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Στοιχεία αναλυτικής γεωμετρίας στο επίπεδο

Δ.Α. Μητσούδης
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Απόσταση δύο σημείων

Αν έχουμε δύο σημεία του επιπέδου P1(x1, y1) και P2(x2, y2), η απόστασή τους δίνεται από
τον τύπο

|P1P2| =
√

(x1 − x2)2 + (y1 − y2)2. (1)

same as the notation used for a point , you will be able to tell from the context which
meaning is intended.]

This coordinate system is called the rectangular coordinate system or the Cartesian
coordinate system in honor of the French mathematician René Descartes (1596–1650),
even though another Frenchman, Pierre Fermat (1601–1665), invented the principles of
analytic geometry at about the same time as Descartes. The plane supplied with this coor-
dinate system is called the coordinate plane or the Cartesian plane and is denoted by .

The - and -axes are called the coordinate axes and divide the Cartesian plane into
four quadrants, which are labeled I, II, III, and IV in Figure 1. Notice that the first quad-
rant consists of those points whose - and -coordinates are both positive.

EXAMPLE 1 Describe and sketch the regions given by the following sets.
(a) (b) (c )

SOLUTION
(a) The points whose -coordinates are 0 or positive lie on the -axis or to the right of it
as indicated by the shaded region in Figure 3(a).

(b) The set of all points with -coordinate 1 is a horizontal line one unit above the -axis
[see Figure 3(b)].

(c) Recall from Appendix A that

The given region consists of those points in the plane whose -coordinates lie between
and . Thus the region consists of all points that lie between (but not on) the hori-

zontal lines and . [These lines are shown as dashed lines in Figure 3(c) to
indicate that the points on these lines don’t lie in the set.] M

Recall from Appendix A that the distance between points and on a number line is
. Thus the distance between points and on a hor-

izontal line must be and the distance between and on a ver-
tical line must be . (See Figure 4.)

To find the distance between any two points and , we note
that triangle in Figure 4 is a right triangle, and so by the Pythagorean Theorem 
we have

 ! s!x2 ! x1"2 " !y2 ! y1"2 

 # P1P2 # ! s# P1P3 #2 " # P2P3 #2 ! s# x2 ! x1 #2 " # y2 ! y1 #2 

P1P2P3

P2!x2, y2 "P1!x1, y1"# P1P2 #
# y2 ! y1 #

P3!x2, y1"P2!x2, y2 "# x2 ! x1 #
P3!x2, y1"P1!x1, y1"# a ! b# ! # b ! a#

ba

y ! !1y ! 1
1!1

y

!1 # y # 1if and only if# y # # 1

xy

FIGURE 3

x0

y

x0

y

y=1

x0

y

y=1

y=_1

(a) x $ 0 (b) y=1 (c) | y |<1

yx

{!x, y" # # y # # 1}$!x, y" # y ! 1%$!x, y" # x % 0%

yx

yx
! 2

!a, b"

APPENDIX B COORDINATE GEOMETRY AND LINES | | | | A11

FIGURE 4

P¡(⁄, ›)

x⁄ ¤0

›

fi

y

P™(¤, fi)

P£(¤, ›)|¤-⁄|

|fi-›|

Σχήμα: Απόσταση δύο σημείων P1 και P2.
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Η ευθεία

Ο συντελεστής διεύθυνσης (ή κλίση) της ευθείας που διέρχεται από τα σημεία P1(x1, y1)
και P2(x2, y2) ορίζεται ως

m =
y2 − y1
x2 − x1

. (2)

Ο συντελεστής διεύθυνσης δεν ορίζεται για κατακόρυφες ευθείες.

O x

y

y1

y2

x1 x2

ω

Σχήμα: Ευθεία που διέρχεται από τα σημεία (x1, y1) και (x2, y2).
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Ο συντελεστής διεύθυνσης ερμηνεύεται και ως ένα μέτρο του ρυθμού μεταβολής του y
καθώς μεταβάλλεται το x.

Επίσης, μπορεί να οριστεί ως η εφαπτομένη της γωνίας ω που σχηματίζει ο άξονας των
x με την ευθεία.

Ένα σημείο P (x, y) με x ̸= x1 ανήκει στην ευθεία με συντελεστή διεύθυνσηςm που
διέρχεται από ένα δεδομένο σημείο P1(x1, y1), αν και μόνον αν ο συντελεστής διεύθυνσης
της ευθείας που διέρχεται από τα σημεία P και P1 είναι ίσος μεm. Δηλαδή

y − y1
x− x1

= m⇔ y − y1 = m(x− x1).

Άρα αν γνωρίζουμε το συντελεστή διεύθυνσηςm μιας ευθείας και ένα σημείο της P1(x1, y1),
τότε η εξίσωσή της είναι

y = m(x− x1) + y1. (3)
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Παράδειγμα. Βρείτε την ευθεία που διέρχεται από το σημείο (−3, 1) και έχει συντελεστή
διεύθυνσης −1.

y − 1 = −1
(
x− (−3)

)
⇒ y − 1 = −x− 3⇒ y = −x− 2.

Αν μια ευθεία έχει συντελεστή διεύθυνσηςm και τέμνει τον άξονα των y στο σημείο
(0, b), τότε η εξίσωσή της είναι

y = mx+ b.

Μια οριζόντια ευθεία έχει συντελεστή διεύθυνσηςm = 0, άρα η εξίσωσή της θα είναι
της μορφής

y = b,

όπου (0, b) είναι το σημείο τομής της με τον άξονα των y.

Μια κατακόρυφη ευθεία δεν έχει συντελεστή διεύθυνσης, αλλα η εξίσωσή της είναι

x = a,

όπου (a, 0) είναι το σημείο τομής της με τον άξονα των x.
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Δύο μη κατακόρυφες ευθείες είναι παράλληλες αν και μόνον αν έχουν τον ίδιο
συντελεστή διεύθυνσης.

Δύο ευθείες με συντελεστές διεύθυνσηςm1 καιm2 είναι κάθετες αν και μόνον αν

m1 ·m2 = −1.

Γενική μορφή ευθείας. Γενικά, κάθε ευθεία του επιπέδου έχει εξίσωση της μορφής

Ax+By + C = 0, όπου A ̸= 0 ή B ̸= 0. (4)
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Παράδειγμα. Βρείτε την εξίσωση της ευθείας που διέρχεται από το σημείο (5, 2) και είναι
παράλληλη στην ευθεία 4x+ 6y + 5 = 0.

Λύση. Ο συντελεστής διεύθυνσης της ευθείας 4x+ 6y + 5 = 0 είναιm = −2/3. Άρα η
ζητούμενη ευθεία, σύμφωνα με την (3), έχει εξίσωση

y − 2 = −2
3
(x− 5)

⇔ 3y − 6 = −2x+ 10

⇔ 2x+ 3y − 16 = 0.
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Απόσταση σημείου από ευθεία

Η απόσταση d του σημείου (x1, y1) από την ευθεία Ax+By + C = 0 είναι

d =
|Ax1 +By1 + C|√

A2 +B2
.

O x

y

Ax+ By + C = 0

d

(x2, y2)

(x1, y1)
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Απόδειξη
Θα κάνουμε την απόδειξη για την περίπτωση που η ευθεία δεν είναι ούτε οριζόντια ούτε
κατακόρυφη. Τότε A,B ̸= 0, και μπορούμε να γράψουμε την ευθεία στη μορφή

y = −A
B
x− C

B
⇒ m = −A

B
.

Άρα, η εξίσωση της ευθείας που διέρχεται από το σημείο (x1, y1) και είναι κάθετη σε αυτήν
είναι

y − y1 =
B
A
(x− x1).

Μετά από κάποιες πράξεις βλέπετε ότι οι δύο αυτές ευθείες τέμνονται στο (x2, y2):

x2 =
B(Bx1 −Ay1)−AC

A2 +B2
και y2 =

A(−Bx1 +Ay1)−BC
A2 +B2

Επομένως, η απόσταση μεταξύ των (x1, y1) και (x2, y2) είναι

d =
√

(x2 − x1)2 + (y2 − y1)2

=

√(
B2x1 −ABy1 −AC

A2 +B2
− x1

)2

+

(
−ABx1 +A2y1 −BC

A2 +B2
− y1

)2

=

√
A2(Ax1 +By1 + C)2 +B2(Ax1 +By1 + C)2

(A2 +B2)2
=

|Ax1 +By1 + C|√
A2 +B2

.

Δ.Α. Μητσούδης Στοιχεία αναλυτικής γεωμετρίας 9 / 38

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Εμβαδόν τριγώνου

Το εμβαδόν ενός τριγώνου με κορυφές τα σημεία (x1, y1), (x2, y2) και (x3, y3) είναι

E =
1
2
| /2i

⎡

⎣
x1 y1 1
x2 y2 1
x3 y3 1

⎤

⎦ |.

AREA, VOLUME, AND EQUATIONS OF LINES AND PLANES

Determinants have many applications in analytic geometry. One application is in 
finding the area of a triangle in the -plane.

