƱǀƸƫƸƥ

Ɔƴǀ ƸƳƱ ƴƵƳƫƧƳǁưƩƱƳ ƳƵƭƷưǀ ƴƵƳƮǁƴƸƩƭ Ƴ ƥƮǀƯƳƹƬƳƶ�
�

������

ƏƥƱǀƱƥƶ ƸƳƹ ƧƭƱƳươƱƳƹ�

P (A ∩B) = P (B)P (A |B) = P (A)P (B |A).

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �

�����
�
����

�
����

�
�����
�
����
�
����
�
����
�
�����
�
����
�
����
�
����
�
�����
�
����
�
����
�
����
�
�����

�
����

�
�����

�
����

�
����

�

ƉƩƷưƩƹươƱƫ ƴƭƬƥƱǀƸƫƸƥ

ƕƥƵƠƨƩƭƧưƥ� Ɔƴǀ ưƭƥ ƸƵƠƴƳƹƯƥ �� ƻƥƵƸƭǂƱ ƩƴƭƯơƧƽ ƷƸƫƱ Ƹǁƻƫ ƨǁƳ ƻƥƵƸƭƠ�

ſƷƸƽ A mƸƳ ƴƵǂƸƳ ƻƥƵƸƣ ƩƣƱƥƭ ƷƴƥƬƣ} Ʈƥƭ B mƸƳ ƨƩǁƸƩƵƳ ƻƥƵƸƣ ƩƣƱƥƭ ƷƴƥƬƣ}�
���� ƆƱƥƪƫƸǂ ƸƫƱ ƴƭƬƥƱǀƸƫƸƥ Ʈƥƭ Ƹƥ ƨǁƳ ƻƥƵƸƭƠ Ʊƥ ƩƣƱƥƭ ƷƴƥƬƭƠ� ƨƫƯ� P (A ∩B)�

P (A ∩B) = P (A)P (B |A) = 13

52
· 12
51

=
1

17
.

���� ƆƱƥƪƫƸǂ ƸƫƱ ƴƭƬƥƱǀƸƫƸƥ ƥƮƵƭƦǂƶ ƸƳ ơƱƥ ƥƴǀ Ƹƥ ƨǁƳ ƻƥƵƸƭƠ Ʊƥ ƩƣƱƥƭ ƷƴƥƬƣ�
ƨƫƯ� P [(A ∩B′) ∪ (A′ ∩B)]�

�A ∩B′ Ʈƥƭ A′ ∩B ƩƣƱƥƭ ƥƷƹưƦƣƦƥƷƸƥ��

P [(A ∩B′) ∪ (A′ ∩B)] = P (A ∩B′) + P (A′ ∩B)

= P (A)P (B′|A) + P (A′)P (B |A′)

=
13

52
· 39
51

+
39

52
· 13
51

=
2 · 13 · 39
51 · 52 =

13

34
.

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƘƳ ƬƩǂƵƫưƥ Ƹƫƶ ƳƯƭƮƢƶ ƴƭƬƥƱǀƸƫƸƥƶ

ſƷƸƽ B1, B2, . . . , Bk ưƭƥ ƨƭƥươƵƭƷƫ ƸƳƹ Ω� ƨƫƯ� ưƭƥ ƷƹƯƯƳƧƢ ƲơƱƽƱ ƥƱƠ ƨǁƳ
ƷƹƱǀƯƽƱ ƴƳƹ ƫ ơƱƽƷƢ ƸƳƹƶ ƩƣƱƥƭ Ƴ ƨƩƭƧưƥƸƭƮǀƶ ƻǂƵƳƶ Ω�

ƘǀƸƩ ƥƱ A ⊂ Ω ⇒ A ∩B1, A ∩B2, . . . , A ∩Bk ƩƣƱƥƭ ƥƷƹưƦƣƦƥƷƸƥ�

Ω

. . .B1 B2 B3 Bk

A ∩ B1 A ∩ B2 A ∩ BkA ∩ B3

A

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƘƳ ƬƩǂƵƫưƥ Ƹƫƶ ƳƯƭƮƢƶ ƴƭƬƥƱǀƸƫƸƥƶ

ƊƴƳươƱƽƶ�
�

������

P (A) =
k∑

i=1

P (A ∩Bi)

=
k∑

i=1

P (A |Bi)P (Bi)

= P (A |B1)P (B1) + P (A |B2)P (B2) + · · ·+ P (A |Bk)P (Bk).
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ƕƥƵƠƨƩƭƧưƥ

ƗƩ ưƭƥ ƥƴƳƬƢƮƫ ƩƣƱƥƭ ƥƴƳƬƫƮƩƹươƱƥ ƩƲƥƵƸƢưƥƸƥ ƸƳƹ ƣƨƭƳƹ ƸǁƴƳƹ� ƴƳƹ ƴƵƳơƵƻƳƱƸƥƭ
ƥƴǀ ƸƵƩƭƶ ƨƭƥƺƳƵƩƸƭƮƳǁƶ ƴƵƳưƫƬƩƹƸơƶ Ɔ� Ƈ� ƈ� Ʈƥƭ ƷƩ ƴƳƷƳƷƸƠ ��� ƥƴǀ ƸƳƱ Ɔ� ���
ƥƴǀ ƸƳƱ Ƈ� ��� ƥƴǀ ƸƳƱ ƈ�

ƊƣƱƥƭ ƧƱƽƷƸǀ ǀƸƭ Ƴƭ ƴƵƳưƫƬƩƹƸơƶ Ɔ� Ƈ� ƈ ƴƥƵƠƧƳƹƱ ƩƯƥƸƸƽưƥƸƭƮƠ ƩƲƥƵƸƢưƥƸƥ ƷƩ
ƴƳƷƳƷƸƠ ��� ��� Ʈƥƭ ���� ƥƱƸƣƷƸƳƭƻƥ� ſƷƸƽ ǀƸƭ ƩƴƭƯơƧƳƹưƩ ƷƸƫƱ Ƹǁƻƫ ơƱƥ
ƩƲƠƵƸƫưƥ ƥƴǀ ƸƫƱ ƥƴƳƬƢƮƫ�

ƒƥ ƦƵƩƬƩƣ ƫ ƴƭƬƥƱǀƸƫƸƥ Ʊƥ ƩƴƭƯơƲƳƹưƩ ƩƯƥƸƸƽưƥƸƭƮǀ ƩƲƠƵƸƫưƥ�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƐǁƷƫ�

ſƷƸƽ A,B,C Ƹƥ ƩƱƨƩƻǀưƩƱƥ Ʊƥ ƩƴƭƯơƲƽ ƸƳ ƩƲƠƵƸƫưƥ ƸƽƱ ƴƵƳưƫƬƩƹƸǂƱ Ɔ� Ƈ� ƈ�
ƥƱƸƣƷƸƳƭƻƥ� Ʈƥƭ E ƸƳ ƩƱƨƩƻǀưƩƱƳ ƸƳ ƩƲƠƵƸƫưƥ Ʊƥ ƩƣƱƥƭ ƩƯƥƸƸƽưƥƸƭƮǀ�
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Παράδειγμα 
Σε μια αποθήκη είναι αποθηκευμένα εξαρτήματα του ίδιου τύπου, που προέρχονται 

από τρεις διαφορετικούς προμηθευτές  Α, Β, Γ, και σε ποσοστά 50% από τον  Α, 40% 

από το  Β, 10%  από τον  Γ.  Είναι γνωστό ότι οι προμηθευτές  Α, Β, Γ  παράγουν 

ελαττωματικά εξαρτήματα σε ποσοστά 6%, 10% και 15%, αντίστοιχα. Έστω ότι 
επιλέγουμε στην τύχη ένα εξάρτημα από την αποθήκη.  Να βρεθεί η πιθανότητα να 

επιλέξουμε ελαττωματικό εξάρτημα. 

Λύση: 
 Έστω  Α, Β, Γ  τα ενδεχόμενα το εξάρτημα που θα επιλέξουμε να προέρχεται από τους 

αντίστοιχους προμηθευτές και  Ε  το ενδεχόμενο το εξάρτημα να είναι ελαττωματικό.  

Σχηματικά μπορούμε να παρουσιάσουμε τα δεδομένα του παραδείγματος με μία 
δενδροειδή δομή.  

 
Τώρα, εφαρμόζοντας το θεώρημα ολικής πιθανότητας, παίρνουμε: 

     � � � � � � � � � � � � � �      P E P E A P A P E B P B P E P � � � � * � *  

� � � � � � � � � � � � 0.06 0.50   0.10 0.40   0.15 0.10   0.03  0.04  0.015  0.085 � � � � �  � �    

Κανόνας του Bayes  

Έστω  Ε  και  1 2,  ,  ,  nA A A   ενδεχόμενα σ’ ένα πείραμα και έστω ότι ισχύουν οι ίδιες 

υποθέσεις γι’ αυτά όπως στο Θεώρημα Ολικής Πιθανότητας. Τότε, ισχύει για  
  1,  2,  ,  ,i n  

� � � � � �
� � � � � � � � � � � �1 1 2 2

 
   

          
i i

i
n n

P E A P A
P A E

P E A P A P E A P A P E A P A
�

 
� � � � � �

 

Ο κανόνας του Bayes εύκολα προκύπτει από την εφαρμογή του θεωρήματος ολικής 
πιθανότητας στην ακόλουθη γνωστή σχέση: 

� � � � � � � �    i i iP A E P E P E A P A � �  

� � � � � �
� �

 
   i i
i

P E A P A
P A E

P E
�

 �  

� � � � � �
� � � � � � � � � � � �1 1 2 2

 
   

          
i i

i
n n

P E A P A
P A E

P E A P A P E A P A P E A P A
�

 
� � � � � �

 

Αποθήκη 

Α 
0.50 

Β 
0.40 

Γ 
0.10 

Ε 
0.06 

Ε’ 
0.94 

 

Ε 
0.10 

 

Ε’ 
0.90 

 

Ε 
0.15 

 

Ε’ 
0.85 

 

P (E) = P (E|A)P (A) + P (E|B)P (B) + P (E|C)P (C)

= 0.06 · 0.50 + 0.10 · 0.40 + 0.15 · 0.10 = 0.085 = 8.5

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƘǁƴƳƶ ƸƳƹ %D\HV

ƏƥƱǀƱƥƶ ƧƭƱƳươƱƳƹ Ƨƭƥ ƨƩƷưƩƹươƱƩƶ ƴƭƬƥƱǀƸƫƸƩƶ�

P (A ∩B) = P (B |A)P (A) = P (A |B)P (B).

ŽƵƥ
�

������
P (B |A) = P (A |B)P (B)

P (A)

P (B)� ƩƮ ƸƽƱ ƴƵƳƸơƵƽƱ ƴƭƬƥƱǀƸƫƸƥ

P (B |A)� ƩƮ ƸƽƱ ƹƷƸơƵƽƱ ƴƭƬƥƱǀƸƫƸƥ

A� mƨƩƨƳươƱƥ}

ƆƱ ƻƵƫƷƭưƳƴƳƭƢƷƳƹưƩ ƸƳ ƍ� ƳƯƭƮƢƶ ƴƭƬƥƱǀƸƫƸƥƶ Ƨƭƥ ƸƫƱ P (A) ơƻƳƹưƩ�
�

������
P (B |A) = P (A |B)P (B)

P (A |B)P (B) + P (A |B′)P (B′)
.

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƕƥƵƠƨƩƭƧưƥ �

ƗƩ ưƭƥ ƩƲơƸƥƷƫ ưƩ ƩƵƽƸƢƷƩƭƶ ƴƳƯƯƥƴƯƢƶ ƩƴƭƯƳƧƢƶ ơƱƥƶ ƺƳƭƸƫƸƢƶ ƩƣƸƩ ƧƱƽƵƣƪƩƭ ƸƫƱ
ƥƴƠƱƸƫƷƫ Ƣ ưƥƱƸƩǁƩƭ� ſƷƸƽ ǀƸƭ ƫ ƴƭƬƥƱǀƸƫƸƥ Ʊƥ ƧƱƽƵƣƪƩƭ Ƴ ƺƳƭƸƫƸƢƶ ƸƫƱ ƥƴƠƱƸƫƷƫ
ƩƣƱƥƭ 1/2� ƊƴƭƴƯơƳƱ� ơƷƸƽ ǀƸƭ ƸƳ ƴƯƢƬƳƶ ƸƽƱ ƴƳƯƯƥƴƯǂƱ ƩƴƭƯƳƧǂƱ ƷƩ ƮƠƬƩ
ƩƵǂƸƫƷƫ ƩƣƱƥƭ 5� ƳƴǀƸƩ Ƴ ƺƳƭƸƫƸƢƶ ƴƳƹ ưƥƱƸƩǁƩƭ ƸƫƱ ƥƴƠƱƸƫƷƫ Ƭƥ ƩƣƱƥƭ ƷƽƷƸǀƶ ưƩ
ƴƭƬƥƱǀƸƫƸƥ 1/5� ƕƳƭƥ ƩƣƱƥƭ ƫ ƨƩƷưƩƹươƱƫ ƴƭƬƥƱǀƸƫƸƥ Ʊƥ ƧƱǂƵƭƪƩ Ƴ ƺƳƭƸƢƸƫƶ ƸƫƱ
ƥƴƠƱƸƫƷƫ ƷƩ ưƭƥ ƩƵǂƸƫƷƫ ưƩ ƨƩƨƳươƱƳ ǀƸƭ ƥƴƠƱƸƫƷƩ ƷƽƷƸƠ ƷƩ ƥƹƸƢƱ�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �

�����
�
����

�
����

�
�����
�
����
�
����
�
����
�
�����
�
����
�
����
�
����
�
�����
�
����
�
����
�
����
�
�����

�
����

�
�����

�
����

�
����

�

ƐǁƷƫ

ſƷƸƽ C ƸƳ ƩƱƨƩƻǀưƩƱƳ Ƴ ƺƳƭƸƫƸƢƶ Ʊƥ ƥƴƥƱƸƠƩƭ ƷƽƷƸƠ ƷƸƫƱ ƩƵǂƸƫƷƫ ƮƥƭK ƸƳ
ƩƱƨƩƻǀưƩƱƳ Ʊƥ ƧƱƽƵƣƪƩƭ ǀƱƸƽƶ ƸƫƱ ƥƴƠƱƸƫƷƫ�

Ɔƴǀ Ƹƭƶ ƹƴƳƬơƷƩƭƶ ơƻƳƹưƩ P (K) = 1
2 Ʈƥƭ P (C |K ′) = 1

5 �

ƊưƩƣƶ ƥƱƥƪƫƸƳǁưƩ ƸƫƱ ƴƭƬƥƱǀƸƫƸƥ P (K |C)�

%D\HV⇒ P (K |C) =
P (C |K) · P (K)

P (C)
.

ƘǂƵƥ

P (C) = P (C |K) · P (K) + P (C |K ′) · P (K ′) = 1 · 1
2
+

1

5
· 1
2
=

3

5
.

P (K |C) =
P (C |K) · P (K)

P (C)
=

1
2
3
5

=
5

6
.

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƕƥƵƠƨƩƭƧưƥ � �6SDP ̬OWHU�

ƍƥ ƻƵƫƷƭưƳƴƳƭƢƷƳƹưƩ ƸƳƱ ƸǁƴƳ ƸƳƹ %D\HV Ƨƭƥ Ʊƥ ƩƯơƧƲƳƹưƩ ƥƱƩƴƭƬǁưƫƸƫ
ƫƯƩƮƸƵƳƱƭƮƢ ƥƯƯƫƯƳƧƵƥƺƣƥ� Ɔƶ ƹƴƳƬơƷƳƹưƩ ǀƸƭ ƸƳ ƷƸƳƭƻƩƣƳ Ƨƭƥ Ʊƥ ƻƥƵƥƮƸƫƵƭƷƸƩƣ
ơƱƥ ưƢƱƹưƥ ƽƶ ƥƱƩƴƭƬǁưƫƸƳ ƩƣƱƥƭ Ʊƥ ƴƩƵƭơƻƩƭ ƷƸƳ Ƭơưƥ ƸƫƱ ƴƵǀƸƥƷƫ mƆƧƥƴƫƸơ
ƺƣƯƩ}�

ƔƵƣƪƳƹưƩ Ƹƥ ƩƱƨƩƻǀưƩƱƥ�

A� ƸƳ ưƢƱƹưƥ ƴƩƵƭơƻƩƭ ƷƸƳ Ƭơưƥ ƸƫƱ ƴƵǀƸƥƷƫ mƆƧƥƴƫƸơ ƺƣƯƩ}�

B� ƸƳ ưƢƱƹưƥ ƩƣƱƥƭ ƥƱƩƴƭƬǁưƫƸƳ�

ƍơƯƽ Ʊƥ ƩƮƸƭưƢƷƽ ƸƫƱ ƴƭƬƥƱǀƸƫƸƥ P (B |A)�

ƙƴƳƬơƷƩƭƶ� Ɔƴǀ ƸƫƱ ƩưƴƩƭƵƣƥ ưƥƶ ƧƱƽƵƣƪƳƹưƩ ǀƸƭ
ƸƳ 40 ƸƽƱ ưƫƱƹưƠƸƽƱ ƩƣƱƥƭ ƥƱƩƴƭƬǁưƫƸƥ (P (B) = 0.40)�

ƸƳ 1 ƸƽƱ ƥƱƩƴƭƬǁưƫƸƽƱ ưƫƱƹưƠƸƽƱ ơƻƳƹƱ ƷƸƳ Ƭơưƥ ƸƫƱ ƴƵǀƸƥƷƫ mƆƧƥƴƫƸơ
ƺƣƯƩ}

(
P (A |B) = 0.01

)
�

ƸƳ 0.4 ƸƽƱ ƮƥƱƳƱƭƮǂƱ ưƫƱƹưƠƸƽƱ ơƻƳƹƱ ƥƹƸƢ ƸƫƱ ƴƵǀƸƥƷƫ ƷƸƳ Ƭơưƥ ƸƳƹƶ(
P (A |B′) = 0.004

)
�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƐǁƷƫ

Ɔƴǀ Ƹƭƶ ƹƴƳƬơƷƩƭƶ ưƥƶ ƮƥƸƥƷƮƩƹƠƪƳƹưƩ ƸƳ ƨƭƠƧƵƥưưƥ�

e-mail message

B (0.40)

B′ (0.60)

A (0.01)

A′ (0.99)

A (0.004)

A′ (0.996)

%D\HV ⇒ P (B |A) =
P (A |B) · P (B)

P (A)
.

ƘǂƵƥ

P (A) = P (A |B) · P (B) + P (A |B′) · P (B′) = 0.01 · 0.40 + 0.004 · 0.60 = 0.0064.

P (B |A) =
P (A |B) · P (B)

P (A)
=

0.01 · 0.40
0.0064

= 0.625.

ŽƵƥ ƮƥƸƥ 63 ƥƱƥươƱƳƹưƩ ǀƸƭ ƸƳ ưƢƱƹưƥ ƩƣƱƥƭ ƥƱƩƴƭƬǁưƫƸƳ�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƘǁƴƳƶ ƸƳƹ %D\HV

ƈƩƱƭƮƠ� ơƷƸƽ B1, B2, . . . , Bn ưƭƥ ƨƭƥươƵƭƷƫ ƸƳƹ Ω Ʈƥƭ A ƩƣƱƥƭ ƳƴƳƭƳƨƢƴƳƸƩ
ƩƱƨƩƻǀưƩƱƳ� ƘǀƸƩ

P (Bi|A) =
P (Bi ∩A)

P (A)
=

P (Bi)P (A |Bi)∑n
k=1 P (Bk)P (A |Bk)

=
P (Bi)P (A |Bi)

P (B1)P (A |B1) + P (B2)P (A |B2) + · · ·+ P (Bn)P (A |Bn)
,

Ƨƭƥ i = 1, 2, . . . , n�

Ɣ ƮƥƱǀƱƥƶ ƸƳƹ %D\HV ƻƵƫƷƭưƳƴƳƭƩƣƸƥƭ ƷƹƻƱƠ Ƨƭƥ ƸƫƱ ƥƱƥƬƩǂƵƫƷƫ ƸƽƱ ƴƭƬƥƱƳƸƢƸƽƱ
ƨƭƥƺǀƵƽƱ ƩƱƨƩƻǀưƩƱƽƱ Ƹƥ ƳƴƳƣƥ ƴƵƳƫƧƳǁƱƸƥƭ ƻƵƳƱƭƮƠ ƥƴǀ ƠƯƯƥ ƩƱƨƩƻǀưƩƱƥ ƸƳƹ
ƴƩƭƵƠưƥƸƳƶ Ƣ ƥƴƳƸƩƯƳǁƱ Ƹƭƶ ƥƭƸƣƩƶ ƸƽƱ ƥƴƳƸƩƯƩƷưƠƸƽƱ ƴƳƹ ơƻƳƹưƩ ƴƥƵƥƸƫƵƢƷƩƭ�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƕƥƵƠƨƩƭƧưƥ

ƗƸƳ ƴƵƳƫƧƳǁưƩƱƳ ƴƥƵƠƨƩƭƧưƥ ưƩ ƸƫƱ ƥƴƳƬƢƮƫ� Ʊƥ ƦƵƩƬƩƣ ƫ ƴƭƬƥƱǀƸƫƸƥ ƸƳ ƩƲƠƵƸƫưƥ
ƴƳƹ ƩƴƭƯơƲƥưƩ Ʊƥ ƴƵƳơƵƻƩƸƥƭ ƥƴǀ ƸƳƱ ƴƵƳưƫƬƩƹƸƢ ƈ ƨƩƨƳươƱƳƹ ǀƸƭ ƦƵơƬƫƮƩ
ƩƯƥƸƸƽưƥƸƭƮǀ�

ƐǁƷƫ� bƋƫƸƠưƩ ƸƫƱ P (C |E)�

%D\HV⇒ P (C |E) =
P (C ∩ E)

P (E)
=

P (E |C) · P (C)

P (E)

=
0.10 · 0.15
0.085

= 0.1765 = 17.65

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƕƥƵƠƨƩƭƧưƥ �7KH 0RQW\ +DOO SUREOHP�

ƗƩ ơƱƥ ƸƫƯƩƳƴƸƭƮǀ ƴƵǀƧƵƥưưƥ ƹƴƠƵƻƳƹƱ � ƮƳƹƵƸƣƱƩƶ� ƌ ưƣƥ ƮƵǁƦƩƭ ơƱƥ ƥƹƸƳƮƣƱƫƸƳ�
ƩƱǂ ƴƣƷƽ ƥƴǀ Ƹƭƶ ƠƯƯƩƶ ƨǁƳ ƹƴƠƵƻƳƹƱ ƮƥƸƷƣƮƩƶ� Ɣ ƨƭƥƧƽƱƭƪǀưƩƱƳƶ ƩƴƭƯơƧƩƭ ưƭƥ ƥƴǀ
Ƹƭƶ � ƮƳƹƵƸƣƱƩƶ� Ʈƥƭ ƸǀƸƩ Ƴ ƳƭƮƳƨƩƷƴǀƸƫƶ ƥƱƳƣƧƩƭ ưƣƥ ƥƴǀ Ƹƭƶ ƮƳƹƵƸƣƱƩƶ ƴƳƹ ƮƵǁƦƩƭ
ƮƥƸƷƣƮƥ� ƗƸƫ ƷƹƱơƻƩƭƥ ƵƽƸƠƩƭ ƸƳƱ ƨƭƥƧƽƱƭƪǀưƩƱƳ ƮƥƸƠ ƴǀƷƳƱ ƬơƯƩƭ Ʊƥ ƥƯƯƠƲƩƭ ƸƫƱ
ƥƵƻƭƮƢ ƸƳƹ ƩƴƭƯƳƧƢ Ƣ ǀƻƭ�

Ƙƭ ƴƵơƴƩƭ Ʊƥ ƮƠƱƩƭ Ƴ ƨƭƥƧƽƱƭƪǀưƩƱƳƶ� ƒƥ ƥƯƯƠƲƩƭ Ƣ ǀƻƭ ƸƫƱ ƥƵƻƭƮƢ ƸƳƹ ƩƴƭƯƳƧƢ�

ƙƴƳƬơƷƩƭƶ�

ƘƳ ƥƹƸƳƮƣƱƫƸƳ ơƻƩƭ ƸƳƴƳƬƩƸƫƬƩƣ Ƹƹƻƥƣƥ ƴƣƷƽ ƥƴǀ ưƭƥ ƮƳƹƵƸƣƱƥ� ƨƫƯƥƨƢ ƴƵƭƱ
ƨƭƥƯơƲƩƭ Ƴ ƨƭƥƧƽƱƭƪǀưƩƱƳƶ ưƭƥ ƮƳƹƵƸƣƱƥ ơƻƩƭ ƴƭƬƥƱǀƸƫƸƥ ��� Ʊƥ ƦƵƩƣ ƸƳ
ƥƹƸƳƮƣƱƫƸƳ�

Ɣ ƳƭƮƳƨƩƷƴǀƸƫƶ ƧƱƽƵƣƪƩƭ ƴƳƭƠ ƮƳƹƵƸƣƱƥ ƮƵǁƦƩƭ ƸƳ ƥƹƸƳƮƣƱƫƸƳ Ʈƥƭ ƥƱƳƣƧƩƭ
ƴƠƱƸƥ ưƭƥ ƮƳƹƵƸƣƱƥ ƴƳƹ ƮƵǁƦƩƭ ƮƥƸƷƣƮƥ� ƆƱ ơƻƩƭ ƩƴƭƯƳƧƢ ưƩƸƥƲǁ ƨǁƳ ƮƳƹƵƸƭƱǂƱ
ƴƳƹ ƮƵǁƦƳƹƱ ƮƥƸƷƣƮƩƶ ƥƱƳƣƧƩƭ ưƣƥ ƥƴǀ Ƹƭƶ ƨǁƳ ƷƸƫƱ Ƹǁƻƫ�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƐǁƷƫ� �Ƴƶ ƸƵǀƴƳƶ

ƆƱK1 ƩƣƱƥƭ ƫ ưƭƥ ƮƥƸƷƣƮƥ�K2 ƫ ƨƩǁƸƩƵƫ� Ʈƥƭ A ƸƳ ƥƹƸƳƮƣƱƫƸƳ ơƻƳƹưƩ ƸƳƹƶ
ƥƮǀƯƳƹƬƳƹƶ ƷƹƱƨƹƥƷưƳǁƶ�

ƏƳƹƵƸƣƱƥ � ƏƳƹƵƸƣƱƥ � ƏƳƹƵƸƣƱƥ �
�� A K1 K2

�� A K2 K1

�� K1 A K2

�� K1 K2 A
�� K2 A K1

�� K2 K1 A

ʌƊƷƸƽ ǀƸƭ Ƴ ƨƭƥƧƽƱƭƪǀưƩƱƳƶ ƩƴƭƯơƧƩƭ ƸƫƱ ƮƳƹƵƸƣƱƥ ��

ƗƸƫƱ �ƫ ƴƩƵƣƴƸƽƷƫ Ƴ ƳƭƮƳƨƩƷƴǀƸƫƶ Ƭƥ ƥƱƳƣƲƩƭ ƸƫƱ ƮƳƹƵƸƣƱƥ � Ƣ ƸƫƱ ƮƳƹƵƸƣƱƥ ��
Ʈƥƭ Ƴ ƨƭƥƧƽƱƭƪǀưƩƱƳƶ Ƭƥ ƻƠƷƩƭ ƥƱ ƥƯƯƠƲƩƭ ƸƫƱ ƥƵƻƭƮƢ ƸƳƹ ƩƴƭƯƳƧƢ�

ƗƸƫƱ �ƫ ƴƩƵƣƴƸƽƷƫ Ƭƥ ƧƣƱƩƭ ǀƸƭ Ʈƥƭ ƷƸƫƱ ƴƵǂƸƫ�

ƗƸƫƱ �ƫ ƴƩƵƣƴƸƽƷƫ Ƴ ƳƭƮƳƨƩƷƴǀƸƫƶ Ƭƥ ƥƱƳƣƲƩƭ ƸƫƱ ƮƳƹƵƸƣƱƥ �� Ʈƥƭ Ƴ
ƨƭƥƧƽƱƭƪǀưƩƱƳƶ Ƭƥ ƮƩƵƨƣƷƩƭ ƥƱ ƥƯƯƠƲƩƭ ƸƫƱ ƥƵƻƭƮƢ ƸƳƹ ƩƴƭƯƳƧƢ�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƐǁƷƫ� �Ƴƶ ƸƵǀƴƳƶ