PROOF

Prove the case for Assume that and that lies above the

line segment connecting and as shown in Figure 3.1. Consider the three

trapezoids whose vertices are

The area of the triangle is equal to the sum of the areas of the first two trapezoids minus
the area of the third trapezoid. So,

If the vertices do not occur in the order or if the vertex is not
above the line segment connecting the other two vertices, then the formula above 
may yield the negative of the area. So, use and choose the correct sign to give a 
positive area.

Finding the Area of a Triangle

Find the area of the triangle whose vertices are 

and

SOLUTION

It is not necessary to know the relative positions of the three vertices. Simply evaluate
the determinant

and conclude that the area of the triangle is square units.
3
2

1
2!124 0

2

3

1

1

1! ! "
3
2

"4, 3#."2, 2#,"1, 0#,

±

"x3, y3#x1 # x3 # x2

 !
1
2!x1

x2

x3

y1

y2

y3

1

1

1!.
 !

1
2"x1y2 $ x2y3 $ x3y1 " x1y3 " x2y1 " x3y2#

Area !
1
2"y1 $ y3#"x3 " x1# $

1
2"y3 $ y2#"x2 " x3# "

1
2"y1 $ y2#"x2 " x1#

Trapezoid 3: "x1, 0#, "x1, y1#, "x2, y2#, "x2, 0#.
Trapezoid 2: "x3, 0#, "x3, y3#, "x2, y2#, "x2, 0#
Trapezoid 1: "x1, 0#, "x1, y1#, "x3, y3#, "x3, 0#

"x2, y2#,"x1, y1#
"x3, y3#x1 # x3 # x2yi > 0.

xy

132 Chapter 3 Determinants

Area of a Triangle in the -Plane

The area of a triangle with vertices

and 

is 

where the sign is chosen to give a positive area."±#

Area ! ±
1
2 det$

x1

x2

x3

y1

y2

y3

1

1

1
%

"x3, y3#"x1, y1#, "x2, y2#,

xy

Figure 3.1

x

(x3, y3)

(x1, y1)

(x1, 0) (x3, 0) (x2, 0)

(x2, y2)

y
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Απόδειξη
Θα κάνουμε την απόδειξη για την περίπτωση που yi > 0. Έστω ακόμη ότι x1 < x3 < x2 και
ότι το σημείο (x3, y3) βρίσκεται πάνω από το ευθύγραμμο τμήμα που ενώνει τα άλλα δύο
σημεία. Θεωρούμε τότε τα ακόλουθα τραπέζια με κορυφές:

Τραπέζιο 1: (x1, 0), (x1, y1), (x3, y3), (x3, 0).
Τραπέζιο 2: (x3, 0), (x3, y3), (x2, y2), (x2, 0).
Τραπέζιο 3: (x1, 0), (x1, y1), (x2, y2), (x2, 0).

Τότε το εμβαδόν του τριγώνου ισούται με το άθροισμα των εμβαδών των δύο πρώτων
τραπεζίων μείον το εμβαδόν του τρίτου τραπεζίου. Άρα

E = 1
2 (y1 + y3)(x3 − x1) + 1

2 (y2 + y3)(x2 − x3)− 1
2 (y1 + y2)(x2 − x1)

= 1
2 (x1y2 + x2y3 + x3y1 − x1y3 − x2y1 − x3y2)

=
1
2

∣∣∣∣∣∣

x1 y1 1
x2 y2 1
x3 y3 1

∣∣∣∣∣∣
.

Αν οι σειρά των κορυφών είναι διαφορετική, ή αν η κορυφή (x3, y3) δεν βρίσκεται πάνω από
το ευθύγραμμο τμήμα που ενώνει τα άλλα δύο σημεία, τότε ο προηγούμενος τύπος μπορεί να
δώσει αρνητικό τιμή για το εμβαδό. Για να εξασφαλίσουμε ότι θα έχουμε θετικό εμβαδό
βάζουμε την απόλυτη τιμή.
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Συνευθειακά σημεία

Τα σημεία P1(x1, y1), P2(x2, y2), P3(x3, y3), είναι συνευθειακά (δηλ. ανήκουν στην ίδια
ευθεία) αν και μόνον αν ∣∣∣∣∣∣

x1 y1 1
x2 y2 1
x3 y3 1

∣∣∣∣∣∣
= 0.

Αν τα τρία αυτά σημεία ανήκουν στην ίδια ευθεία, τότε το τρίγωνο που σχηματίζουν
εκφυλίζεται σε ευθεία, επομένως το εμβαδόν του θα είναι μηδέν. Άρα έχουμε E=0 και από
την προηγούμενη εξίσωση προκύπτει άμεσα το ζητούμενο.
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Εξισώσεις 2ου βαθμού. (Κωνικές τομές)
Στη συνέχεια, θα δούμε τις εξισώσεις του κύκλου, της παραβολής, της έλλειψης, και της
υπερβολής. Τα σχήματα αυτά λέγονται και κωνικές τομές, καθώς προκύπτουν ως τομές ενός
κώνου και ενός επιπέδου.

Chapter Overview
Conic sections are the curves we get when we make a straight cut in a cone, as shown
in the figure. For example, if a cone is cut horizontally, the cross section is a circle.
So a circle is a conic section. Other ways of cutting a cone produce parabolas,
ellipses, and hyperbolas.

Our goal in this chapter is to find equations whose graphs are the conic sections.
We already know from Section 1.8 that the graph of the equation x 2 ! y 2 " r 2 is a
circle. We will find equations for each of the other conic sections by analyzing their
geometric properties.

Conic sections are important because their shapes are hidden in the structure of
many things. For example, the path of a planet moving around the sun is an ellipse.

The trajectory of a
basketball is a parabola.

The orbit of a planet
is an ellipse.

The shape of a cooling
tower is a hyperbola.

Ellipse Parabola HyperbolaCircle

743

10.1 Parabolas
10.2 Ellipses
10.3 Hyperbolas
10.4 Shifted Conics
10.5 Rotation of Axes
10.6 Polar Equations of Conics
10.7 Plane Curves and Parametric Equations

Ph
ot

oD
isc

/G
et

ty
 Im

ag
es

Σχήμα: Κωνικές τομές: κύκλος, έλλειψη, παραβολή, υπερβολή.
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Κύκλος

Ο κύκλος ορίζεται ως το σύνολο των σημείων P (x, y) του επιπέδου που η απόστασή τους
από ένα σταθερό σημείο C(x0, y0) είναι σταθερή, ίση με r. Επομένως

√
(x− x0)2 + (y − y0)2 = r ⇔ (x− x0)

2 + (y − y0)
2 = r2.

Το σημείο C(x0, y0) λέγεται κέντρο του κύκλου και το r ακτίνα.

Επομένως, η εξίσωση ενός κύκλου με κέντρο C(x0, y0) και ακτίνα r είναι

(x− x0)
2 + (y − y0)

2 = r2. (5)
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Παράδειγμα

Σχεδιάστε την καμπύλη με εξίσωση x2 + y2 + 2x− 6y + 7 = 0.

the center is . (See Figure 1.) Thus is on the circle if and only if . From
the distance formula, we have

or equivalently, squaring both sides, we get

This is the desired equation.

EQUATION OF A CIRCLE An equation of the circle with center and 
radius is

In particular, if the center is the origin , the equation is

EXAMPLE 1 Find an equation of the circle with radius 3 and center .

SOLUTION From Equation 1 with , , and , we obtain

M

EXAMPLE 2 Sketch the graph of the equation by first show-
ing that it represents a circle and then finding its center and radius.

SOLUTION We first group the -terms and -terms as follows:

Then we complete the square within each grouping, adding the appropriate constants to
both sides of the equation:

or

Comparing this equation with the standard equation of a circle (1), we see that ,
, and , so the given equation represents a circle with center and

radius . It is sketched in Figure 2.

Mx0

y

1

(_1, 3)

FIGURE 2
≈+¥+2x-6y+7=0

s3 
!!1, 3"r ! s3 k ! 3

h ! !1

 !x " 1"2 " !y ! 3"2 ! 3

 !x 2 " 2x " 1" " !y 2 ! 6y " 9" ! !7 " 1 " 9

!x 2 " 2x" " !y 2 ! 6y" ! !7

yx

x 2 " y 2 " 2x ! 6y " 7 ! 0

!x ! 2"2 " !y " 5"2 ! 9

k ! !5h ! 2r ! 3

!2, !5"

x 2 " y 2 ! r 2

!0, 0"

!x ! h"2 " !y ! k"2 ! r 2

r
!h, k"1

!x ! h"2 " !y ! k"2 ! r 2

s!x ! h"2 " !y ! k"2 ! r

# PC # ! rPrC!h, k"
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C(h, k)

x0

y

r
P(x, y)

FIGURE 1

Λύση. Κάνοντας συμπλήρωση τετραγώνου, έχουμε

x2 + y2 + 2x− 6y + 7 = 0⇔ x2 + 2x+ 1− 1 + y2 − 6y + 9− 9 + 7 = 0

⇔ (x+ 1)2 + (y − 3)2 = 3.

Άρα η ζητούμενη καμπύλη είναι κύκλος με κέντρο το (−1, 3) και ακτίνα
√
3.
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Παραβολή

Είναι το σύνολο των σημείων του επιπέδου που ισαπέχουν από ένα σταθερό σημείο F που
λέγεται εστία και από μια δεδομένη ευθεία l, που λέγεται διευθετούσα.is perpendicular to l (see Figure 2), then, by the preceding definition, P is on

the parabola if and only if the distances and are equal. The
axis of the parabola is the line through F that is perpendicular to the directrix.
The vertex of the parabola is the point V on the axis halfway from F to l. The
vertex is the point on the parabola that is closest to the directrix.

To obtain a simple equation for a parabola, place the y-axis along the axis
of the parabola, with the origin at the vertex V, as shown in Figure 3. In this
case, the focus F has coordinates for some real number , and the
equation of the directrix is . (The figure shows the case .) By the
distance formula, a point is on the graph of the parabola if and only if

—that is, if

We square both sides and simplify:

An equivalent equation for the parabola is

We have shown that the coordinates of every point on the parabola
satisfy . Conversely, if is a solution of , then by re-
versing the previous steps we see that the point is on the parabola.

If , the parabola opens upward, as in Figure 3. If , the
parabola opens downward. The graph is symmetric with respect to the y-axis,
since substitution of for x does not change the equation .

If we interchange the roles of x and y, we obtain

or, equivalently,

This is an equation of a parabola with vertex at the origin, focus ,
and opening right if or left if . The equation of the directrix is

.
For convenience we often refer to “the parabola ” (or )

instead of “the parabola with equation ” (or ).
The next chart summarizes our discussion.

y2 ! 4pxx 2 ! 4py
y2 ! 4pxx2 ! 4py

x ! "p
p # 0p $ 0

F! p, 0"

x !
1

4p
y2.y2 ! 4px

x2 ! 4py"x

p # 0p $ 0
!x, y"

x2 ! 4py!x, y"x2 ! 4py
!x, y"

y !
1

4p
x2.

x2 ! 4py

x2 % y2 " 2py % p2 ! y2 % 2py % p2

x2 % ! y " p"2 ! ! y % p"2

2!x " 0"2 % ! y " p"2 ! 2!x " x"2 % ! y % p"2.

d!P, P&"d!P, F" !
P!x, y"

p $ 0y ! "p
p ! 0!0, p"

d!P, P&"d!P, F"

1 1 . 1  P a r a b o l a s 729

Figure 2

P

V

Axis

Directrix

F

P&

l

Figure 3

P(x, y)

V
P&(x, "p)y ! "p

F (0, p)

x2 ! 4py

y

x

Η ευθεία που διέρχεται από την εστία και είναι κάθετη στην διευθετούσα λέγεται άξονας της
παραβολής. Το σημείο V που βρίσκεται στο μέσον του ευθυγράμμου τμήματος με άκρα την
εστία, και το σημείο τομής της διευθετούσας με τον άξονα, λέγεται κορυφή της παραβολής.
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Ας θεωρήσουμε τώρα μια παραβολή που η κορυφή της είναι στο O(0, 0) και η διευθετούσα
της είναι παράλληλη στον άξονα των x και έχει εξίσωση y = −p. Τότε η εστία F έχει
συντεταγμένες (0, p).

PARABOLAS

A parabola is the set of points in a plane that are equidistant from a fixed point (called
the focus) and a fixed line (called the directrix). This definition is illustrated by Figure 2.
Notice that the point halfway between the focus and the directrix lies on the parabola; it is
called the vertex. The line through the focus perpendicular to the directrix is called the
axis of the parabola.

In the 16th century Galileo showed that the path of a projectile that is shot into the 
air at an angle to the ground is a parabola. Since then, parabolic shapes have been used 
in designing automobile headlights, reflecting telescopes, and suspension bridges.
(See Problem 16 on page 202 for the reflection property of parabolas that makes them so
useful.)

We obtain a particularly simple equation for a parabola if we place its vertex at the ori-
gin and its directrix parallel to the -axis as in Figure 3. If the focus is the point ,
then the directrix has the equation . If is any point on the parabola, then the
distance from to the focus is

and the distance from to the directrix is . (Figure 3 illustrates the case where
.) The defining property of a parabola is that these distances are equal:

We get an equivalent equation by squaring and simplifying:

An equation of the parabola with focus and directrix is

If we write , then the standard equation of a parabola (1) becomes .
It opens upward if and downward if [see Figure 4, parts (a) and (b)]. The
graph is symmetric with respect to the -axis because (1) is unchanged when is replaced
by .

FIGURE 4

0 x

y

( p, 0)

x=_p

(d) ¥=4px, p<0

0 x

y

( p, 0)

x=_p

(c) ¥=4px, p>0

0
x

y

(0, p)

y=_p

(b) ≈=4py, p<0

0 x

y

(0, p)

y=_p

(a) ≈=4py, p>0

!x
xy

p " 0p # 0
y ! ax 2a ! 1!"4p#

x 2 ! 4py

y ! !p"0, p#1

 x 2 ! 4py

 x 2 $ y 2 ! 2py $ p 2 ! y 2 $ 2py $ p 2

 x 2 $ "y ! p#2 ! $ y $ p $2 ! "y $ p#2

sx 2 $ "y ! p#2 ! $ y $ p $
p # 0

$ y $ p $P

$ PF $ ! sx 2 $ "y ! p#2 

P
P"x, y#y ! !p

"0, p#xO

F

SECTION 1 1 .5 CONIC SECTIONS | | | | 6 9 1

axis

F
focus

parabola

vertex directrix

FIGURE 2

FIGURE 3

x

y

O

F(0, p)

y=_p

P(x, y)

y

p

Από τον ορισμό, το σημείο P (x, y) θα ανήκει στην παραβολή⇔ |FP | = |PP ′|, όπου P ′

είναι η προβολή του σημείου P στην ευθεία y = −p. Άρα το σημείο P ′ έχει συντεταγμένες
(x,−p). Δηλαδή

|FP | = |PP ′| ⇔
√

x2 + (y − p)2 = |y + p|⇔ x2 + y2 − 2py + p2 = y2 + 2py + p2

⇔ x2 = 4py ⇔ y =
1
4p

x2.
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Αν θέσουμε a = 1/(4p), τότε προκύπτει ότι η εξίσωση της παραβολής είναι

y = ax2. (6)

Αν a > 0 η παραβολή “ανοίγει” προς τα πάνω, ενώ αν a < 0 “ανοίγει” προς τα κάτω.

PARABOLAS

The geometric properties of parabolas are reviewed in Section 10.5. Here we regard a
parabola as a graph of an equation of the form .

EXAMPLE 3 Draw the graph of the parabola .

SOLUTION We set up a table of values, plot points, and join them by a smooth curve to
obtain the graph in Figure 3.

. M

Figure 4 shows the graphs of several parabolas with equations of the form for
various values of the number . In each case the vertex, the point where the parabola
changes direction, is the origin. We see that the parabola opens upward if 
and downward if (as in Figure 5).

Notice that if satisfies , then so does . This corresponds to the geo-
metric fact that if the right half of the graph is reflected about the -axis, then the left half
of the graph is obtained. We say that the graph is symmetric with respect to the y-axis.

The graph of an equation is symmetric with respect to the -axis if the equation is
unchanged when is replaced by .

If we interchange and in the equation , the result is , which also rep-
resents a parabola. (Interchanging and amounts to reflecting about the diagonal line

.) The parabola opens to the right if and to the left if . (Seea ! 0a " 0x ! ay 2y ! x
yx

x ! ay 2y ! ax 2yx

#xx
y

y
!#x, y"y ! ax 2!x, y"

FIGURE 5

x0

y

(_x, y) (x, y) x
0

y

(a)  y=a≈,  a>0 (b)  y=a≈,  a<0

y

x

y=2 ≈
y=≈

y=_≈
y=_2 ≈

y=    ≈1
2

y=_     ≈1
2

FIGURE 4

a ! 0
a " 0y ! ax 2

a
y ! ax 2

FIGURE 3

0

y

1

x1

y=≈

y ! x 2

y ! ax 2 $ bx $ c

A18 || | | APPENDIX C GRAPHS OF SECOND-DEGREE EQUATIONS

x

0 0

1
4

9%3

%2

%1

1
4% 1

2

y ! x 2

Επίσης, αν βάλουμε στη θέση του x το −x, έχουμε a(−x)2 = ax2 = y, άρα η παραβολή
είναι συμμετρική ως προς τον άξονα των y.
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Αν τώρα εναλλάξουμε το ρόλο των x και y θα πάρουμε την παραβολή x = ay2, που θα έχει
άξονα συμμετρίας τον άξονα των x, και για a > 0 θα “ανοίγει” προς τα δεξιά, ενώ για a < 0
θα “ανοίγει” προς τα αριστερά.

Figure 6.) This time the parabola is symmetric with respect to the -axis because if 
satisfies , then so does .

The graph of an equation is symmetric with respect to the -axis if the equation is
unchanged when is replaced by .

EXAMPLE 4 Sketch the region bounded by the parabola and the line .

SOLUTION First we find the points of intersection by solving the two equations. Substituting
into the equation , we get , which gives

so or . Thus the points of intersection are and , and we draw 
the line passing through these points. We then sketch the parabola by
referring to Figure 6(a) and having the parabola pass through and . The
region bounded by and means the finite region whose boundaries are
these curves. It is sketched in Figure 7. M

ELLIPSES

The curve with equation

where and are positive numbers, is called an ellipse in standard position. (Geometric
properties of ellipses are discussed in Section 10.5.) Observe that Equation 2 is unchanged
if is replaced by or is replaced by , so the ellipse is symmetric with respect to
both axes. As a further aid to sketching the ellipse, we find its intercepts.

The x-intercepts of a graph are the -coordinates of the points where the graph
intersects the -axis. They are found by setting in the equation of the graph.

The y-intercepts are the -coordinates of the points where the graph intersects the
-axis. They are found by setting in its equation.

If we set in Equation 2, we get and so the -intercepts are . Setting
, we get , so the -intercepts are . Using this information, together with

symmetry, we sketch the ellipse in Figure 8. If , the ellipse is a circle with radius .aa ! b
!byy 2 ! b 2x ! 0

!axx 2 ! a 2y ! 0

x ! 0y
y

y ! 0x
x

"yy"xx

ba

x 2

a 2 #
 y 2

b 2 ! 12

y ! x " 2x ! y 2
!1, "1"!4, 2"

x ! y 2y ! x " 2
!1, "1"!4, 2""1y ! 2

0 ! y 2 " y " 2 ! !y " 2"!y # 1"

y # 2 ! y 2x ! y 2x ! y # 2

y ! x " 2x ! y 2

"yy
x

FIGURE 6

x0

y

x0

y

(a)  x=a¥,  a>0 (b)  x=a¥,  a<0

!x, "y"x ! ay 2
!x, y"x
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FIGURE 7

x0

y

1

2

4

y=x-2
x=¥

(1, _1)

(4, 2)

0 x

y

(0, b)

(0, _b)

(a, 0)(_a, 0)

FIGURE 8
≈
a@

¥
b@+     =1
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Παραβολή και ανάκλαση

Applications
Parabolas have an important property that makes them useful as reflectors for lamps
and telescopes. Light from a source placed at the focus of a surface with parabolic
cross section will be reflected in such a way that it travels parallel to the axis of the
parabola (see Figure 9). Thus, a parabolic mirror reflects the light into a beam of par-
allel rays. Conversely, light approaching the reflector in rays parallel to its axis of
symmetry is concentrated to the focus. This reflection property, which can be proved
using calculus, is used in the construction of reflecting telescopes.

Example 6 Finding the Focal Point of 
a Searchlight Reflector

A searchlight has a parabolic reflector that forms a “bowl,” which is 12 in. wide
from rim to rim and 8 in. deep, as shown in Figure 10. If the filament of the light
bulb is located at the focus, how far from the vertex of the reflector is it?

Solution We introduce a coordinate system and place a parabolic cross 
section of the reflector so that its vertex is at the origin and its axis is vertical 
(see Figure 11). Then the equation of this parabola has the form x 2 ! 4 py. From
Figure 11 we see that the point lies on the parabola. We use this to find p.

The point  satisfies the equation x2 ! 4py

The focus is , so the distance between the vertex and the focus is .
Because the filament is positioned at the focus, it is located . from the vertex 
of the reflector. ■

11
8 in

9
8 ! 11

8 inF A0, 9
8Bp ! 9
8

 36 ! 32p

16, 8 2 62 ! 4 p18 2 16, 8 2

8 in.

12 in.

Figure 10
A parabolic reflector

F

Figure 9
Parabolic reflector

750 CHAPTER 10 Analytic Geometry

(6, 8)

8

12

1 1
8

x

y

0_6 6

Figure 11
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Έλλειψη

Είναι το σύνολο των σημείων του επιπέδου που το άθροισμα των αποστάσεων τους από δύο
δεδομένα σταθερά σημεία F1 και F2 είναι μία σταθερά. Τα σημεία F1 και F2 λέγονται εστίες
της έλλειψης.

10.2 Ellipses

An ellipse is an oval curve that looks like an elongated circle. More precisely, we have
the following definition.

The geometric definition suggests a simple method for drawing an ellipse. Place a
sheet of paper on a drawing board and insert thumbtacks at the two points that are to be
the foci of the ellipse. Attach the ends of a string to the tacks, as shown in Figure 2(a).
With the point of a pencil, hold the string taut. Then carefully move the pencil around
the foci, keeping the string taut at all times. The pencil will trace out an ellipse, because
the sum of the distances from the point of the pencil to the foci will always equal the
length of the string, which is constant.

If the string is only slightly longer than the distance between the foci, then the 
ellipse traced out will be elongated in shape as in Figure 2(a), but if the foci are close
together relative to the length of the string, the ellipse will be almost circular, as
shown in Figure 2(b).

To obtain the simplest equation for an ellipse, we place the foci on the x-axis at
and , so that the origin is halfway between them (see Figure 3).

For later convenience we let the sum of the distances from a point on the ellipse to
the foci be 2a. Then if is any point on the ellipse, we have

So, from the Distance Formula

or

Squaring each side and expanding, we get

which simplifies to

4a21x ! c 2 2 ! y2 " 4a2 ! 4cx

x2 # 2cx ! c2 ! y2 " 4a2 # 4a21x ! c 2 2 ! y2 ! 1x2 ! 2cx ! c2 ! y2 2
21x # c 2 2 ! y2 " 2a # 21x ! c 2 2 ! y2

21x ! c 2 2 ! y2 ! 21x # c 2 2 ! y2 " 2a

d1P, F1 2 ! d1P, F2 2 " 2a

P1x, y 2F21c, 0 2F11#c, 0 2
(b)(a)Figure 2

SECTION 10.2 Ellipses 753

P(x, y)

F¤(c, 0)F⁄(_c, 0) 0

y

x

Figure 3

F⁄

P

F¤

Figure 1

Geometric Definition of an Ellipse

An ellipse is the set of all points in the plane the sum of whose distances
from two fixed points F1 and F2 is a constant. (See Figure 1.) These two fixed
points are the foci (plural of focus) of the ellipse.
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Για να βρούμε την απλούστερη εξίσωση της έλλειψης τοποθετούμε τις εστίες στον άξονα των
x στα σημεία F1(−c, 0) και F2(c, 0).
Έστω ότι το άθροισμα των αποστάσεων των σημείων της έλλειψης από τις εστίες είναι
2a > 0.
Τότε το σημείο P (x, y) θα ανήκει στην έλλειψη αν και μόνον αν

|PF1|+ |PF2| = 2a⇔
√

(x+ c)2 + y2 +
√

(x− c)2 + y2 = 2a

⇔
√

(x− c)2 + y2 = 2a−
√

(x+ c)2 + y2.

If we interchange and in (1), we obtain

which is an equation of the parabola with focus and directrix . (Inter-
changing and amounts to reflecting about the diagonal line .) The parabola opens
to the right if and to the left if [see Figure 4, parts (c) and (d)]. In both cases
the graph is symmetric with respect to the -axis, which is the axis of the parabola.

EXAMPLE 1 Find the focus and directrix of the parabola and sketch 
the graph.

SOLUTION If we write the equation as and compare it with Equation 2, we see
that , so . Thus the focus is and the directrix is .
The sketch is shown in Figure 5. M

ELLIPSES

An ellipse is the set of points in a plane the sum of whose distances from two fixed points
and is a constant (see Figure 6). These two fixed points are called the foci (plural of

focus). One of Kepler’s laws is that the orbits of the planets in the solar system are ellipses
with the sun at one focus.

In order to obtain the simplest equation for an ellipse, we place the foci on the -axis at
the points and as in Figure 7 so that the origin is halfway between the foci.
Let the sum of the distances from a point on the ellipse to the foci be . Then 
is a point on the ellipse when

that is,

or

Squaring both sides, we have

which simplifies to

We square again:

which becomes  !a2 ! c 2 "x 2 " a2 y 2 ! a2!a2 ! c 2 "

 a2!x 2 " 2cx " c 2 " y 2 " ! a4 " 2a2cx " c 2x 2

as!x " c"2 " y 2 ! a2 " cx

x 2 ! 2cx " c 2 " y 2 ! 4a2 ! 4as!x " c"2 " y 2 " x 2 " 2cx " c 2 " y 2

s!x ! c"2 " y 2 ! 2a ! s!x " c"2 " y 2 

s!x " c"2 " y 2 " s!x ! c"2 " y 2 ! 2a

# PF1 # " # PF2 # ! 2a

P!x, y"2a # 0
!c, 0"!!c, 0"

x

FIGURE 7

F¡(_c, 0) F™(c, 0)0 x

y
P(x, y)

FIGURE 6

F¡ F™

P

F2F1

x ! 5
2! p, 0" ! (! 5

2, 0)p ! !5
24p ! !10

y 2 ! !10x

y 2 " 10x ! 0

x
p $ 0p # 0

y ! xyx
x ! !p!p, 0"

y 2 ! 4px2

yx

6 9 2 | | | | CHAPTER 1 1 PARAMETRIC EQUATIONS AND POLAR COORDINATES

FIGURE 5

0 x

y

x=5
2

¥+10x=0

”_   , 0’5
2
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Μετά από πράξεις, και αφού θέσουμε

b2 = a2 − c2,

καταλήγουμε στην εξίσωση
x2

a2
+

y2

b2
= 1. (7)

From triangle in Figure 7 we see that , so and therefore 
. For convenience, let . Then the equation of the ellipse becomes

or, if both sides are divided by ,

Since , it follows that . The -intercepts are found by setting
. Then , or , so . The corresponding points and

are called the vertices of the ellipse and the line segment joining the vertices 
is called the major axis. To find the -intercepts we set and obtain , so

. Equation 3 is unchanged if is replaced by or is replaced by , so the
ellipse is symmetric about both axes. Notice that if the foci coincide, then , so 
and the ellipse becomes a circle with radius .

We summarize this discussion as follows (see also Figure 8).

The ellipse

has foci , where , and vertices .

If the foci of an ellipse are located on the -axis at , then we can find its equa-
tion by interchanging and in (4). (See Figure 9.)

The ellipse

has foci , where , and vertices .

EXAMPLE 2 Sketch the graph of and locate the foci.

SOLUTION Divide both sides of the equation by 144:

The equation is now in the standard form for an ellipse, so we have , ,
, and . The -intercepts are and the -intercepts are . Also,

, so and the foci are . The graph is sketched in 
Figure 10. M

EXAMPLE 3 Find an equation of the ellipse with foci and vertices .

SOLUTION Using the notation of (5), we have and . Then we obtain
, so an equation of the ellipse is

Another way of writing the equation is . M9x 2 ! 5y 2 ! 45

x 2

5
!

 y 2

9
! 1

b2 ! a2 " c 2 ! 9 " 4 ! 5
a ! 3c ! 2

!0, #3"!0, #2"V

(#s7 , 0)c ! s7 c 2 ! a2 " b2 ! 7
#3y#4xb ! 3a ! 4

b2 ! 9a2 ! 16

x 2

16
!

 y 2

9
! 1

9x 2 ! 16y 2 ! 144V

!0, #a"c 2 ! a2 " b2!0, #c"

a $ b % 0
x 2

b2 !
 y 2

a2 ! 1

5

yx
!0, #c"y

!#a, 0"c 2 ! a2 " b2!#c, 0"

a $ b % 0
x 2

a2 !
 y 2

b2 ! 1

4

r ! a ! b
a ! bc ! 0

"yy"xxy ! #b
y 2 ! b2x ! 0y

!"a, 0"
!a, 0"x ! #ax 2 ! a2x 2#a2 ! 1y ! 0

xb & ab2 ! a2 " c 2 & a2

x 2

a2 !
 y 2

b2 ! 13

a2b2b2x 2 ! a2y 2 ! a2b2
b2 ! a2 " c 2a2 " c 2 % 0

c & a2c & 2aF1F2P
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¥
b@

(c, 0)0 x

y

ab
c

(0, b)

(_c, 0)

(0, _b)

(a, 0)
(_a, 0)

a˘b

0 x

y
(0, a)

(0, c)

(b, 0)

(0, _c)

(_b, 0)

(0, _a)

≈
b@

¥
a@+     =1,  a˘b

FIGURE 9

0 x

y

(0, 3)

{œ„7 , 0}

(4, 0)(_4, 0)

(0, _3)

{_œ„7 , 0}

FIGURE 1 0
9 ≈+16¥=144
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Επειδή b2 = a2 − c2 < a2, έχουμε ότι b < a.

Τα σημεία τομής της έλλειψης με τον άξονα των x είναι (±a, 0), και λέγονται κορυφές
της έλλειψης.

Το ευθύγραμμο τμήμα που ενώνει τις κορυφές λέγεται μεγάλος άξονας.

Τα σημεία τομής της έλλειψης με τον άξονα των y είναι (0,±b) και ονομάζονται
δευτερεύουσες κορυφές,

Το ευθύγραμμο τμήμα που ενώνει τις δευτερεύουσες κορυφές λέγεται μικρός άξονας.

Η έλλειψη είναι συμμετρική και ως προς τον άξονα των x και ως προς τον άξονα των y.

Αν οι δύο εστίες συμπίπτουν (F1 ≡ F2), τότε c = 0, και άρα a = b, οπότε η έλλειψη
γίνεται ένας κύκλος με ακτίνα r = a = b.
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Αν οι εστίες της έλλειψης βρίσκονται στον άξονα των y, η εξίσωσή της προκύπτει
εναλάσσοντας τα x και y στην (7). Συγκεκριμένα:

Η έλλειψη
x2

b2
+

y2

a2
= 1, a ≥ b > 0 (8)

έχει εστίες τα σημεία (0,±c), όπου c2 = a2 − b2, και κορυφές τα σημεία (0,±a).

SECTION 10.5 CONIC SECTIONS 697

The ellipse

has foci , where , and vertices .

If the foci of an ellipse are located on the -axis at , then we can find its equation
by interchanging and in . (See Figure 9.)

The ellipse

has foci , where , and vertices .

Sketch the graph of and locate the foci.

SOLUTION Divide both sides of the equation by 144:

The equation is now in the standard form for an ellipse, so we have , ,
, and . The -intercepts are and the -intercepts are . Also,

, so and the foci are . The graph is sketched in 
Figure 10.

Find an equation of the ellipse with foci and vertices .

SOLUTION Using the notation of , we have and . Then we obtain
, so an equation of the ellipse is

Another way of writing the equation is .

Like parabolas, ellipses have an interesting reflection property that has practical conse-
quences. If a source of light or sound is placed at one focus of a surface with elliptical 
cross-sections, then all the light or sound is reflected off the surface to the other focus (see
Exercise 65). This principle is used in lithotripsy, a treatment for kidney stones. A reflector
with elliptical cross-section is placed in such a way that the kidney stone is at one focus.
High-intensity sound waves generated at the other focus are reflected to the stone and
destroy it without damaging surrounding tissue. The patient is spared the trauma of surgery
and recovers within a few days.

Hyperbolas
A hyperbola is the set of all points in a plane the difference of whose distances from two
fixed points and (the foci) is a constant. This definition is illustrated in Figure 11.

Hyperbolas occur frequently as graphs of equations in chemistry, physics, biology, and
economics (Boyle’s Law, Ohm’s Law, supply and demand curves). A particularly signifi-

4

a ! b " 0
x 2

a 2 #
y 2

b 2 ! 1

!$a, 0"c 2 ! a 2 % b 2!$c, 0"

!0, $c"y
4yx

5

a ! b " 0
x 2

b 2 #
y 2

a 2 ! 1

!0, $a"c 2 ! a 2 % b 2!0, $c"

9x 2 # 16y 2 ! 144EXAMPLE 2v

x 2

16
#

y 2

9
! 1

b 2 ! 9a 2 ! 16
$3y$4xb ! 3a ! 4

($s7 , 0)c ! s7c 2 ! a 2 % b 2 ! 7

!0, $3"!0, $2"EXAMPLE 3v
a ! 3c ! 25

b 2 ! a 2 % c 2 ! 9 % 4 ! 5

x 2

5
#

y 2

9
! 1

9x 2 # 5y 2 ! 45

F2F1

0 x

y
(0, a)

(0, c)

(b, 0)

(0, _c)

(_b, 0)

(0, _a)

≈
b@

¥
a@+     =1,  a˘b

FIGURE 9

0 x

y

(0, 3)

{œ„7, 0}

(4, 0)(_4, 0)

(0, _3)

{_œ„7, 0}
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9 ≈+16¥=144

FIGURE 11
P is on the hyperbola when
|PF¡|-|PF™ |=$2a.

F™(c, 0)F¡(_c, 0) 0 x

y

P(x, y)
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Έκκεντρότητα έλλειψης

Για την έλλειψη x2

a2 + y2

b2
= 1 ή x2

b2
+ y2

a2 = 1, (a > b > 0) η εκκεντρότητα e είναι ο λόγος

e =
c
a
,

όπου c =
√
a2 − b2. Προφανώς 0 < e < 1.

Thus, if e is close to 1, then c is almost equal to a, and the ellipse is elongated in
shape, but if e is close to 0, then the ellipse is close to a circle in shape. The eccen-
tricity is a measure of how “stretched” the ellipse is.

In Figure 8 we show a number of ellipses to demonstrate the effect of varying the
eccentricity e.

Figure 8
Ellipses with various eccentricities

Example 4 Finding the Equation of an Ellipse 
from Its Eccentricity and Foci

Find the equation of the ellipse with foci and eccentricity , and sketch
its graph.

Solution We are given and c ! 8. Thus

Eccentricity

Cross multiply

To find b, we use the fact that c 2 ! a 2 " b 2.

Thus, the equation of the ellipse is

Because the foci are on the y-axis, the ellipse is oriented vertically. To sketch the 
ellipse, we find the intercepts: The x-intercepts are #6 and the y-intercepts are
#10. The graph is sketched in Figure 9. ■

Gravitational attraction causes the planets to move in elliptical orbits around the
sun with the sun at one focus. This remarkable property was first observed by 
Johannes Kepler and was later deduced by Isaac Newton from his inverse square law
of gravity, using calculus. The orbits of the planets have different eccentricities,
but most are nearly circular (see the margin note above).

x2

36
$

y2

100
! 1

b ! 6

b2 ! 102 " 82 ! 36

 82 ! 102 " b2

a ! 10

 4a ! 40

e !
c
a

4
5

!
8
a

e ! 4
5

e ! 4
510, #8 2

e=0.86e=0.1 e=0.5 e=0.68

758 CHAPTER 10 Analytic Geometry

0 x

y

6

10

_6

_10

F⁄(0, 8)

F¤(0, _8)

Figure 9
x2

36
$

y2

100
! 1

Eccentricities of the Orbits 
of the Planets
The orbits of the planets are el-
lipses with the sun at one focus.
For most planets these ellipses
have very small eccentricity, so
they are nearly circular. However,
Mercury and Pluto, the innermost
and outermost known planets, have
visibly elliptical orbits.

Planet Eccentricity

Mercury 0.206
Venus 0.007
Earth 0.017
Mars 0.093
Jupiter 0.048
Saturn 0.056
Uranus 0.046
Neptune 0.010
Pluto 0.248
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Έλλειψη και ανάκλαση

SECTION 10.2 Ellipses 759

1–4 ■ Match the equation with the graphs labeled I–IV. Give
reasons for your answers.

1. 2.

3. 4x 2 ! y 2 " 4 4. 16x 2 ! 25y 2 " 400

5–18 ■ Find the vertices, foci, and eccentricity of the ellipse.
Determine the lengths of the major and minor axes, and sketch
the graph.

5. 6.
x2

16
!

y2

25
" 1

x2

25
!

y2

9
" 1

I II

III IV

y

x0
1

1

y

x0

1

1

x0
1

2

yy

x0
1

1

x2 !
y2

9
" 1

x2

16
!

y2

4
" 1

7. 9x 2 ! 4y 2 " 36 8. 4x 2 ! 25y 2 " 100

9. x 2 ! 4y 2 " 16 10. 4x 2 ! y 2 " 16

11. 2x 2 ! y 2 " 3 12. 5x 2 ! 6y 2 " 30

13. x 2 ! 4y 2 " 1 14. 9x 2 ! 4y 2 " 1

15. 16. x 2 " 4 # 2y 2

17. y 2 " 1 # 2x 2 18. 20x 2 ! 4y 2 " 5

19–24 ■ Find an equation for the ellipse whose graph is shown.

19. 20.

21. 22.

0

4 F(0, 3)
y

x

F(0, 2)

0

y

x2

0

5
y

x2

y

x0

4

5

1
2 x2 ! 1

8 y2 " 1
4

Ellipses, like parabolas, have an interesting reflection property that leads to a num-
ber of practical applications. If a light source is placed at one focus of a reflecting sur-
face with elliptical cross sections, then all the light will be reflected off the surface to
the other focus, as shown in Figure 10. This principle, which works for sound waves
as well as for light, is used in lithotripsy, a treatment for kidney stones. The patient is
placed in a tub of water with elliptical cross sections in such a way that the kidney
stone is accurately located at one focus. High-intensity sound waves generated at the
other focus are reflected to the stone and destroy it with minimal damage to sur-
rounding tissue. The patient is spared the trauma of surgery and recovers within days
instead of weeks.

The reflection property of ellipses is also used in the construction of whispering
galleries. Sound coming from one focus bounces off the walls and ceiling of an el-
liptical room and passes through the other focus. In these rooms even quiet whispers
spoken at one focus can be heard clearly at the other. Famous whispering galleries 
include the National Statuary Hall of the U.S. Capitol in Washington, D.C. (see 
page 771), and the Mormon Tabernacle in Salt Lake City, Utah.

10.2 Exercises

F⁄ F¤

Figure 10
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Υπερβολή

Είναι το σύνολο των σημείων του επιπέδου που η διαφορά των αποστάσεων τους από δύο
δεδομένα σταθερά σημεία F και F ′ είναι μία σταθερά. Τα σημεία F και F ′ λέγονται εστίες
της υπερβολής.

750 C H A P T E R  1 1  T O P I C S  F R O M  A N A L Y T I C  G E O M E T R Y

The definition of a hyperbola is similar to that of an ellipse. The only change
is that instead of using the sum of distances from two fixed points, we use the
difference.

To find a simple equation for a hyperbola, we choose a coordinate system
with foci at and and denote the (constant) distance by 2a.
The midpoint of the segment (the origin) is called the center of the hy-
perbola. Referring to Figure 1, we see that a point is on the hyperbola
if and only if either of the following is true:

If P is not on the x-axis, then from Figure 1 we see that

because the length of one side of a triangle is always less than the sum of the
lengths of the other two sides. Similarly,

Equivalent forms for the previous two inequalities are

Since the differences on the left-hand sides of these inequalities both equal 
2a and since , the last two inequalities imply that , or

. (Recall that for ellipses we had .)
Next, equations (1) and (2) may be replaced by the single equation

Using the distance formula to find and , we obtain an equation
of the hyperbola:

Employing the type of simplification procedure that we used to derive an equa-
tion for an ellipse, we can rewrite the preceding equation as

Finally, if we let

in the preceding equation, we obtain
x2

a2 !
y2

b2 " 1.

b2 " c2 ! a2 with b # 0

x2

a2 !
y2

c2 ! a2 " 1.

!2"x ! c#2 $ " y ! 0#2 ! 2"x $ c#2 $ " y ! 0#2 ! " 2a

d"P, F%#d"P, F#
! d"P, F# ! d"P, F%) ! " 2a.

a # ca & c
2a & 2cd"F%, F# " 2c

d"P, F# ! d"P, F%# & d"F%, F# and d"P, F%# ! d"P, F# & d"F%, F#.

d"P, F%# & d"F%, F# $ d"P, F#.

d"P, F# & d"F%, F# $ d"P, F%#,

(1) d"P, F%# ! d"P, F# " 2a or (2) d"P, F# ! d"P, F%# " 2a

P"x, y#
F%F

F%"!c, 0#F"c, 0#

11.3
Hyperbolas

Definition of a Hyperbola A hyperbola is the set of all points in a plane, the difference of whose dis-
tances from two fixed points (the foci) in the plane is a positive constant.

Figure 1

y

x

P(x, y)

F%(!c, 0) F (c, 0)
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Aν οι εστίες της υπερβολής είναι στα σημεία (±c, 0) του άξονα των x, και η διαφορά των
αποστάσεων είναι

|PF |− |PF ′| = ±2a,

τότε η εξίσωση της υπερβολής είναι

x2

a2
− y2

b2
= 1, (9)

όπου c2 = a2 + b2.
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EXAMPLE 5 Sketch the graph of .

SOLUTION We divide both sides of the equation by 144:

The equation is now in the standard form for an ellipse (2), so we have , ,
, and . The -intercepts are ; the -intercepts are . The graph is

sketched in Figure 9.

M

HYPERBOLAS

The curve with equation

is called a hyperbola in standard position. Again, Equation 3 is unchanged when is
replaced by or is replaced by , so the hyperbola is symmetric with respect to both
axes. To find the -intercepts we set and obtain and . However, if
we put in Equation 3, we get , which is impossible, so there is no -inter-
cept. In fact, from Equation 3 we obtain

which shows that and so . Therefore we have or .
This means that the hyperbola consists of two parts, called its branches. It is sketched in
Figure 10.

In drawing a hyperbola it is useful to draw first its asymptotes, which are the lines
and shown in Figure 10. Both branches of the hyperbola

approach the asymptotes; that is, they come arbitrarily close to the asymptotes. This
involves the idea of a limit, which is discussed in Chapter 2. (See also Exercise 55 in
Section 4.5.)

By interchanging the roles of and we get an equation of the form

which also represents a hyperbola and is sketched in Figure 11.

 y 2

a 2 !
x 2

b 2 ! 1

yx

y ! !!b"a#xy ! !b"a#x

x " !ax # a$ x $ ! sx 2 # ax 2 # a 2

x 2

a 2 ! 1 $
 y 2

b 2 # 1

yy 2 ! !b 2x ! 0
x ! %ax 2 ! a 2y ! 0x

!yy!x
x

x 2

a 2 !
 y 2

b 2 ! 13

0 x

y
(0, 3)

(4, 0)(_4, 0)

(0, _3)FIGURE 9
9 ≈+16¥=144

%3y%4xb ! 3a ! 4
b 2 ! 9a 2 ! 16

x 2

16
$

 y 2

9
! 1

9x 2 $ 16y 2 ! 144

A20 || | | APPENDIX C GRAPHS OF SECOND-DEGREE EQUATIONS

0

y

x(_a, 0) (a, 0)

y=_     xb
a y=    xb

a

FIGURE 10

The hyperbola      -     =1≈
a@

¥
b@

FIGURE 11

The hyperbola      -     =1¥
a@

≈
b@

y

0 x

(0, a)

(0, _a)

y=_    xa
b y=    xa

b

Τα σημεία τομής της υπερβολής με τον άξονα των x είναι και πάλι τα (±a, 0), που
ονομάζονται κορυφές της υπερβολής.

Αν βάλουμε x = 0 στην (9) θα πάρουμε y2 = −b2, που είναι αδύνατο. Άρα η υπερβολή
δεν τέμνει τον άξονα των y.

Η υπερβολή είναι συμμετρική και ως προς τους δύο άξονες.

Από την (9) έχουμε

x2

a2
= 1 +

y2

b2
≥ 1⇒ x2 ≥ a2 ⇒ |x| ≥ a⇒ x ≥ a ή x ≤ −a.

Άρα η υπερβολή αποτελείται από δύο κλάδους, έναν για x ≥ a και έναν για x ≤ −a.
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EXAMPLE 5 Sketch the graph of .

SOLUTION We divide both sides of the equation by 144:

The equation is now in the standard form for an ellipse (2), so we have , ,
, and . The -intercepts are ; the -intercepts are . The graph is

sketched in Figure 9.

M

HYPERBOLAS

The curve with equation

is called a hyperbola in standard position. Again, Equation 3 is unchanged when is
replaced by or is replaced by , so the hyperbola is symmetric with respect to both
axes. To find the -intercepts we set and obtain and . However, if
we put in Equation 3, we get , which is impossible, so there is no -inter-
cept. In fact, from Equation 3 we obtain

which shows that and so . Therefore we have or .
This means that the hyperbola consists of two parts, called its branches. It is sketched in
Figure 10.

In drawing a hyperbola it is useful to draw first its asymptotes, which are the lines
and shown in Figure 10. Both branches of the hyperbola

approach the asymptotes; that is, they come arbitrarily close to the asymptotes. This
involves the idea of a limit, which is discussed in Chapter 2. (See also Exercise 55 in
Section 4.5.)

By interchanging the roles of and we get an equation of the form

which also represents a hyperbola and is sketched in Figure 11.

 y 2

a 2 !
x 2

b 2 ! 1

yx

y ! !!b"a#xy ! !b"a#x

x " !ax # a$ x $ ! sx 2 # ax 2 # a 2

x 2

a 2 ! 1 $
 y 2

b 2 # 1

yy 2 ! !b 2x ! 0
x ! %ax 2 ! a 2y ! 0x

!yy!x
x

x 2

a 2 !
 y 2

b 2 ! 13

0 x

y
(0, 3)

(4, 0)(_4, 0)

(0, _3)FIGURE 9
9 ≈+16¥=144

%3y%4xb ! 3a ! 4
b 2 ! 9a 2 ! 16

x 2

16
$

 y 2

9
! 1

9x 2 $ 16y 2 ! 144

A20 || | | APPENDIX C GRAPHS OF SECOND-DEGREE EQUATIONS

0

y

x(_a, 0) (a, 0)

y=_     xb
a y=    xb

a

FIGURE 10

The hyperbola      -     =1≈
a@

¥
b@

FIGURE 11

The hyperbola      -     =1¥
a@

≈
b@

y

0 x

(0, a)

(0, _a)

y=_    xa
b y=    xa

b

Για να σχεδιάσουμε μια υπερβολή είναι χρήσιμο να φέρουμε αρχικά τις ευθείες

y =
b
a
x και y = − b

a
x.

Οι ευθείες αυτές λέγονται ασύμπτωτες της υπερβολής και έχουν την εξής ιδιότητα:

Και οι δύο κλάδοι της υπερβολής προσεγγίζουν τις ασύμπτωτες (δηλ. πλησιάζουν ολοένα και
πιό κοντά στις ευθείες αυτές χωρίς να τις τέμνουν ποτέ).
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Αν, τώρα, οι εστίες της υπερβολής βρίσκονται στον άξονα των y, αντιστρέφουμε το ρόλο των
x και y και έχουμε:

Η υπερβολή
y2

a2
− x2

b2
= 1,

έχει εστίες (0,±c), όπου c2 = a2 + b2, κορυφές (0,±a), και ασύμπτωτες y = ±a
b x.

slopes and . Hence, by extending these diagonals we obtain the
asymptotes . The hyperbola is then sketched as in Figure 2, using
the asymptotes as guides. The two parts that make up the hyperbola are called
the right branch and the left branch of the hyperbola.

Similarly, if we take the foci on the y-axis, we obtain the equation

In this case, the vertices of the hyperbola are and the endpoints of the
conjugate axis are , as shown in Figure 3. The asymptotes are

(not , as in the previous case), and we now refer to
the two parts that make up the hyperbola as the upper branch and the lower
branch of the hyperbola.

Figure 3

The preceding discussion may be summarized as follows.

y

x

F (0, c)

V (0, a)

V !(0, " a)

F !(0, " c)

W (b, 0)W !(" b, 0)

y # 
a
b

x
a
b

y #"  x

y # $ !b"a#xy # $ !a"b#x
!$ b, 0#

!0, $ a#

y2

a2 "
x2

b2 # 1.

y # $ !b"a#x
" b"ab"a

752 C H A P T E R  1 1  T O P I C S  F R O M  A N A L Y T I C  G E O M E T R Y

Standard Equations 
of a Hyperbola with 
Center at the Origin

The graph of

is a hyperbola with center at the origin. The length of the transverse axis is
2a, and the length of the conjugate axis is 2b. The foci are a distance c
from the origin, where .c2 # a2 % b2

x2

a2 "
y2

b2 # 1 or    
y2

a2 "
x2

b2 # 1
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Υπερβολή και ανάκλαση

The graph is shown in Figure 5.

SECTION 10.3 Hyperbolas 767

0 x

y

3

_3

_3 3

œ∑7

_œ∑7
Figure 5
x2

9
!

y2

7
" 1

x

y

1

F⁄

F¤

Figure 6
y2

4
! x2 " 1

Example 4 Finding the Equation of a Hyperbola 
from Its Vertices and Asymptotes

Find the equation and the foci of the hyperbola with vertices and asymp-
totes y " #2x. Sketch the graph.

Solution Since the vertices are on the y-axis, the hyperbola has a vertical trans-
verse axis with a " 2. From the asymptote equation we see that a/b " 2. Since 
a " 2, we get 2/b " 2, and so b " 1. Thus, the equation of the hyperbola is

To find the foci, we calculate c 2 " a 2 $ b 2 " 22 $ 12 " 5, so . Thus, the
foci are . The graph is shown in Figure 6. ■

Like parabolas and ellipses, hyperbolas have an interesting reflection property.
Light aimed at one focus of a hyperbolic mirror is reflected toward the other focus, as
shown in Figure 7. This property is used in the construction of Cassegrain-type tele-
scopes. A hyperbolic mirror is placed in the telescope tube so that light reflected from
the primary parabolic reflector is aimed at one focus of the hyperbolic mirror. The light
is then refocused at a more accessible point below the primary reflector (Figure 8).

Figure 7 Figure 8
Reflection property of hyperbolas Cassegrain-type telescope

F⁄

F¤

Hyperbolic
reflector

Parabolic reflector

F⁄F¤

10, #15 2 c " 15

y2

4
! x2 " 1

10, #2 2
■
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Μετατοπισμένες κωνικές τομές

Αν h, k > 0 τότε οι ακόλουθες αντικαταστάσεις επιφέρουν στα γραφήματα των εξισώσεων τα
εξής αποτελέσματα:

Αν x← x− h⇒ το γράφημα μετατοπίζεται h μονάδες προς τα δεξιά.

Αν x← x+ h⇒ το γράφημα μετατοπίζεται h μονάδες προς τα αριστερά

Αν y ← y − k⇒ το γράφημα μετατοπίζεται k μονάδες προς τα πάνω

Αν y ← y + k⇒ το γράφημα μετατοπίζεται k μονάδες προς τα κάτω

Shifted Ellipses
Let’s apply horizontal and vertical shifting to the ellipse with equation

whose graph is shown in Figure 1. If we shift it so that its center is at the point 
instead of at the origin, then its equation becomes

Example 1 Sketching the Graph of a Shifted Ellipse

Sketch the graph of the ellipse

and determine the coordinates of the foci.

Solution The ellipse

Shifted ellipse
1x ! 1 2 2

4
!
1y " 2 2 2

9
# 1

1x ! 1 2 2
4

!
1y " 2 2 2

9
# 1

y

x
b

a(0, 0)

+     =1y™
b™

x
™a™

b

a
(h, k)

h

k

(x-h, y-k)

(x, y)

=1(y-k)™
b™

(x-h)™
a™ +

Figure 1
Shifted ellipse

1x " h 2 2
a2 !

1y " k 2 2
b2 # 1

1h, k 2
x2

a2 !
y2

b2 # 1

776 CHAPTER 10 Analytic Geometry

Shifting Graphs of Equations

If h and k are positive real numbers, then replacing x by x " h or by x ! h
and replacing y by y " k or by y ! k has the following effect(s) on the graph
of any equation in x and y.

Replacement How the graph is shifted

1. x replaced by x " h Right h units

2. x replaced by x ! h Left h units

3. y replaced by y " k Upward k units

4. y replaced by y ! k Downward k units
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Μετατοπισμένες κωνικές τομές

is shifted so that its center is at . It is obtained from the ellipse

Ellipse with center at origin

by shifting it left 1 unit and upward 2 units. The endpoints of the minor and 
major axes of the unshifted ellipse are , , , . We apply the
required shifts to these points to obtain the corresponding points on the shifted 
ellipse:

This helps us sketch the graph in Figure 2.
To find the foci of the shifted ellipse, we first find the foci of the ellipse with

center at the origin. Since a 2 ! 9 and b 2 ! 4, we have c 2 ! 9 " 4 ! 5, so .
So the foci are . Shifting left 1 unit and upward 2 units, we get

Thus, the foci of the shifted ellipse are

■

Shifted Parabolas
Applying shifts to parabolas leads to the equations and graphs shown in Figure 3.

Figure 3
Shifted parabolas

Example 2 Graphing a Shifted Parabola

Determine the vertex, focus, and directrix and sketch the graph of the parabola.

x2 " 4x ! 8 y " 28

(a) (x-h)™=4p(y-k)
p>0

(b) (x-h)™=4p(y-k)
p<0

(c) (y-k)™=4p(x-h)
p>0

(d) (y-k)™=4p(x-h)
p<0

x

y

0
(h, k) x

y

0

(h, k)

x

y

0

(h, k)

x

y

0

(h, k)

A"1, 2 # 15B  and  A"1, 2 " 15B
A0, "15B !  A0 " 1, "15 # 2B ! A"1, 2 " 15BA0, 15B !  A0 " 1, 15 # 2B ! A"1, 2 # 15BA0, $15B c ! 15

10, "3 2  !  10 " 1, "3 # 2 2 ! 1"1, "1 210, 3 2  !  10 " 1, 3 # 2 2 ! 1"1, 5 21"2, 0 2  !  1"2 " 1, 0 # 2 2 ! 1"3, 2 212, 0 2  !  12 " 1, 0 # 2 2 ! 11, 2 2
10,"3 210,3 21"2,0 212,0 2

x2

4
#

y2

9
! 1

1"1, 2 2
SECTION 10.4 Shifted Conics 777

0 x

y

(_1, 5)

(1, 2)(_3, 2)

(_1, _1)

3

2
(_1, 2)

Figure 21x # 1 2 2
4

#
1y " 2 2 2

9
! 1

Solution We complete the square in x to put this equation into one of the forms
in Figure 3.

Add 4 to complete the square

Shifted parabola

This parabola opens upward with vertex at . It is obtained from the parabola

Parabola with vertex at origin

by shifting right 2 units and upward 3 units. Since 4p ! 8, we have p ! 2, so the
focus is 2 units above the vertex and the directrix is 2 units below the vertex. Thus,
the focus is and the directrix is y ! 1. The graph is shown in Figure 4. ■

Shifted Hyperbolas
Applying shifts to hyperbolas leads to the equations and graphs shown in Figure 5.

Example 3 Graphing a Shifted Hyperbola

A shifted conic has the equation

(a) Complete the square in x and y to show that the equation represents a
hyperbola.

(b) Find the center, vertices, foci, and asymptotes of the hyperbola and sketch 
its graph.

(c) Draw the graph using a graphing calculator.

Solution
(a) We complete the squares in both x and y:

Complete the squares

Divide this by 144

Shifted hyperbola

Comparing this to Figure 5(a), we see that this is the equation of a shifted 
hyperbola.

1x " 4 2 2
16

"
1y # 1 2 2

9
! 1

 91x " 4 2 2 " 161y # 1 2 2 ! 144

 91x2 " 8x # 16 2 " 161y2 # 2y # 1 2 ! 16 # 9 # 16 " 16 # 1
 91x2 " 8x 2 " 161y2 # 2y 2 ! 16

9x2 " 72x " 16y2 " 32y ! 16

x

y

0

(h, k)

x

y

0

(h, k)

=1(x-h)™
a™

(y-k)™
b™-(a) =1( y-k)™

b™
(x-h)™

a™+-(b)

12, 5 2
x2 ! 8y

12, 3 21x " 2 2 2 ! 81y " 3 21x " 2 2 2 ! 8y " 24

x2 " 4x # 4 ! 8y " 28 # 4

778 CHAPTER 10 Analytic Geometry

0 x

y

(2, 3)

F(2, 5)

y=1

Figure 4
x 2 " 4x ! 8y " 28

Figure 5
Shifted hyperbolas
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Στροφή αξόνων

SECTION 10.5 Rotation of Axes 783

(b) Find equations of two different hyperbolas that have
these properties.

(c) Explain why only one parabola satisfies these proper-
ties. Find its equation.

(d) Sketch the conics you found in parts (a), (b), and (c) on
the same coordinate axes (for the hyperbolas, sketch the
top branches only).

(e) How are the ellipses and hyperbolas related to the
parabola?

0 x

y

1

3960 mi. Find an equation for the path of the satellite with
the origin at the center of the earth.

Discovery • Discussion
40. A Family of Confocal Conics Conics that share a focus

are called confocal. Consider the family of conics that have
a focus at and a vertex at the origin (see the figure).
(a) Find equations of two different ellipses that have these

properties.

10,1 2

440 mi 140 mi

10.5 Rotation of Axes

In Section 10.4 we studied conics with equations of the form

We saw that the graph is always an ellipse, parabola, or hyperbola with horizontal or
vertical axes (except in the degenerate cases). In this section we study the most gen-
eral second-degree equation

We will see that the graph of an equation of this form is also a conic. In fact, by 
rotating the coordinate axes through an appropriate angle, we can eliminate the 
term Bxy and then use our knowledge of conic sections to analyze the graph.

Rotation of Axes
In Figure 1 the x- and y-axes have been rotated through an acute angle f about the
origin to produce a new pair of axes, which we call the X- and Y-axes. A point P that
has coordinates in the old system has coordinates in the new system. If
we let r denote the distance of P from the origin and let u be the angle that the seg-
ment OP makes with the new X-axis, then we can see from Figure 2 on the next page
(by considering the two right triangles in the figure) that

x ! r cos1u " f 2   y ! r sin1u " f 2X ! r cos u      Y ! r sin u

1X, Y 21x, y 2

Ax2 " Bxy " Cy2 " Dx " Ey " F ! 0

Ax2 " Cy2 " Dx " Ey " F ! 0

0

P(x, y)
P(X, Y)

y

x

Y

X

ƒ

Figure 1Έστω ότι οι άξονες x και y στρέφονται κατά την οξεία γωνία φ και σχηματίζουν τους άξονες
X και Y . Τότε οι συντεταγμένες (x, y) και (X,Y ) ενός σημείου ως προς τα δύο συστήματα
συντεταγμένων συνδέονται με τους τύπους

x = X +Qbφ− Y bBMφ X = x +Qbφ+ y bBMφ

y = X bBMφ+ Y +Qbφ X = −x bBMφ+ y +Qbφ
ή (

x
y

)
=

(
+Qbφ − bBMφ
bBMφ +Qbφ

)(
X
Y

)
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Παράδειγμα
Στρέψτε τους άξονες κατά π/4 για να δείξετε ότι η εξίσωση xy = 2 παριστάνει υπερβολή.

x = X +Qb π
4
− Y bBM π

4
=

X√
2
− Y√

2

y = X bBM π
4
+ Y +Qb π

4
=

X√
2
+

Y√
2

Άρα

xy = 2⇔
(

X√
2
− Y√

2

)(
X√
2
+

Y√
2

)
= 2⇔ X2

2
− Y 2

2
= 2⇔ X2

4
− Y 2

4
= 1.

Substituting these expressions into the original equation gives

We recognize this as a hyperbola with vertices in the XY-coordinate system.
Its asymptotes are Y ! "X, which correspond to the coordinate axes in the 
xy-system (see Figure 3).

■

General Equation of a Conic
The method of Example 2 can be used to transform any equation of the form

into an equation in X and Y that doesn’t contain an XY-term by choosing an appro-
priate angle of rotation. To find the angle that works, we rotate the axes through an
angle f and substitute for x and y using the Rotation of Axes Formulas:

If we expand this and collect like terms, we obtain an equation of the form

where

C¿ ! A sin2f # B sin f cos f $ C cos2f

B¿ ! 21C # A 2  sin f cos f $ B1cos2f # sin2f 2A¿ ! A cos2f $ B sin f cos f $ C sin2f

A¿X 2 $ B¿XY $ C¿Y 2 $ D¿X $ E¿Y $ F¿ ! 0

$ E1X sin f $ Y cos f 2 $ F ! 0

$ C1X sin f $ Y cos f 22 $ D1X cos f # Y sin f 2A1X cos f # Y sin f 22 $ B1X cos f # Y sin f 2 1X sin f $ Y cos f 2
Ax2 $ Bxy $ Cy2 $ Dx $ Ey $ F ! 0

y

x0

XY

45*

Figure 3
xy ! 2

1"2, 0 2
X 2

4
#

Y 2

4
! 1

X 2

2
#

Y 2

2
! 2

a X12
#

Y12
b a X12

$
Y12
b ! 2

SECTION 10.5 Rotation of Axes 785

Δ.Α. Μητσούδης Στοιχεία αναλυτικής γεωμετρίας 37 / 38

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Γενική μορφή κωνικών τομών

Το γράφημα της εξίσωσης

Ax2 +Bxy + Cy2 +Dx+ Ey + F = 0

είναι είτε μια κωνική τομή ή μια εκφυλισμένη κωνική τομή. Στις μη εκφυλισμένες περιπτώσεις
το γράφημα είναι:

Παραβολή αν B2 − 4AC = 0.

Έλλειψη αν B2 − 4AC < 0.

Υπερβολή αν B2 − 4AC > 0.

Η ποσότητα B2 − 4AC λέγεται διακρίνουσα της εξίσωσης.
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