ƆƱƠƯƳƧƥ Ƭƥ ƷƹưƦƳǁƱ Ʈƥƭ ƷƸƭƶ ƴƩƵƭƴƸǂƷƩƭƶ �� � Ʈƥƭ ��

ŽƵƥ ƷƩ 2/6 ƸƽƱ ƴƩƵƭƴƸǂƷƩƽƱ ƮƩƵƨƣƪƩƭƶ ƥƱ ƨƩƱ ƥƯƯƠƲƩƭƶ ƸƫƱ ƥƵƻƭƮƢ ƷƳƹ ƩƴƭƯƳƧƢ�
Ʈƥƭ ƷƩ 4/6 ƸƽƱ ƴƩƵƭƴƸǂƷƩƽƱ ƮƩƵƨƣƪƩƭƶ ƥƱ ƸƫƱ ƥƯƯƠƲƩƭƶ� ƊƴƳươƱƽƶ
�

������

ƌ ƴƭƬƥƱǀƸƫƸƥ Ʊƥ ƮƩƵƨƣƷƩƭƶ ƥƱ ƥƯƯƠƲƩƭƶ
ƸƫƱ ƥƵƻƭƮƢ ƷƳƹ ƩƴƭƯƳƧƢ ƩƣƱƥƭ 2/3�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƐǁƷƫ� �Ƴƶ ƸƵǀƴƳƶ

ƆƱƥƯǁƳƹưƩ ƲƥƱƠ ƸƳ ƴƵǀƦƯƫưƥ ƥƱ Ƴ ƨƭƥƧƽƱƭƪǀưƩƱƳƶ ơƻƩƭ ƩƴƭƯơƲƩƭ ƸƫƱ ƮƳƹƵƸƣƱƥ �� Ʈƥƭ Ƴ
ƳƭƮƳƨƩƷƴǀƸƫƶ ơƻƩƭ ƥƱƳƣƲƩƭ ƸƫƱ ƮƳƹƵƸƣƱƥ ��
ſƷƸƽ Ai ƸƳ ƩƱƨƩƻǀưƩƱƳ ƸƳ ƥƹƸƳƮƣƱƫƸƳ Ʊƥ ƩƣƱƥƭ ƷƸƫƱ ƮƳƹƵƸƣƱƥ i� Ʈƥƭ B ƸƳ ƩƱƨƩƻǀưƩƱƳ Ƴ
ƳƭƮƳƨƩƷƴǀƸƫƶ ƥƱƳƣƧƩƭ ƸƫƱ ƮƳƹƵƸƣƱƥ � ƩƱǂ Ƴ Ƴ ƨƭƥƧƽƱƭƪǀưƩƱƳƶ ơƻƩƭ ƩƴƭƯơƲƩƭ ƸƫƱ ��
ƆƱƥƪƫƸǂ ƸƫƱ

P (Ƴ ƨƭƥƧƽƱƭƪǀưƩƱƳƶ ƴƥƵƥươƱƩƭ ƷƸƫƱ ƥƵƻƭƮƢ ƩƴƭƯƳƧƢ Ʈƥƭ ƮƩƵƨƣƪƩƭ) = P (A1 |B).

%D\HV ⇒ P (A1 |B) =
P (A1) · P (B |A1)

P (B)
.

ƕƵƳƺƥƱǂƶ P (A1) = 1/3� ƩƱǂ P (B |A1) = 1/2� ƥƺƳǁ Ƴ ƳƭƮƳƨƩƷƴǀƸƫƶ ưƴƳƵƩƣ Ʊƥ ƩƴƭƯơƲƩƭ
ưƩƸƥƲǁ ƸƽƱ ƮƳƹƵƸƭƱǂƱ � Ʈƥƭ ��
ƊƴƣƷƫƶ� ƥƴǀ ƸƳ ƬƩǂƵ� ƳƯƭƮƢƶ ƴƭƬƥƱǀƸƫƸƥƶ ơƻƳƹưƩ�

P (B) = P (B |A1)P (A1) + P (B |A2)P (A2) + P (B |A3)P (A3)

=
1
2
· 1
3
+ 1 · 1

3
+ 0 · 1

3
=

1
2
.

ŽƵƥ P (A1 |B) =
1
3 · 12
1
2

= 1
3 �

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƕƥƵƠƨƩƭƧưƥ

Ƒƣƥ ƥƹƸƳƮƭƱƫƸƳƦƭƳưƫƻƥƱƣƥ ƴƥƵƠƧƩƭ ơƱƥ ƷƹƧƮƩƮƵƭươƱƳ ƸǁƴƳ ƥƹƸƳƮƭƱƢƸƽƱ ƷƩ ƨǁƳ
ưǀƱƳ ƩƵƧƳƷƸƠƷƭƥ� ƗƸƳ ƩƵƧƳƷƸƠƷƭƳ Ɔ ƴƥƵƠƧƩƸƥƭ ƸƳ ��� ƸƳƹ ƷƹƱƳƯƭƮƳǁ ƥƵƭƬưƳǁ ƸƳƹ
ƷƹƧƮƩƮƵƭươƱƳƹ ƸǁƴƳƹ ƥƹƸƳƮƭƱƢƸƳƹ Ʈƥƭ ƷƸƳ ƩƵƧƳƷƸƠƷƭƳ Ƈ ƴƥƵƠƧƩƸƥƭ ƸƳ ��� ƸƳƹ
ƷƹƱƳƯƭƮƳǁ ƥƵƭƬưƳǁ ƸƳƹ ƷƹƧƮƩƮƵƭươƱƳƹ ƸǁƴƳƹ ƥƹƸƳƮƭƱƢƸƳƹ� ƊƣƱƥƭ ƧƱƽƷƸǀ ǀƸƭ ƸƳ ��
ƸƳƹ ƷƹƧƮƩƮƵƭươƱƳƹ ƸǁƴƳƹ ƥƹƸƳƮƭƱƢƸƽƱ ƴƳƹ ƴƵƳơƵƻƳƱƸƥƭ ƥƴǀ ƸƳ Ɔ ƴƥƵƳƹƷƭƠƪƳƹƱ
ƩƯƠƸƸƽưƥ ươƷƥ ƷƸƳ ƻƵǀƱƳ ƩƧƧǁƫƷƫƶ� Ʈƥƭ ƸƳ �� ƸƳƹ ƷƹƧƮƩƮƵƭươƱƳƹ ƸǁƴƳƹ
ƥƹƸƳƮƭƱƢƸƽƱ ƴƳƹ ƴƵƳơƵƻƳƱƸƥƭ ƥƴǀ ƸƳ Ƈ ƴƥƵƳƹƷƭƠƪƳƹƱ ƩƯƠƸƸƽưƥ ươƷƥ ƷƸƳ ƻƵǀƱƳ
ƩƧƧǁƫƷƫƶ �
���� ƙƴƳƯƳƧƣƷƸƩ ƸƫƱ ƴƭƬƥƱǀƸƫƸƥ ơƱƥ ƥƹƸƳƮƣƱƫƸƳ ƸƳƹ ƷƹƧƮƩƮƵƭươƱƳƹ ƸǁƴƳƹ Ʊƥ
ƴƥƵƳƹƷƭƠƷƩƭ ƩƯƠƸƸƽưƥ ươƷƥ ƷƸƳ ƻƵǀƱƳ ƩƧƧǁƫƷƫƶ ƸƳƹ�

���� ƙƴƳƯƳƧƣƷƸƩ ƸƫƱ ƴƭƬƥƱǀƸƫƸƥ ơƱƥ ƥƹƸƳƮƣƱƫƸƳ ƸƳƹ ƷƹƧƮƩƮƵƭươƱƳƹ ƸǁƴƳƹ ƴƳƹ
ƴƥƵƳƹƷƣƥƷƩ ƩƯƠƸƸƽưƥ ươƷƥ ƷƸƳ ƻƵǀƱƳ ƩƧƧǁƫƷƢƶ ƸƳƹ Ʊƥ ơƻƩƭ ƴƥƵƥƻƬƩƣ ƷƸƳ
ƩƵƧƳƷƸƠƷƭƳ Ɔ�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �
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ƐǁƷƫ�
ſƷƸƽ A� ƸƳ ƩƱƨƩƻǀưƩƱƳ ƸƳ ƥƹƸƳƮƣƱƫƸƳ Ʊƥ ơƻƩƭ ƴƥƵƥƻƬƩƣ ƷƸƳ ƩƵƧƳƷƸƠƷƭƳ $�
B� ƸƳ ƩƱƨƩƻǀưƩƱƳ ƸƳ ƥƹƸƳƮƣƱƫƸƳ Ʊƥ ơƻƩƭ ƴƥƵƥƻƬƩƣ ƷƸƳ ƩƵƧƳƷƸƠƷƭƳ %� Ʈƥƭ
E� ƸƳ ƩƱƨƩƻǀưƩƱƳ ƸƳ ƥƹƸƳƮƣƱƫƸƳ Ʊƥ ƴƥƵƳƹƷƣƥƷƩ ƩƯƠƸƸƽưƥ ƷƸƳ ƻƵǀƱƳ ƩƧƧǁƫƷƫƶ�

ƛƵƫƷƭưƳƴƳƭƳǁưƩ Ƹƥ ƨƩƨƳươƱƥ Ƨƭƥ Ʊƥ ƺƸƭƠƲƳƹưƩ ƸƳ ƥƮǀƯƳƹƬƳ ƨƭƠƧƵƥưưƥ

ΕΡΓΟΣΤΑΣΙΟ

Α (0.60)

Β (0.40)

Ε (0.06)

Ε΄ (0.94)

Ε (0.03)

Ε΄ (0.97)

���� Ɔƴǀ ƸƳ ƍ� ƳƯƭƮƢƶ ƴƭƬƥƱǀƸƫƸƥƶ ơƻƳƹưƩ

P (E) = P (A)P (E |A) + P (B)P (E |B) = 0.6 · 0.06 + 0.4 · 0.03 = 0.048.

���� Ɔƴǀ ƸƳƱ ƸǁƴƳ ƸƳƹ %D\HV ơƻƳƹưƩ

P (A |E) =
P (E |A)P (A)

P (E)
=

0.06 · 0.6
0.048

= 0.75.
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ƗƸƵƣƦƳƹưƩ ơƱƥ ƸƣưƭƳ ƱǀưƭƷưƥ ƸƵƩƭƶ ƺƳƵơƶ� ƕƳƭƥ ƩƣƱƥƭ ƫ ƴƭƬƥƱǀƸƫƸƥ Ʊƥ
ƩưƺƥƱƭƷƬƳǁƱ�
�ƥ� � ƺƳƵơƶ ƮƩƺƥƯƢ�
�Ʀ� � ƺƳƵơƶ ƧƵƠưưƥƸƥ Ʈƥƭ � ƮƩƺƥƯƢ�
�Ƨ� ƸƳƹƯƠƻƭƷƸƳƱ � ƮƩƺƥƯƢ� Ʈƥƭ
�ƨ� ƸƳ ƴƳƯǁ � ƧƵƠưưƥƸƥ�

ƕƳƭƥ ƩƣƱƥƭ ƫ ƴƭƬƥƱǀƸƫƸƥ Ʊƥ ƩưƺƥƱƭƷƬƩƣ ƸƳƹƯƠƻƭƷƸƳƱ ơƱƥ � ƷƩ ƨǁƳ ƵƣƼƩƭƶ ƩƱǀƶ
�ƸƣưƭƳƹ� ƪƥƵƭƳǁ�

ſƱƥ ƮƳƹƸƣ ƴƩƵƭơƻƩƭ � ƠƷƴƵƩƶ Ʈƥƭ � ưƥǁƵƩƶ ưƴƠƯƩƶ� ƩƱǂ ơƱƥ ƠƯƯƳ ƮƳƹƸƣ ƴƩƵƭơƻƩƭ
� ƠƷƴƵƩƶ Ʈƥƭ � ưƥǁƵƩƶ ưƴƠƯƩƶ� ƘƵƥƦƠưƩ ưƭƥ ưƴƠƯƥ ƥƴǀ ƮƠƬƩ ƮƳƹƸƣ� ƕƳƭƥ ƩƣƱƥƭ
ƫ ƴƭƬƥƱǀƸƫƸƥ�
�ƥ� Ʊƥ ƩƣƱƥƭ Ʈƥƭ Ƴƭ ƨǁƳ ƠƷƴƵƩƶ�
�Ʀ� Ʊƥ ƩƣƱƥƭ Ʈƥƭ Ƴƭ ƨǁƳ ưƥǁƵƩƶ�
�Ƨ� Ʊƥ ƩƣƱƥƭ ưƣƥ ƠƷƴƵƫ Ʈƥƭ ưƣƥ ưƥǁƵƫ�
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ƘƳ ƮƳƹƸƣ Ǝ ƴƩƵƭơƻƩƭ � ƮǀƮƮƭƱƳƹƶ Ʈƥƭ � ưƴƯƩ ƦǂƯƳƹƶ� ƩƱǂ ƸƳ ƮƳƹƸƣ ƎƎ ƴƩƵƭơƻƩƭ �
ƮǀƮƮƭƱƳƹƶ Ʈƥƭ � ưƴƯƩ ƦǂƯƳƹƶ� ƗƸƵƣƦƽ ơƱƥ ƨƣƮƥƭƳ ƱǀưƭƷưƥ� ƆƱ ơƵƬƩƭ ƮƩƺƥƯƢ
ƨƭƥƯơƧƽ ơƱƥƱ ƦǂƯƳ ƥƴǀ ƸƳ ƮƳƹƸƣ Ǝ� ƩƱǂ ƥƱ ơƵƬƩƭ ƧƵƠưưƥƸƥ ƨƭƥƯơƧƽ ơƱƥƱ ƦǂƯƳ
ƥƴǀ ƸƳ ƮƳƹƸƣ ƎƎ� ƕƳƭƥ ƫ ƴƭƬƥƱǀƸƫƸƥ Ʊƥ ƩƴƭƯƩƧƩƣ ƮǀƮƮƭƱƳƶ ƦǂƯƳƶ�

ƖƣƻƱƳƹưƩ ơƱƥ ƮǀƮƮƭƱƳ Ʈƥƭ ơƱƥ ƴƵƠƷƭƱƳ ƪƠƵƭ� ſƷƸƽ Ɔ  mƸƳ ƮǀƮƮƭƱƳ ƪƠƵƭ ƨƩƣƻƱƩƭ
� Ƣ �} Ʈƥƭ Ƈ  mƸƳ ƠƬƵƳƭƷưƥ ƸƽƱ ƨǁƳ ƪƥƵƭǂƱ ƩƣƱƥƭ ƸƳƹƯƠƻƭƷƸƳƱ �}� ƊƣƱƥƭ Ƹƥ
ƩƱƨƩƻǀưƩƱƥ Ɔ Ʈƥƭ Ƈ ƥƱƩƲƠƵƸƫƸƥ�
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ƐǀƧƽ ƩƱǀƶ ƷƺƠƯưƥƸƳƶ ƴƳƹ ƨƫưƭƳƹƵƧƢƬƫƮƩ ƷƸƳ ,QWHUQHW Ƹƥ ƴƥƮơƸƥ ƨƩƨƳươƱƽƱ
ưƩƸƥƲǁ ƹƴƳƯƳƧƭƷƸǂƱ Ƹƥ ƳƴƳƣƥ ƥƴƳƷƸơƯƯƳƱƸƥƭ ƥƴǀ ƍƩƷƷƥƯƳƱƣƮƫ ƴƵƳƶ ƆƬƢƱƥ
ƨƵƳưƳƯƳƧƳǁƱƸƥƭ ươƷƽ ƎƽƥƱƱƣƱƽƱ ưƩ ƴƭƬƥƱǀƸƫƸƥ ����

ſƱƥ ƴƥƮơƸƳ ƨƩƨƳươƱƽƱ ƴƳƹ ƨƵƳưƳƯƳƧƩƣƸƥƭ ươƷƽ ƎƽƥƱƱƣƱƽƱ ơƻƩƭ ƴƭƬƥƱǀƸƫƸƥ
��� Ʊƥ ƻƥƬƩƣ ươƻƵƭ Ʊƥ ƺƸƠƷƩƭ ƷƸƫƱ ƆƬƢƱƥ�

ƆƱ ƴƠƯƭ ơƱƥ ƴƥƮơƸƳ ƨƩƨƳươƱƽƱ ƨƩƱ ƨƵƳưƳƯƳƧƫƬƩƣ ươƷƽ ƎƽƥƱƱƣƱƽƱ ƸǀƸƩ ơƻƩƭ
ƴƭƬƥƱǀƸƫƸƥ ��� Ʊƥ ƻƥƬƩƣ�

�ƥ� ƕƳƭƥ ƩƣƱƥƭ ƫ ƴƭƬƥƱǀƸƫƸƥ Ʊƥ ƻƥƬƩƣ ơƱƥ ƴƥƮơƸƳ ƨƩƨƳươƱƽƱ ƥƴǀ ƍƩƷƷƥƯƳƱƣƮƫ
ƴƵƳƶ ƆƬƢƱƥ�

�Ʀ� ƕƳƭƥ ƫ ƴƭƬƥƱǀƸƫƸƥ ơƱƥ ƴƥƮơƸƳ ƨƩƨƳươƱƽƱ ƴƳƹ ơƺƸƥƷƩ ƷƸƫƱ ƆƬƢƱƥ Ʊƥ ƢƵƬƩ
ươƷƽ ƎƽƥƱƱƣƱƽƱ�

Ɖ�Ɔ� ƑƫƸƷƳǁƨƫƶ ƕƭƬƥƱǀƸƫƸƩƶ 	 ƗƸƥƸƭƷƸƭƮƢ � Ƙư� ƒƥƹƴƫƧǂƱ �� � �


